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Abstract 

We present a classification theorem for a class of unital simple separable amenable Z- 
stable C*-algebras by the Elliott invariant. This class of simple C*-algebras exhausts all 
possible values of the Elliott invariant for unital stably finite simple separable amenable Z- 
stable C'*-algebras. Moreover, it contains all unital simple separable amenable C*-algebras 
which satisfy the UCT and have finite rational tracial rank. 


1 Introduction 

The concept of a C*-algebra exists harmoniously in many areas of mathematics. The origi¬ 
nal definition of C*-algebras axiomatized the norm closed self-adjoint subalgebras of B(H), the 
algebra of all bounded linear operators on a Hilbert space H. Thus C*-algebras are operator 
algebras. The study of C*-algebras may also be viewed as the study of a non-commutative ana¬ 
logue of topology. This is because every unital commutative C*-algebra is isomorphic to C(X), 
the algebra of continuous functions on a compact Hausdorff space X (by the Gelfand transform). 
If we take our space X and equip it with a group action via homeomorphisms, we enter the realm 
of topological dynamical systems, where remarkable progress has been made by considering the 
transformation C*-algebra C{X) x G arising from the crossed product construction. Analo¬ 
gously, we can consider the study of general crossed products as the study of non-commutative 
topological dynamical systems. Then there is also naturally appeared the group C*-algebra of 
G, which is fundamental in the study of abstract harmonic analysis. C*-algebra theory is also 
closely related to the non-commutative geometry. Since von Neumann algebras are G*-algebras, 
there are deep and inseparable interactions between C*-algebra theory and von Neumann al¬ 
gebra theory. The list goes on. Therefore, naturally, it would be of great interest to classify 
G*-algebras. We have already seen some breathtaking advancements. 

Early classification theorems include the work of Glimrn in the 1950s who classified the Uni¬ 
formly Hyperfinite algebras (UHF-algebras) by supernatural numbers. We then saw Dixmier’s 
and Brattelli’s work on matroid (7*-algebras and AF-algebras respectively. G. A. Elliott gave 
a classification of AF-algebras by dimension groups in 1976 (ES!) using what is now known 
as Elliott’s intertwining argument. By 1989, Elliott had began his classification program by 
classifying simple AT-algebras of real rank zero by scaled ordered K-theory. Since then there 
has been rapid progress in the program to classify separable amenable simple C *-algebras now 
known as the Elliott program. Elliott-Gong ([263) an( i Elliott-Gong-Li ([27]) (together with a 
reduction theorem by Gong ([35])) classified the unital simple AH-algebras with no dimension 
growth by the Elliott invariant (see 12.41 belowl. 

The Elliott’s intertwining argument gave a framework to carry out further classification and 
focused one’s efforts on studying the maps between algebras and invariants of certain building 
blocks (for AF algebras these building blocks would be finite dimensional algebras and for AH 
algebras these building blocks would be certain homogeneous C*-algebras). In particular, one 
wants to know when maps between invariants are induced by maps between building blocks 
(sometimes referred to as an existence theorem) and to know when maps between the building 
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blocks are approximately unitarily equivalent (often called an uniqueness theorem). To classify 
C*-algebras without assuming some particular inductive limit structure, one would like to es¬ 
tablish abstract existence theorems and uniqueness theorems. These efforts became the engine 
for these rapid developments ([56], [52], [61] and DEI for example). Both existence theorems 
and uniqueness theorems used A'A-theory ([93]) and the total AT-theory (K(A)) developed by 
Dadarlat and Loring am)- These existence and uniqueness theorems provide not only the 
technical tools for the classification program but also provide the foundation to understand the 
morphisms in the category of C*-algebras. 

The rapid developments mentioned above includes the Kirchberg-Phillips ([33], I IT: ■ [57]) 
classification of purely infinite simple separable amenable C*-algebras which satisfy the UCT 
by their A"-theory. There is also the classification of unital simple amenable C*-algebras in the 
UCT class which have finite tracial rank ([52], [59] , [63] and [73]). 

On the other hand, it had been suggested in m and [2] that unital simple AH-algebras 
without a dimension growth condition might behave differently. It was Villadsen ( [101] and 
[102] ) who showed that unital simple AH-algebras may have perforated A'o-groups and may 
have stable rank of any positive integer values. M. Rprdam exhibited a unital separable simple 
C*-algebra which is finite but not stably finite ([93]). It was Toms f [100] l who showed that there 
are unital simple AH-algebras of stable rank one with the same Elliott invariant that are not 
isomorphic. Before that, Jiang-Su ([34]) constructed a unital simple ASH-algebra Z of stable 
rank one which has the same Elliott invariant as that of C. In particular, Z has no non-trivial 
projections. If A is a unital separable amenable simple C*-algebra which belongs to a classifiable 
class, then one should expect A<Z> Z = A, since they have the same AT-theory. Such C*-algebras 
are called ^-stable CT-algebras. The existence of non-elementary simple C*-algebras which 
were not Z stable was first proved by Gong-Jiang-Su (see [36]). Toms’ counterexample is in 
particular not ^-stable. Thus instability should be added to into the hypotheses if one uses 
the conventional Elliott invariant. (The classes already classified up to that time can easily be 
shown to be iJ-stable.) 

The next development in this direction came from a new approach of W. Winter who made 
use of the ^-stability assumption in a remarkably innovative way ([105]). His idea was to 
view A <S> Z as a (stationary) inductive limit of algebras of paths in A <S> Q with endpoints 
in A (g) M p and A (g) M q (where Q is the UHF-algebra with its Kq{Q) = Q, p and q are 
coprime supernatural numbers and M p and M q their associated UHF algebras). Suppose that 
the endpoint algebras are classifiable. Winter showed that if somehow there is a continuous 
path of isomorphisms from one endpoint to the other, then the class of all A can also be 
classified. Winter’s procedure provided a new framework to carry out classification, however 
to actually execute the continuation from endpoint to endpoint alluded to above, one has to 
establish new types of uniqueness and existence theorems. In other words, just like before, in 
Elliott’s intertwining argument, the new procedure ultimately, but not surprisingly, depends 
on some existence and uniqueness theorems. However, this time we need the uniqueness and 
existence theorems with respect to asymptotic unitary equivalence of the maps involved rather 
approximate unitary equivalence, which is significantly more demanding. For example, in the 
case of the existence theorem, we need to construct maps which lift a prescribed A"A"-element 
rather than a A'A-element, which was once thought to be out of reach for general stably finite 
algebras since the ATAT-functor does not preserve inductive limits. It was an unexpected usage 
of the Basic Homotopy Lemma that made this possible. Moreover, the existence theorem also 
needs to respect the prescribed rotation related map. The existence theorems are very different 
from ones in the early study. Inevitably, the uniqueness theorem also becomes more complicated 
(again the Basic Homotopy Lemma plays the key role). Once we overcame these new hurdles, 
the class of all ^-stable C*-algebras A whose tensor products with all UHF-algebras of infinite 
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type are of tracial rank zero were shown to be classified by the Elliott invariant in [105] , [72] 
and [75]. This class was then expanded to the class B of unital simple separable amenable 
^-stable C*-algebras which satisfy the UCT and have finite tracial rank after tensoring some 
infinite dimensional UHF-algebra. It is shown in [69] that C*-algebras in the class B can be 
classified up to isomorphism by the Elliott invariant. These constitute a significant expansion 
of the class of C*-algebras which can be classified because there are a great amount of unital 
simple C*-algebras which do not have finite tracial rank whose tensored products with a UHF- 
algebra U do. For example the Jiang-Su algebra Z is projectionless, but Z (g) U = U for any 
infinite dimensional UHF-algebra U. In fact, the class B exhausts all those Elliott invariant with 
weakly unperforated simple rational Riesz groups as Ro-groups under the restriction that the 
maps from tracial state spaces to state spaces of Kq map the extremal points to extremal points 
am The class B not only contains all unital simple separable amenable C*-algebras with finite 
tracial rank in the UCT class and the Jiang-Su algebra but also contains many other simple 
C*-algebras. More importantly it unifies the previously classified classes such as the so-called 
dimension drop algebras as well as those dimension drop circle algebras which were known not 
to be AH-algebras ([68]). However the restriction on the parings of tracial state spaces and 
state spaces of i£o-groups prevents the class B from including those inductive limits of so-called 
“point-line” algebras, which we called the Elliott-Thomsen building blocks and leads us to the 
main goal of our paper. 

The goal of this article is to give a classification of a certain class of unital simple separable 
amenable C*-algebras satisfying the UCT by the Elliott invariant. This class is significant 
because it exhausts all possible values of the Elliott invariant for all unital separable simple 
amenable stably finite ^-stable C*-algebras and it also contains the class B properly. We 
introduce a class of separable simple C*-algebras which will be called simple C*-algebras of 
generalized tracial rank at most one. The definition follows the same spirit as that of tracial 
rank one (or zero). But, instead of using only finite direct sums of matrix algebras of continuous 
functions on a one-dimensional finite CW complex, we use certain C*-subalgebras of interval 
algebras. These were first introduced into the Elliott program by Elliott and Thomsen ([32]). 
sometimes also called one dimensional non-commutative CW complexes (NCCW), as a model 
to approximate C*-algebras (tracially). This class will be denoted by B\ (see [97T] below). Denote 
by J\f\ the family of unital separable amenable simple C*-algebras A which satisfy the UCT such 
that A®Q € Bi, and by ATo the subclass of those C*-algebras A such that AZ>Q € Bo, where Q 
is the UHF-algebra with Kq{Q) = Q. The main theorem of this article has two parts. The first 
part states (see 129.81) that if A and B are two unital separable simple iJ-stable C*-algebras in 
Af\ . Then A = B if and only if Ell(A) = Ell(B) (see the definition 12.41 below). As a consequence, 
two unital C*-algebras in B\ which satisfy the UCT are isomorphic if and only if they have the 
same Elliott invariant. The second part of the main theorem states that, given any countable 
weakly unperforated simple ordered group Go with order unit e, any countable abelian group G i, 
and any metrizable Choquet simple T and any surjective continuous affine map s : T —>• S e {Go) 
(the state space of Go), there exists a unital C*-algebra A £ Af\ such that 

Ell(A) = (Ko(A),K 0 (A) + ,[1 a \,K 1 (A),T(A), Va ) = (G 0 , (G 0 )+, e, Gi, T, s). 

The article is organized as follows. Section 2 serves as preliminaries for the article which 
contains a number of conventions. In Section 3, we study the class of Elliott-Thomsen building 
blocks, denoted by C, a class of unital C*-subalgebras of finite direct sums of interval algebras. 
We also use Co for the subclass of C*-algebras in C with trivial K\. The Elliott-Thomsen building 
blocks are also called point-line algebras, or one dimensional non-commutative CW complexes 
as studied in [21] and [22], Section 4 and 5 discuss the uniqueness theorem for maps from C*- 
algebras in C to finite dimensional C*-algebras. Section 8 presents a uniqueness theorem for maps 
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from a C*-algebra in C to another C*-algebra in C. This is done by using a homotopy lemma 
established in Section 6 and existence theorems established in Section 7 to bridge uniqueness 
theorems in Section 4 and 5 to ones in Section 8. In Section 9, the classes B\ and Bq are 
introduced. Properties of (V-algebras in class B\ are discussed in Section 9, 10 and 11. C*- 
algebras in B\ are simple and are of generalized tracial rank one (or zero). These unital simple 
C*-algebras may also be characterized as tracially approximated by subhomogeneous CT-algebras 
with one dimensional spectra. We show, for example, in Section 10, they are 2-stable. Section 
12 is dedicated to the main uniqueness theorem for (7*-algebras in Bq used in the isomorphism 
theorem in Section 21. Sections 13 and 14 are devoted to the range theorem. It includes one of 
the main results: We show in Section 13 that, given any six-tuples of possible Elliott invariant 
for unital separable simple 2-stable dT-algebras, there is a unital simple 2-stable (7*-algebra in 
A/"i whose Elliott invariant is exactly as the given one. Section 14 gives a similar construction for 
a set of restricted Elliott invariants. In this case, simple C*-algebras constructed are inductive 
limits of C*-algebras which are finite direct sums of some homogeneous C*-algebras and C*- 
algebras in Co- This subclass plays an important role in this article. It should be pointed out, 
however, that there are unital simple 2-stable C'*-algebras in A/"i which can not be written as 
inductive limits of finite direct sums of homogeneous C'*-algebras and C*-algebras in Cq (or in 
Ci). Section 15 to 19 could all be described as parts of existence theorems. These deal with 
the issues of existence for maps from C*-algebras in C to finite dimensional C'*-algebras and 
then to CT-algebras in C which match the prescribed /Co-maps and tracial information. Ordered 
structure and combined simplex information of these C'*-algebras become complicated. We also 
need to consider maps from homogeneous C*-algebras to C^-algebras in C. The mixture with 
higher dimensional CW complexes does not ease the difficulties. However, in Section 18, we show 
that, at least under certain restrictions, any given compatible triple which consists of a strictly 
positive iCL-element, a map on the tracial state space and a homomorphism on a quotient of 
the unitary group, it is possible to construct a homomorphism between CT-algebras in Bq which 
matches the triple. Variations of this are also discussed. In Section 19, we show that M\ = Mq. 

In Section 20, we continue to study the existence theorem. In Section 21, we show that 
any unital simple CT-algebras with the form A<g>U with A G Bq is isomorphic to a unital C*- 
algebras constructed in Section 14, and two such (7*-algebras are isomorphic if (and only if) they 
have the same Elliott invariant. This isomorphism theorem is special but is also the foundation 
of our main isomorphism theorem in Section 29. In the next seven sections, we show that 
Winter’s strategy may be carried out in the general case. This requires a much more sensitive 
uniqueness and existence theorem. The uniqueness theorem now requires an asymptotic unitary 
equivalence theorem which is proved in Section 27. To do this, we first need another Basic 
Homotopy Lemma. Sections 22, 24 and 25 establish the needed homotopy lemma while Section 
22 serves as the existence theorem for the homotopy lemma. Sections 26 and 28 are for the 
rotation maps and existence theorem. In Section 29, we show that two 2-stable C*-algebras 
in Mo are isomorphic if and only if they have the same Elliott invariant. Since we have shown 
in section 19 that Mq = M \. This completes the proof of the main isomorphism theorem for all 
2-stable C*-algebras inA/i. 
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2 Preliminaries 

Definition 2.1. Let A be a unital C*-algebra. Denote by If (A) the unitary group of A, and 
denote by Uo(A) the normal subgroup of U(A) consisting of those unitaries which are in the 
connected component of U(A) containing 1 a- Denote by DU {A) the commutator subgroup of 
Uq(A') and CU{A) the closure of DU {A) in U(A). 

Definition 2.2. Let A be a unital CA-algebra and let T(A) denote the simplex of tracial states 
of A. Let t G T(A). We say that r is faithful if r(a) > 0 for all a G A + \ {0}. Denote by Tf(A) 
the set of all faithful tracial states. 

Denote by Aff (T(A)) the space of all real continuous affine functions on T(A) and denote 
by LAff&(T(A)) the set of all bounded lower-semi-continuous real affine functions on T(A). 
Suppose that T(A) / 0. There is an affine map r a g- : A s . a . —> Aff (T(A)) defined by 

r 'aff( a )( r ) = o(t) = 'r(a) for all r G T(A) 

and for all a G A s . a .. Denote by Af. a . the space r a ff (A sa .) and A q + = r a fj(A + ). 

For each integer n > 1 and a G M n (A), write r(a) = (r <S> TV)(a), where Tr is the (non- 
normalized) standard trace on M n . 

Definition 2.3. Let A be a unital stably finite C*-algebra with T(A) ^ 0. Denote by pa ■ 
Kq(A) Aff(T(A)) the order preserving homomorphism defined by Pa{\p\) = T (p) for any 
projection p € M n (A), n = 1,2,... (see the above convention). A map s : Kq(A) —>• M is said to 
be a state if s is an order preserving homomorphism such that s([1a]) = 1- The set of states on 
K 0 (A) is denoted by S[ 1a ](K 0 (A)). 

Denote by : T(A) —> 5[ 1a j (Kq(A)) the map defined by rvi(T)([p]) = r(p) for all projections 
p € M n (A ) (for all integer n) and for all r € T(A). 

Definition 2.4. Let A be a unital simple C*-algebra. The Elliott invariant of A, denote by 
Ell(A), is the following six tuple 

Ell(A) = {K q {A),K q {A) m [\ a ],Ki{A),T{A),t a ). 

Suppose that B is another unital simple C*-algebra. We write Ell(A) = Ell(i3), if there is 
an order isomorphism kq : K$(A) —>• Kq{B) such that «o([1a]) = [1b], an isomorphism K\ : 
K\ (A) —>• Ki(B) and an affine homeomorphism k p : T(B) —>• T(A) such that 

r A{Kp{t))(x) = rB(t)(no(x)) for all x € Kq{A) and for all t G T(B). 

Definition 2.5. Let X be a compact metric space, x G X be a point and let r > 0. Denote by 
B(x,r) = {y € X : dist(x,y) < r}. 

Let e > 0. Define f e G Co((0, oo)) to be a function with f e (t) = 0 if t G [0, e/2], f e (t) = 1 if 
t G [e, oo) and f e (t) = 2 if t G [e/2,e]. Note thatO < / < 1 and f e f e /2 = fe- 

Definition 2.6. Let A be a C*-algebra. Let a, b G M n (A) + . Following Cuntz ( [12]) , we write 
a < b if there exists a sequence (x n ) C M n (A) such that limyj^oo x*bx n = a. If a < b and 
b < a, then we write a ~ b. The relation is an equivalence relation. Denote by W{A) the 
Cuntz semi-group of the equivalence classes of positive elements in U^ =1 M m (A) with orthogonal 
addition (i.e., [a + b] = [a © 6]). 

If p, q G M n (A) are projections, then p < q if and only if p is Murray -von Neumann 
equivalent to a subprojection of q. In particular, when A is stably finite, then p ~ q if and only 
if they are von Neumann equivalent. 
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Denote by QT(A) the set of normalized quasi-traces on A. For a £ A + and r £ QT(A), 
define 

d T {a) = lim r(/ e (a)). 

E->0 

Suppose that QT(A) ^ 0. We say A has strict comparison for positive elements, if for any 
a,b £ M n (A) (for all integer n > 1) d T (a) < d T (b ) for r € QT(M n {A )) implies a <b. 

Definition 2.7. Let A be a C*-algebra. Denote by A 1 the unit ball of A. A+ 1 is the image of 
the intersection of A + n A 1 in 

Definition 2.8. Let A be a unital C*-algebra and let u £ U(A). We write Adrt for the au¬ 
tomorphism a i->- u*au for all a £ A. Suppose B C A is a unital C*-subalgebra. Denote by 
Inn(£>, A) the set of all those monomorphisms p : B —>• A such that there exists a sequence of 
unitaries {«„} C A so that p(b) = lim^^oo u* ri bu n for all b £ B. 

Definition 2.9. Denote by J\f the class of separable amenable C*-algebras which satisfy the 
Universal Coefficient Theorem (UCT). 

Denote by Z the Jiang-Su algebra ([S]). Note that Z has a unique trace and Ki(Z ) = Ki{ C) 
(i = 0,1). A C*-algebra A is said to be Z-stable if A = A ® Z. 

Definition 2.10. Let A be a unital C*-algebra. Recall that, following Dadarlat and Loring 

am one dehnes 

K(A) = 0 Ki(A) © ©© LQ(A,Z/A;Z). (e 2.1) 

i= 0,1 i= 0,1 k>2 

There is a commutative CT-algebra Ck such that one may identify Ki(A®Ck) with ATj(A, Z/fcZ). 
Let A be a unital separable amenable C*-algebra, and let B be a u-unital C*-algebra. Following 
Rprdarn ([93]), KL(A, B) is the quotient of KK(A, B ) by those elements represented by limits of 
trivial extensions (see [61j). In the case that A satisfies the UCT, Rprdam defines KL(A,B) = 
KK(A, B)/V, where V is the subgroup corresponding to the pure extensions of the AT* (A) by 
K*(B). In |17| . Dadarlat and Loring proved that 

KL(A 1 B) = Horn a(K(A),K(B)). (e2.2) 

Now suppose that A is stably finite. Denote by KK(A,B) ++ the set of those elements 
k £ KK(A , B ) such that k(A'o(^4)\{0}) C A'o(-S)+\{ 0}. Suppose further that both A and B are 
unital. Denote by KK e (A , B) ++ the subset of those k £ KK(A , B) ++ such that k([1a]) = [1b]. 
Denote by KL e (A, B) ++ the image of KK e (A, B) ++ in I\L(A,B). 

Definition 2.11. Let A and B be two C*-algebras and let p : A — >• B be a map. We will 
sometime, without warning, continue to use p for the induced map <^<8>id m„ ■ A®M n — >• B®M n . 
Also p® 1 M n ■ A —>• B® M n is used for the amplification which maps a to a© 1 m„, the diagonal 
element with a repeated n times. Throughout the paper, if p is a homomorphism, we will 
use p*i : Ki(A ) —>• Ki(B), i = 0,1, for the induced homomorphism. We will use [y>] for the 
element in KL(A,B) (or KK(A, B) if there is no confusion) which is induced by p. Suppose 
that T(A) / 0 and T(B) / 0. Then p induces an affine map p? : T(B) -£ T(A) dehned by 
Pt{t){cl) = r(p(a)) for all r £ T(B) and a £ A sa .. Denote by p^ : Aff(T(A)) —> Aff(T(R)) the 
affine continuous map defined by p$(f)(r) = f{pT(j)) for all / £ Aff(T(A)) and r £ T{B). 

Definition 2.12. Let A be a unital separable amenable C*-algebra and let x £ A. Suppose 
that \\xx* — 1|| < 1 and \\x*x — 1|| < 1. Then x|x| _1 is a unitary. Let us use (x) to denote x|x| _1 . 

Let T C A be a finite subset and e > 0 be a positive number. We say a map L : A ^ B is 
J r -e-multiplicative if 

|| L(xy) — L{x)L{y )|| < e for all x, y £ F. 
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Let V C K_(A) be a finite subset. There is e > 0 and a finite subset T satisfying the following: 
for any unital C*-algebra B and any unital J r -e-multiplicative contractive completely positive 
linear map L : A —>• B, L induces a homomorphism \L\ defined on G(V), where G(V) is the 
subgroup generated by V, to K_(B) such that 

II L{p) ~ q\\ < 1 and \\(L(u)} - u|| < 1, (e2.3) 

where q £ M n (B) (for some n > 1) is a projection such that [q] = [L]([p]) in Kq(B) and 
v € M n (B) is a unitary such that [u] = [L]([u]) for all [p] € V n Kq(A) and [«] £ P fl K\(A). 
This also applies to Pn Ki(A, Z/fcZ) with a necessary modification, by replacing L , by L® idc fc , 
where Ck is the commutative C*-algebra described in 12.101 for example. Such a triple (e, J 7 , V) 
is called a KL- triple for A. 

Suppose that Ki(A ) is finitely generated. Then, by [T7], there is no > 1 such that ev¬ 
ery element k € HoniA (K(A), K(B )) is determined by k|g , where G no = © i=0 i Ki(A) © 
© != oi©£ 2 ^(AZ/H). Therefore, for some large V , if is a JLL-triple for A, then 

[L\ defines an element in I\L(A : B ) = KK(A, B). In this case, we say is a KK- pair. 

Definition 2.13. Let A be a unital C*-algebra. Consider the tensor product ^4® C'(T). By the 
Kiinneth Theorem, the tensor product induces two canonical injective homomorphisms: 


pW : K 0 (A) -> R\(A © C(T)) and /3 (1) : K^A) -> K 0 (A © C(T)). (e2.4) 

In this way, one may write 

K i (A®C(T)) = K i (A)®p( i - 1 \K i _ 1 (A)), i = 0,1. (e2.5) 

For each i > 2, one also obtains the following injective homomorphisms: 

pf : Ki(A,Z/kZ) -> Jr i _i(A®C , (T),Z/]feZ), * = 0,1. (e2.6) 

Thus one may write 

tfi(A®C'(T),Z/fcZ) = Ki{A,Z/kZ) © p%~ 1] {Ki-^Z/kZ)), * = 0,1. (e 2.7) 


If x € K_(A), we use /3(x) for p^(x) if x € Ki(A ) and P^\x) if x € K{(A,Z/kZ). So one 
has an injective homomorphism 


(3 : K(A) ^ K(A®C( T)) (e2.8) 

and writes 

K(A®C(T)) = K(A)®0(K(A)). (e2.9) 

Let h : A © C(T) —>• B be a unital homomorphism. Then h induces a homomorphism 
: Ki(A © C'(T), Z/£:Z) —> Ki(B, 'Ljk'L), k = 0,2, 3,... and i = 0,1. Suppose that <p : A —»■ B 
is a unital homomorphism and v € U(B) is a unitary such that <p(a)v = v<p(a) for all a € A. 
Then y? and v induce a unital homomorphism h : A © C'(T) —> B by h(a © 2 ) = tp(a)v for all 

a £ © where z £ C'(T) is the identity function on the unit circle T. We use Bott((/?, v) for all 

(i) 

homomorphisms * o p^ ' and we write 

Bott(</?, v) = (1 (e2.10) 

if h*ik 0 Pi^ = 0 f° r ^ an( f *■ f J1 particular, since A is unital, (Ic2.101) implies that [w] = 0 in 
K\(B). We also use bottj(<^, v) for h*i—i 0 P^\ i — 0,1. 
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Suppose that A is a unital separable amenable CT-algebra, ip : A —> B is a homomorphism 
and v € B is a unitary. For any e > 0 and any finite subset B C A, there is <5 > 0 and a finite 
subset Q C A such that if 


IIbO), v]\\ <5 for all / € Q, (e2.11) 

then, by 2.8 of [66) . there exists a unital .F-e-multiplicative contractive completely positive linear 
map L : A<S) C(T) —> B such that 

|| L(f) — <p(f )|| < £ for all / € B and ||L(1 <8> z) — u|| < e, (e 2.12) 

where z € C'(T) is the standard unitary generator of C'(T). Therefore, for each finite subset 
Q C K_(A (8) C'(T)), there is 5 > 0 and a finite subset Q such that, when (jc 2.111) holds, [L]\q 
is well defined. Let V C K_{A ) be a finite subset. There are &p > 0 and a hnite subset J-p 
satisfying the following: if (Ic 2.111) holds for dp (in place of 5) and Bp (in place of B), then 
m\/3(V) i s well defined. In this case, we will write 

Bott(<p, v)\p(x) = [L]\p(p)(x) (e2.13) 

for all x € V. In particular, when [L]\p(p) = 0, we will write 

Bott(<^, v)\p = 0. (e2.14) 

When K*(A) is finitely generated, KL(A,B ) = Hoitia (K(A), K(B )) is determined by a finitely 
generated subgroup of K_(A) (see [IT]). Let V be a finite subset which generates this subgroup. 
Then, in this case, instead of He 2.15p . we may write that 


Bott(</?, v) = 0. 

(e 2.15) 

In general, if V C Kq(A), we will write 


botto(</?, v)\p = Bott(<^, v)\p 

(e 2.16) 

and if V C K\(A), we will write 


botti(y>, v)\p = Bott(v?, v)\p. 

(e 2.17) 


Definition 2.14. Let A be a unital C*-algebra. Each element u € Uq{A) can be written as 
u = e ih.\ e %hi ... e ih k £ or g A Sja . We write that cer (u) < k if u = e lhl e lh2 • • • e lhk for 

some selfadjoint elements hi, h- 2 , ■■■, h^. We write that cer(u) = k if cer(u) < k and u is not a 
norm limit of unitaries {u n } with cer(u n ) < k — 1. We write cer (u) = k + e if cer(u) ^ k and 
there exists a sequence of unitaries {u n } C A such that u n € Uq(A) with cer (u n ) < k. 

Define exponential length of u by 

cel(it) = inf {length of (u(t))o<t<i | u(t) € Uq(A), uo = u, u\ = l}. 

Obviously if u = e lhl e lh2 ■ ■ ■ e lhk , then (see [90] ) 

cel(u) < ||/ti|| + \\h 2 \\ H-h \\h k \\ . 

Definition 2.15. Suppose that A is a unital C *-algebra with T(A) ^ 0. Recall that CU(A) 
is the closure of commutator subgroup of Uq{A). Let u € U{A). We use u for the image in 
U(A)/CU(A). It was proved in [98] that there is a splitting short exact sequence: 

OO 

0 ->• AK(T(A))/pa(K 0 (A)) -»• \J U(M n (A))/CU(M n (A)) ->• K X {A) 0. 

n =1 
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(e 2.18) 









Let J c be a fixed splitting map. Then one may write 


U U(M n (A))/CU(M n (A)) = Aff (T(A))/pa(K 0 (A)) © J^K^A)). (e2.19) 

n= 1 

If A has stable rank k, then K±(A) = U(M k (A))/Uo(M k (A)). Note 

csr(C'(T, A)) < tsr(A) + 1 = k + 1. 

It follows from Theorem 3.10 of [38] that 

OO 

U Uo(M n (A))/CU{M n (A )) = U 0 (M k (A))/CU(M k (A)). (e2.20) 

n= 1 

Then one has the following splitting short exact sequence 
0 -> AS(T{A))/pa{K 0 (A)) -»■ U(M k (A))/CU{M k (A )) -> U(M k (A))/U 0 (M k (A)) -> 0 (e2.21) 
and one may write 


U(M k (A))/CU(M k (A)) = AS(T(A))/ Pa (K 0 (A)) © J c (Ad(A)) (e2.22) 

= AS(T(A))/ Pa (K 0 (A)) © J c (U(M k (A))/Uo(M k (A))). (e2.23) 

For each piecewise smooth and continuous path (rt(t) : f G [0,1]} C U(M k (A)), define 

D A {{u(t)})(T) = ^-J o T (^^ u * T e T(A). 

For each {rt(t)}, the map D A ({u}) is a real continuous affine function on T(A). Let 

D A : U 0 (M k (A))/CU(M k (A)) ->• Aff(T(A))/p A (iL 0 (A)) 

denote the de la Harpe and Skandalis m) determinant given by 

D a (u) = D a ({u}) + Pa (K 0 (A)), u G U 0 (M k (A )), 

where {u(t) : t G [0,1]} C M k (A) is a piecewise smooth and continuous path of unitaries with 
u(0) = 1 and u( 1) = u. It is known that the de la Harp and Skandalis determinant is independent 
of the choice of representatives for u and the choice of path {u(t)}. Define 

\\D a {u)\\ = inf{||.D A ({u})|| : u(0) = 1, v(l) = v and v = u}, (e2.24) 


where ||D A (M)|| = sup reT(A) ]|D A (M)(t)||. 

We will fix a metric on U(M k (A))/CU(M k (A)). Suppose that u,v G U(M k (A)). Define 


dist (it, v) = 


_ 2, if uv* ?U 0 (M k (A)), 

\\D a (uv*)\\, otherwise. 


This is a metric. Note that, if u,v € Uo(M k (A)), then 

dist(mJ, lfc) < dist(fZ, l k ) + dist(u, l k ). 


(e 2.25) 


(e 2.26) 
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Definition 2.16. Let A be a unital separable amenable C*-algebra. For any finite subset 
U C U(A ), there exists 5 > 0 and a finite subset Q C A satisfying the following: If B is another 
unital C*-algebra and if L : A —>• B is an J--e- mu It i p li c at i ve contractive completely positive 
linear map, then ( L(u )) is a well defined element in U(B) / CU(B) for all u €U. We will write 
L-t-('u) = ( L(u )). Let G(U) be the subgroup generated by U. We may assume that is a well- 
defined homomorphism on GilA) so that L$(u) = ( L(u )) for all u € U. In what follows, whenever 
we write L+, we mean that e is small enough and T is large enough so that is well defined 
(see Appendix in [73j). Moreover, for an integer k > 1, we will also use L^ for the map on 
U(Mk(A)) / CU(Mk(A)) induced by L®'vlM k - In particular, when L is a unital homomorphism, 
the map L+ is well defined on U(A)/CU(A). 

Definition 2.17. Let C and B be unital C*-algebras and let <pi, (p 2 ■ C —> B be two monomor- 
phisms. Define 

M vu<pa = {(f,c):C([0,l],B)®C:m = i Pl (c) and /(l) = <p 2 (c)}. (e2.27) 

Denote by Tr t : —>• B the point evaluation at t € [0,1]. One has the following short exact 

sequence: 

0 -» SB 4 M V1i¥ , 2 ^ C -> 0, 

where i : SB —>• is the embedding and 7 r e is the quotient map from to C. Denote by 

7 To, 7 Ti : —>• C by the point evaluations at 0 and 1 , respectively. Since both and are 

injective, one may identify 7 r e by the point-evaluation at 0 for convenience. 

Suppose that [ 99 ] = [i/j] in KL(C, B). Then M ^ corresponds a trivial element in KL(A, B). 
In particular, the corresponding extensions 

0 -)■ Ki{B) Ki(M v j) ^ Ki{C) ^ 0 (i = 0,1) 


are pure. 

Definition 2.18. Suppose that T(B) 7 ^ 0. Let u € M/(M \p^) (for some integer l > 1) be a 
unitary which is a piecewise smooth continuous function on [0,1]. Then 

D B ({u(t)})(r) = / T(^p-u*(t))dt for all t€T(B). 

Zttx J Q dt 

(see 12.21 for the extension of r on Mi(B )) as defined in 12.151 Suppose that r o ip = r o ijj for all 
r € T(B). Then there exists a homomorphism 

-> Aff(T(5)) 

defined by R v ^([u])(t) = Ds({tt(t)})(r) as above which is independent of the choice of the 
piecewise smooth paths u in [it]. We have the following commutative diagram: 

K 0 (B) ^ K^M^) 

Pb R<p,ip 

Aff (T(B)) 

Suppose, in addition, that [ 991 ] = [ 992 ] in KK(C,B). Then the following exact sequence splits: 

0 K(SB) K(M vuva ) K[C) -)■ 0. (e2.28) 

We may assume that [vro]o[0] = and [vri]o[0] = [ 992 ]. In particular, one may write K\ (M^.) = 
Kq(B) 0 Ki(C). Then we obtain a homomorphism 

R^o6\ Kl{c) :Ifi(C)-lM(r(B)). 
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We say the rotation map vanishes if there exists such a map 0 such above that R<p,i)i o 0\ki(c) = 0- 
Denote by 1Z o the set of those elements A G Hom(iLi(C), AS(T(B))) for which there is a ho¬ 
momorphism h : K\(C) —>• Kq(B) such that A = pB°h. It is a subgroup of Hom(Xi(C'), Aff (T(B))). 
One has a well-defined element € Hom(i^i(C), Aff (T(B)))/TZq (which is independent of 

the choice of 0). 

In this case, there exists a homomorphism 0] : K\(C) —» K\ such that (7r e )*i o 9[ = 

id^[(c) and Rip,ip ° G Ro if and only if there is 0 G Hohia (K (C), K(M ,„,/,)) such that 

[ 7 r e ] o 0 = [idc] in KK(C, B) and R^,/, o 0| Kl (C) = 0. 

In other words, R v ,p = 0 if and only if there is 0 described above such that R^ o 0| Ki(C) = 0- 
When Rprf = 0, one has that 0(Ki(C)) C ker R v ,ip for some 0 so that (|e 2.28P holds. In this case 
8 also gives the following: 

ker R^ = ker p B © K\{C). 

Definition 2.19. Let C be a (7*-algebra, let a, b G C be two elements and let e > 0. We write 
a « e b if ||a — b\\ < e. Suppose that A is another C*-algebra, L\, L 2 : C —>• A are two maps and 
F C C is a subset. We write 


L\ L 2 on F, 


(e 2.29) 


if ||Li(c) — L 2 (c)\\ < e for all c € F. 

Definition 2.20. Let A and B be C*-algebras, and assume that B is unital. Let T~L C A+ \ {0} 
be a finite subset, let T : A + \ {0} —> M + \ {0} and let N : A + \ {0} -> N be two maps. Then 
a map L : A —>• B is said to be T x IV-Tt-full if for any h G "H, if there are 61 , 62 ) G B 

such that || 6 j|| < T(h) and 

N(h) 

J2 6*L(L)6 i = 1 B . 

2—1 

3 The Elliott-Thomsen building blocks 

To generalize the class of C*-algebras of tracial rank at most one, we naturally consider all 
subhomogeneous C*-algebras with one dimensional spectrum which, in particular, include circle 
algebras as well as dimension drop algebras. We begin, however, with the following special form: 

Definition 3.1 (See [32] and [25]). Let F\ and T 2 be two finite dimensional (7*-algebras. Sup¬ 
pose that there are two unital homomorphisms : —>• T 2 . Denote the mapping torus 

by 

A = A(F 1 ,F 2 ,ip 0 ,(pi) = {( f,g ) G C([ 0 , 1 ],F 2 ) 0 Fi : /( 0 ) = cp 0 (g) and /( 1 ) = <pi(g)}. 

These C^-algebras have been introduced into the Elliott program by Elliott and Thomsen 
0321), and in [25], Elliott used this class of C*-algebras and some other building blocks with 2 - 
dimensional spectra to realize any weakly unperforated ordered group as the ILo-group of a simple 
ASH C*-algebra. Denote by C the class of all unital C'*-algebras of the form A = A(F\, F 2 , <po, <p{) 
and all finite dimensional C^-algebras. These CWalgebras will be called Elliott-Thomsen building 
blocks. 

A unital (7*-algebra C G C is said to be minimal if it is not a direct sum of more than one 
copy of C^-algebras in C. If A G C is minimal and is not finite dimensional, in what follows, we 
may assume that hsupo n ker^i = { 0 }. In general, if A G C, and ker^o n ker</?i 7^ { 0 }. Then, we 
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can write A = A\ © (ker<^onker(/?i), where A\ = A(F[, F 2 , <p' 0 , Fi): Fi = F[ © (ker</?oHker</?i) and 
Fi = F% I F[ for i = 1,2. (Note that A\ = A(F [, F 2 , Fq-, Fi) satisfies the condition ker (p' 0 n kert/?} = 
{0}, and that ker(/Jo H ker^i is a finite dimensional C*-algebra.) 

For t G (0,1), define n t : A -»• F 2 by n t((f,g)) = f(t ) for all (f,g) G A. For t = 0, 
define ir 0 : A ->• tp 0 (Fi) C F 2 by 7r 0 ((/,c?)) = <p 0 {g) for all (f,g) G A. For t = 1, define 
tti : A —>■ Fi(F\) C F 2 by 7 Ti((/, 5 )) = </h(<?)) for all (/, 5 ) € A. In what follows, we will call 7 r f 
a point-evaluation of A at t. There is a canonical map ir e : A —>• F\ defined by 7r e (f,g) = g for 
all pair (/, g) € A It is a surjective map. T/ie notation n e will be used for this map throughout 
this paper. 

If A € C, then A is the pull-back of 


A- 

1 

I TTe 
Y 

Fi- 


^C([0,1],F 2 ) 




(7ro,7Tl) 

F 2 ®F 2 


(e 3.1) 


Every such pull-back is an algebra in C. Infinite dimensional C*-algebras in C are also called 
one-dimensional non-commutative finite CW complexes (NCCW) (see [2T| and [22]). 

Denote by Co the sub-class of those C*-algebras A in C such that K\ { A) = {0}. 

It follows from Theorem 6.22 of m that C*-algebras in C are semiprojective, an important 
feature that we will use later without warning. 

Lemma 3.2. Let f G C([0,1],M^,(C)) and let ao,oi € M^(C) be invertible elements with 

||a 0 - /(0)|| < e and ||ai - /(1)|| < e. 

Then there exists an invertible element g G C([0, l],Mfc(C)) such that g( 0) = aoj g{ 1) = a i and 

11/(0 “ 3(011 < e for all t G [0,1]. 

Proof. Let SciV4(C) be the set consisting of all singular matrices. Then M}.{ C) is a 2k 2 - 
dimensional differential manifold (diffeomorphic to M 2fc ) with S being finite union of closed 
submanifold of codimension at least two. Since each continuous map between two differential 
manifolds (perhaps with boundary) can be approximated arbitrarily well by smooth maps, we 
can find fi G C°°([0,1],M fc (C)) with /j(0) = a 0 and /i(l) = ai and ||/i(i) - f(t) || < e' < e. 
Apply the relative version of the transversality theorem—the corollary on page 73 of m and 
its proof (see page 70 and 68 of (Til), for example, with Z = S,Y = M^.(C), X = [0,1] with 
dX = {0,1}, one can find g G (^“([O, l],M fc (C)) with 5 ( 0 ) = /i(0), g{ 1) = /i(l), g(t ) ^ S and 
\\g(t) ~ fi(t)\\ < e ~ e*■ □ 

Proposition 3.3. If A G C, then A has stable rank one. 

Proof. Let (/, a) be in A with / G C([0,1], F 2 ) and a G F\ with /(0) = Fo{a) and /(1) = Fi( a )- 
For any e > 0, since F\ is a finite dimensional C*-algebra, there is an invertible element b G F\ 
such that ||b — o|| < e. Since FO 1 F 1 are unital, Fo(b) and Fi(b) are invertible, 

ll<Po(&) - /(0)|| < £ and \\Fi{b) - /(1)|| < e. 

By Lemma [3721 there exists an invertible element g G C([0,1], F 2 ) (applied to each direct sum¬ 
mand of F 2 ) such that g(0) = Fo(b), g{ 1) = Fi(b) and 

lb-/II <£■ 


This is what as desired. 


□ 
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3.4. Let F\ — -Mjj(i) © Mjk^) © ■ ■ ■ © and M 2 — M r ( 1 ) © AL r ( 2 ) ffi ■ ■ ■ ffi M r ^y A — 

(Fi, F 2 , <po, <Pi)- Denote by m the greatest common factor of R(2), ■ ■ ■ ,R(l)J. Then each 

r(j) is also a multiple of m. Let T\ = M r( q (C) © M R ( 2 ) (C) ffi ■•■ © Mrq) (C) and F 2 = 

mm m 

M r ( 1) (C) ffi M t ( 2) (C) ffi • • • ffi M r (k) (C). Let p 0 , Ti : Fi —>■ F2 be maps such that 

mm m 

Vo*,Pi* '■ -Fo(Fi) = Z* —» Z fc 

satisfying cpo* = (a-ij)kxi and pi* = (bij)kxi- That is, the maps which are represented by the 
same matrices represent <po* and <pi*. 

By EH 

A(Fi,F 2 , ip 0 , pi) = M m (A(Fi, F 2 , <p 0 , <pi)). 

Proposition 3.5. Let A = A(Fi,F 2 ,<po,<pi). Then K\(A) = Z z /Im(po*o ~ <Pi*o) an d 


K 0 (A) * 



/ Vl\ 




( V\ ^ 



V2 

mi 

V2 


V2 




, <#>* 


= 




K v iJ 


\Vlj 


K V U 



(e 3.2) 



( R i\ 


f 


1 

with positive cone being Ko(A)r\7 l + , and scale 

R 2 

£ l}, where 7 l + = < 


V2 

; Vi > 0 


UJ 


< 


J 


Moreover, the map 7r e : A —> F\ induces the natural order embedding (vr e )*o : K$(A) —>• Kq{F\) = 
T, 1 , in particular, kerpq = {0}. 

Furthermore, if K\(A) = {0}, then 7 1 /Kq(A) = -fG.(Co((0,1), F 2 )) is torsion free, and in 
this case, [7r e ]| Ki(A,z/kZ) injective for all k >2 and i = 0,1. 


Proof. Most of these assertions are known. We sketch the proof here. Consider the short exact 
sequence 

0-- C 0 ((0,1), F 2 )-- A F\ -- 0. 

We obtain 

0-- K 0 (A) —^ F 0 (Fi)-- K 0 (F 2 ) -- K\(A) -- 0, (e3.3) 

where the map iLo(Fi) —>• Kq(F 2 ) is given by <po*o — <pi*o- particular, (7r e )*o is injective. If 
p £ n e (M m (A)) is a projection, then (<po)*o(p) = (<Pi)*o (p)- Therefore <po(p) and <pi(p) have the 
same rank. It follows that there is a projection q £ M m (A ) such that n e (q) = p. This implies 
that (7r e )*o is an order embedding. This also implies that kerp^ = {0}. Other descriptions of 
Ki(A ) (i = 0,1) also follow. The quotient group Ao(-Fi)/(7r e )*o(Ao(A)) is always torsion free, 
since Ko(Fi) / (n e )*o(Ko(A)) is a subgroup of Kq{F 2 ). It happens that Fo(Fi)/(7r e )*o(FoC'4)) = 

K 0 (F 2 ) holds if and only if K\ (A) = {0}. 

In the case that K\{A) = {0}, one also computes that Ko(A,7/k7 ) may be identified with 
K 0 {A)/kK 0 (A) and Ki(A,Z/kZ) = {0} for all k > 2. 

To see that [7Te]|ft' 0 M,z/fcZ) is injective for k > 2, let x € Ko(A,7/kZ) = Kq(A)/ kKo(A) and 
let x € Kq(A) be such that its image in Ko(A)/kKo(A) is x. If [vr e ](x) = 0, then (7r e )*o(x) £ 
kKo(Fi). Let y £ Kq{F\) be such that ky = (7r e )*o(z). Then ky = (n e )* 0 (x) = 0 in K 0 (F 1 )/(n e ) if0 (K 0 (A)). 
This implies that Kq(F 2 ) has torsion. A contradiction. Therefore \^e\\K 0 {A/i./k’Z) is injective for 
k >2. Then the rest of proposition also follows from (Ic 3.3p . □ 
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3.6. Let us describe how to identify a unitary u G A with [u] G K\(A) = Z fc /(</?i* — ipo*)(Z l ). 
Let u = (/, a) € A, where a = (ai, a 2 ,..., aj) G ©- =1 ^R{j) (C) = 7\. Note that every 
unitary in Mjy(C) can be written as for some self-adjoint element h G Mjv(C)). Write 

h = (hi, h 2 ,..., hi) G ©y =1 M {J} (C) = 7i such that a = e lh . Let (g, h) G A be defined by 

f Po(h)(l~2t), 0 <t<\, 

9(t ) = < 

[ </?i(h)( 2 f - 1 ), \<t< 1 . 

Obviously, (< 7 , 7) is well defined and inside A. Let v = (/ 1 , If, ), where /i(t) = f(t)e~ l9 ^\ 
Let U(s) = (f(t)e~ l9 ^ s , e tfe ( 1_s )) for s G [0,1]. Then {U(s) : s G [0,1]} is a continuous path 
of unitaries in A with 17(0) = u and 17(1) = (fi,l iy)- Therefore uv* G Uq(A). In particular, 
[it] = [it] G Ki(A), and v = (i>i, v 2 , ■■■, v k ) with Vj(0) = itj(l) = 1. Write / = (ai, a 2 ,..., a*,) 
and fe~ l£/s = (f>i(s), 6 2 (s),..., bk(s)), where a,j, bj(s ) G C([0,1], M r ^) for all s G [0,1]. Suppose 
that det(a m (f)) = 1 for all t G [0,1], m = 1,2, ..., fc, and det(e l/l - 7 ') = 1 for j = 1,2,Define 
5 m (s) = det( 6 m (s))*, B(s) = (Bi(s), B 2 (s ),..., B k (s)) and 

d(s) = (det(e i/ll( 1 - s) ),det(e i/l 2 ( 1 - s) ),...,det(e^ (1 - s) )). 

Define W(s) = (Bj(s)U(s), d(s)* e lh ^ s ^). Then (W(s) : s G [0,1]} is a continuous path of 
unitaries in A such that W(0) = u and 17(1) = (B(l)fi, 1). Note that det(7? m (l)& m (l)) = 1 for 
1 < m < k. In other words, if det (u(ip)) = 1 for all irreducible representations ip, then we may 
also assume that det(v(ip)) = 1 for ip. Note that v G Co((0,1),F 2 ), the unitilization of the ideal 
(7o((0,1), .F 2 )cA Hence u defines an element (si, s 2 , ..., s*,) G Z fc = 77i(Co((0,1), F 2 )), where Sj 
is winding number of the map 


t G [0,1] —> det (vj(t)) G T C C. 

In particular, if det(u(ip)) = 1 for all irreducible representations ip, then u G JJq(A). Such a 
7-tuple gives an element 


[(si, s 2 ,s k )] G Z k /(tpu - <po*)(Z l ) • 

Lemma 3.7. Let A = A(F\, F 2 , ipo, ipi) be as in Definition 17.11 A unitary u G U(A) is in 
CU(A ) if and only if for each irreducible representation ip of A, one has that det(ip(u)) = 1. 

Proof. Obviously, the condition is necessary. One only has to show that the condition is also 
sufficient. From the discussion 13.61 above, if u G U(A) with det(il’(u)) = 1 for all irreducible 
representations ip, then u G Uq(A). 

Write F\ = M R ^ © R R ( 2 ) © • • • © M R ^ and F 2 = M r © M r ( 2 ) © • • • © M r ^ k y Then, since 
u G Uq(A), we may write that u = n(T=i exp(z27rh n ) for some h n G A SM _, n = 1,2,..., m. We may 
write h n = (h n i,h nq ) G A with ipi(h nq ) = h n j(i), i = 0,1. For any irreducible representation ip 
of A, 1 Tr ^ip(hj) G Z, where Tr^ is the standard (unnormalized) trace on ip (A) = M n ^ for 
some integer n(ip). Put Hj(t) = TTj(h n (t))) and H(t) = (Hi, H 2 ,..., H k ) for t G [0,1], 

where T ij is the standard trace on M r ^ and ttj : F 2 —> M r ^ is the projection map, j = 
1, 2,..., k. Put a(ip) = Tr y(hj) for those ip corresponding to irreducible representations of 

Fi. Since X^=i Ti ^ip(hj) G Z, there is a projection p G Mjy(Fi) such that Tr yip(p) = a(ip ) 
for some N > 1. Then, Tr}( tt} o (fo(p)) = 77,(0) = Hj(l) = Tr} (ip 1 (p)) , where Tr} is the 
standard trace on Mn(M t ^) and 7 r} : Mn(F 2 ) —>• M^(M r ^) is the projection map. There is a 
projection Pj G Mn(C([ 0,1 \,M r ^)) such that Pj( 0) = i\j o ipo(p) and Pj( 1) = nj o tpi(p). Put 
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P G Mn(C([0, 1], F\)) such that 7r](P) = Pj and e = (P,p). Then e € Mn(A). Consider the 
continuous path u(t) = ]][™=i exp(i27r/i n t) for t G [0,1]. Then u( 0) = 1, u( 1) = u and 

r( ^ ^ u* (t)) = i2'K^^T(h n ) for all r G T{A). 

71=1 

But, for all a G ^4 and r G T{A), 


l k „ 

r(a) = V]a s tr s (a) + Y] / trj(7r n (a))d/Xj(i), 

,=i i=i P0>i) 

where pj is a Borel measure on (0,1), tr s is the tracial state on M R / S ^ and tr j is a tracial state 
on > 0 and a s + Yl)=i \\Pj\\ = 1- We compute that 

- [ r(— —u(t)*)dt = r(e) for all r G T(A). 

2iri J o at 

In other words, L>A({'a(i)}) G pa{Kq{A)) (see 12.151) . It follows from [98] and the fact that A has 
stable rank one that u G CU(A) (see also [38]). □ 

The following is known (see [96] . [97] . and [86]]). 

Lemma 3.8. Let u be a unitary in C([0,1 ],M n ). Then, for any e > 0, there exist continuous 
functions hj G C([0, l]) s . a . such that 

||u — u\ || < e, 

where u\ = exp(iirH), H = J]j=i hjPj an d {P\■■■,Pn} is a set of mutually orthogonal rank 
one projections in C([0, l],M n ), and exp(z7rhj(t)) / exp(inhk(t)) if j / k for all t G (0,1), 
ui(0) = a(0) and u\(l) = u{ 1). 

Furthermore, if det(u(t)) = 1 for all t G [0,1], then we may also assume that det(rti(f)) = 1 
for all t G [0,1]. 

Remark 3.9. It follows from the above (also see Theorem 1-2 [96] and [97]) that u, v G 
U(Mk(C[ 0,1])) are approximately unitarily equivalent (that is, for any e, there is w £ U(Mk(C[ 0,1])) 
such that ||u — wvw*\\ < e) if and only if for each t G [0,1], u(t) and v(t) have the same set of 
eigenvalues counting multiplicities (see also Lemma 3.1 of ES]). 

Lemma 3.10. Let A = A(F\, F 2 , ipo, <p>\) be as in Definition \3.1[ For any unitary (/, a) G 
U(A), e > 0, there is a unitary ( g,a ) G U(A) such that \\g — f\\ < e and, for each block 
M r (j)CT 2 = there are real valued functions h\, h 3 2 ,..., h? k . : [0,1] —> M such that 

gj = hjPj and {pi,P 2 , ■■■,Pn} is a set of mutually orthogonal rank one projections in 

C([0,1 \,M r (j\) and exp(i7r/ij(t)) / exp(i7r/ifc(t)) if j / k for all t G (0,1). Moreover, if (/, a) G 
CU(A), one can choose ( g,a ) G CU(A). 

Proof. By 13.81 for each unitary f' J G C([0,1], M r /^), one can approximates / J by g{ to within 
£ such that g 3 (0) = f 3 { 0), ^(1) = f 3 ( 1) and for each t in the open interval (0,1), g 3 (t) has 
distinct eigenvalues. If (/, a) G U(A), then (g,a) G U(A) too. Combining 13.81 with 13.71 the last 
statement also follows. □ 

Remark 3.11. In (13.101) . one may assume that /i](0), /^(O),..., h 3 , . (0) G [0,1). For an arbitrarily 
small t G (0, 5), one may assume 

max{/i] (t); !<*<%} — riiin{h](t); 1 < i < kj} < 1 (e3.4) 
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and h\ (t) / h\ 2 {t) for i\ / i 2 . From the choice of g °, we know that for any t G (0,1), 

e 27 r * ft -i 1 (0 e 2mh i 2 (0_ That is, h^ft) — h? i2 (t) 0 Z. This implies that (Ic 3.4p holds for all t € (0,1). 

Hence, one may assume that 

max{7tl(l); 1 < i < kj} — min{/ij(l); 1 < i < kj} < 1. (e3.5) 

Lemma 3.12. For any u G CU(A), one has that cer (u) < 2 + e and cel(u) < 47 r. Moreover, 
there exists a continuous path of unitaries { u(t ) : t G [0,1]} C CU(A) with length at most 4 - 7 T 
such that u( 0 ) = 1 a and u( 1 ) = u. 

Proof. Case (i): the case that u = (/, a) with a = 1. As in 13.101 up to approximation within 

arbitrarily small pre-given number e > 0 , u is unitarily equivalent to v = (g, a) € CU(A) with 

9j (t) = diag (e 2nih i ®, e 2nih a (t) ,..., W ) 

with distinct eigenvalues for each t E (0,1). (Note that since /(0) = /(1) = 1 = 5 ( 0 ) = g( 1), 
the unitary to intertwining the approximation of u and v can be chosen to be 1 at t = 0 , 1 , and 
therefore, the unitary is in A = A(F\, F 2 , <po, 

Furthermore, one can assume that 

M( 0 ) = h{(0) = ■ ■ ■ = h 3 k .(0) = 0. 

Since det(gj(t)) = 1 for all t E [0,1], one has that h{(t) + h 3 2 (t ) + • • • + h 3 k . (t) € Z. 

By the continuity of each h 3 s (t), we know that 

kj 

J2 h i(t) = 0 . (e3.6) 

S=1 

Furthermore, by h 3 s ( 1) E Z (since gj (1) = 1), we know that h? s { 1) = 0 for all s E {1, 2, • • • , kj}. 
Otherwise, min{/is(l)} < —1 and max{hs(l)} > 1 which implies that 

max{/^(l)} — min{h^(l)} > 2 , 

and this contradicts to Remark 13.111 That is, one has proved that h = ((h 1 , h 2 , ■ ■ ■ ,h k ), 0), 
where h^{t) = diag (h\{t), h 2 {t), ■ ■ ■ ,h 3 k .(t )) is an element in A = A{F\, F 2 , <po, tpi) with h( 0) = 
h( 1) =0. As g = e 2mh , we have cer(u) < 1 + e. We also have tr (h(t)) = 0 for all t. 

It follows from (Ic 3.6|) above and max{/ii(t)} — min{/4(t)} < 1 (see (jc 3. 5ft in Remark 13.111) 
that 

h{{t) C (- 1 , 1 ), t€ [ 0 , 1 ], s = 1 , 2 , • - ■ ,kj . 

Hence ||27r/i|| < 2n which implies cel(u) < 27 t. Moreover let u(s) = exp(is2h). Then u(0) = 1 
and u( 1/2) = u. Since tr(s2h(t)) = 2s ■ tr (h(t)) = 0 for all t, one has that u(s) G CU(A) for all 
*€ [ 0 , 1 / 2 ], 

Case (ii): The general case. Since a = (a^a 2 ,*** ,a l ) with det(a J ) = 1 for af G F 3 . So 
a J = exp(27 tW) for /i J G F( with tr (h 3 ) = 0 and ||/i J || < 1. Define Ft G A(F\,F 2 ,ipo,y>\) by 

( ipnQi 1 , h 2 ,..., h l ) ■ (1 — 2t), if 0 < t < 

m = { 

[ Lp\(h l ,h 2 ,..., h l ) ■ ( 2 1 — 1 ), if \ < t < 1 . 
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(Note H(Jfi) = 0, H( 0) = Lpo(h}, h 2 , ■ ■ ■ ,h l ), H( 1) = pi{h l , h 2 , ■ ■ ■ ,h l ) and therefore H G 
A(F\, F 2 ,<po,ipi). Moreover tr (H(t)) = 0 for all t. Then u' = u ■ exp(— 2iriH) G A(Fi, F 2 , ipo, tpi) 
with u'( 0) = u'{ 1) = 1. By Case (i), cer('u') < 1 + e and cel(u') < 2ir , we have cer(u) < 2 + e 
and cel(rt) <27r + 27r||L7|| < An. Furthermore, we note that exp(— 2nsH) € CU(A) for all s as 
in Case (i). □ 

3.13. Let F\ = M Rl (C) © Mr 2 (C) 0 • • • 0 M Rl (C), let F 2 = M ri (C) 0 M r2 (C) 0 • • • 0 M rk (C) 
and let ipo, <p\ : F\ —> ©2 be unital homomorphisms, where Rj and r* are positive integers. 

Then 930 and 931 induce homomorphisms 

930 *, tpu ■ Ko{F{) = 7 } ^ K 0 (F 2 ) = TL k 

by matrices (aij)kxi and (bij)kxh respectively, where r* = a ijRj f° r ^ = 1 , 2 ,..., k. 

Proposition 3.14. For fixed finite dimensional C*-algebras F\.F 2 , the C*-algebra A = A(F\, F 2 , 930 , 931 ) 
is completely determined by 930 *, <^ 1 * : 7} —y Z fc (up to isomorphisms). 

Proof. Let B = A(F\ .F 2 ,(p' {] . ) with 93 ^ = 930 *, * = 931 *. It is well known that there exist 

two unitaries uo,u± € F 2 such that 

uo93o(a)«o = Po( a )i a € -^1 an d rti 93 i(a)u^ = 931 (a), a € F\. 

Since U(F 2 ) is path connected, there is a unitary path u : [0,1] —y U(F 2 ) with u( 0) = tto and 
u(l) = u\. Define ip : A —y B by 

<p{f,a) = (9,c), 

where g(t) = u(t)f (t)u(t)*. Then a straightforward calculation shows that the map 93 is a 
*-isomorphism. □ 

Theorem 3.15. Let A = A(F\, F 2 , <pi, ip 2 ) be inC. Then Kq(A) + is finitely generated by its min¬ 
imal elements; in other words, there is an integer m > 1 and finitely many minimal projections 
of M m (A) such that these minimal projections generate the positive cone Kq(A) + . 

Proof. We first show that K$(A) + \ {0} has only finitely many minimal elements. 

Suppose otherwise that {q n } is an infinite set of minimal elements of Kq(A) + \ {0}. Write 
q n = (m(l, n), m(2, n),..., m(l, to)) € Z l + , where m(i,n ) are non-negative integers, i = 1,2, ...,l 
and n = 1,2,.... If there is an integer M > 1 such that m(i,n) < M for all i and n, then {q n } 
is a finite set. So we may assume that {m(i,n)} is unbounded for some 1 < i < l. There is a 
subsequence of {n^} such that lim^oo m{i, njf) = 00 . To simplify the notation, without loss of 
generality, we may assume that lim n _j.oo m(i, n ) = 00 . We may assume that, for some j, {m(j, n)} 
is bounded. Otherwise, by passing to a subsequence, we may assume that lim n _ > . 0O m(i, n) = 00 
for all i G {1,2, ...,l}. Therefore lim^^oo m(i, n) — m(i , 1) = 00 . It follows that, for some n > 1, 
m(i,n ) > m(i, 1) for all i G {1,2,...,/}. Therefore q n > q\ which contradicts the fact that 
q n is minimal. By passing to a subsequence, we may write {1,2,...,/} = N U B such that 
lim n ^. 0O m(i, n) = 00 if i € N and {m(i,n)} is bounded if i € B. Therefore {m(j, n)} has only 
finitely many different values if j G B. Thus, by passing to a subsequence again, we may assume 
that m(j,n ) = rn(j, 1) if j G B. Therefore, for some n > 1, m(i,n ) > m(i, 1) for all n if i G N 
and rn(j, n) = m{j , 1) for all n if j G B. It follows that q n > q\. This is impossible since q n is 
minimal. This shows that K$(A) + has only finitely many minimal elements. 

To show that Kq(A) + is generated by these minimal elements, fix an element q G Kq(A) + \ 

{0}. It suffices to show that q is a finite sum of minimal elements in Kq(A)+. If q is not minimal, 
consider the set of all elements in iLo(^-)+\{0} which are smaller than q. This set is finite. Choose 
one which is minimal among them, say p\. Then p\ is minimal element in ILo(^4)+\{0}, otherwise 
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there is one smaller than p±. Since q is not minimal, q pi- Consider q — p\ € Kq(A)+ \ {0}. 
If Q ~ Pi is minimal, then q = p\ + (q — p\). Otherwise, we repeat the same argument to obtain 
a minimal element P 2 < q — pi- If q ~ Pi — P 2 is minimal, then q = p\ + P 2 + (q — P\ — p 2 )- 
Otherwise we repeat the same argument. This process is finite. Therefore q is a finite sum of 
minimal elements in Kq(A) + \ {0}. □ 

Theorem 3.16. The exponential rank of A = A(Fi, F 2 , po, pi) is at most 3 + e. 

Proof. For each unitary u € Uq(A), bv 13.61 one can write u = ve lh , where v = ( g , h ) with u(0) = 
«(1) = 1 6 F 2 . So we only need to prove the exponential rank of v is at most 2 + e. Consider v as 
an element in Co((0,1),^)) which defines an element (si,S 2 , ...,Sfc) € Z fc = K\ (Cq(( 0, 1),-F 2 )). 
Since [u] = 0 in K\(A ), there are (mi, m 2 , ... ,mi ) € if such that 

(si,s 2 ,...,s k ) = ((<£>i)* 0 - (po)*o)({mi,m 2 , 

Note that 


(po)*o(( R h R 2,-,Rl)) = (pi)*o((Ri, R 2 = (ri,r 2 ,...,r fe ) 


[1 F2 ] € K 0 (F 2 ). 


Increasing (mi, m 2 , • • • , mi) by adding a positive multiple of (R\, i? 2 , ..., Ri ), we can assume 
mj > 0 for all j € {1, 2,..., 1}. Let a = (mi Pi, m^Tb, mi Pi), where 

( 1 \ 

0 


Pj = 


\ 


€ M {j} ( C) C Fi 


0 


Let h be defined by 


h(t) 


¥>o(a)(l - 2 1), 0 < t < \, 

pi(a)(2t — 1), \ < t < 1. 


Then (h, a) defines a selfadjoint element in A. One also has e 2mh € Co((0,1), F 2 ), since e 2mhl S ) ) = 
e 2 mh{i) _ ^ Furthermore, e 2mh defines (pi* — Po*)((mi, m 2 , ..., mi)) € Z fc as an element in 
iFi(Co((0,1), F 2 )) = Z fc . Let w = ve~ 2mh . Then w satisfies w(0) = rc(l) = 1 and w € 
C o ((0,1),F 2 ) defines 

(0,0,...,0) GiLi(C o ((0,l),F 2 )) 


up to an approximation within a sufficiently small e, one can assume that w = (wi,W 2 , • ■ ■ , u^) 
such that for all j = 1, 2, • • • , fc. 


( 1 ) Wj (t)= diag (e 2nih ( W, e 2 ™ h 2 W,..., W ); 

(2) the numbers e 27ri M(*), ...,e mhk ^ are distinct for all t € (0,1); 

( 3 ) ^( 0 ) = ^ 2 ( 0 ) = --- = ^.( 0 )= 0 . 


Since iOj(l) = 1, one has that h\( 1) € Z. 

On the other hand, the unitary w defines 

h{(t) + h{(t) + • • • + h{. (f) £ Z = Ad(C 0 ((0,1), F 2 j )) 
which is zero by the property of w. From (le 3.5p . one has ^ (1) — h? ( 1) < 1. This implies 

M(i) = ^(f) = • • • = Kji 1 ) = °- 

Hence h = ((h 1 ,h 2 , ...,h k ),0) defines a selfadjoint element in A and w = e 2nih . □ 
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3.17. Let A = A(Fi,F 2 , tpo, tpi) £ C, where F\ = M ri © M r2 © ■ ■ ■ © M n and F 2 = © Mr 2 © 

• • • © Mn k . Let us calculate the Cuntz semigroup of A. It is well known the extreme points of 
T(A) are canonically one-to-one corresponding to the irreducible representations of A , which 
are given by 

k 

Y[(0,l)jU{pi,p 2 ,...,pi} = Irr(A), 

3= 1 

where (0,1 )j is the same open interval (0,1). We use subscript j to indicate the j-th copy. 

The affine space Aff(T(T)) can be identified with the subset of 

k 

(X) C( [0,1] j , M) ffi (M © M © ■ ■ ■ © K) 

3=1 ' / 

J L copies 

consisting of (/ 1 , f 2 , •••, fk, 9i, 92 , •••, 9 l) satisfying the condition 

1 ■J 1 -J . 

/<(°) = TT 5 Z a A9j ■ Tj and /»( 1 ) = 77 -^ b ijgj ■ r jt 

Kl j= 1 Ul j= 1 

where ( aij) kx i = Fo* and ( bij) k xi = Fi* as in 13.131 

For any selfadjoint h £ (j 4®/C)+, one can define a map D k : Irr(A) —>• Z + U { 00 } as for any 
7 r £ Irr(A) 

D h (ir) = lim Tr( 7 r © id^(/i«)) , 

71—>-00 

where Tr is the unnornralized trace. Then we write D k = {D\, D %,..., D^, Dh(pi), D k {p 2 ),..., D^ipi)), 
where D l h = D/i|(o,i ) i5 which satisfies the following conditions 

( 1 ) D J h is lower semi-continuous on each ( 0 , l)j, 

( 2 ) lim inf £_*.() D l h (t) > Y,j a v D h{Pj) and liminf^i D l h (t) > J2jbijD h (pi). 

It is straight forward to verify that the image of the map h £ {A © /C) + —>• D\ l is the subset of 
Map(Irr(A), Z + U { 00 }) consisting elements satisfying the above two conditions. 

Note that r) = rank( 7 r © id/c(h)) for each 7 r £ Irr(A) and h £ (A® /C)+. 

The following result is well known to experts (for example, see |llj). 

Theorem 3.18. Let A = A(F\, F2,<po, ( Pi) € C and let n > 1 be an integer. 

(a) The following are equivalent: 

(1) h £ M n (A) + is Cuntz equivalent to a projection; 

( 2 ) 0 is an isolate point in the spectrum of h; 

(3) D J h continuous on each (0, l)j, liminf^o D l h (t ) = ^ ■ a n jT J h and lim inf^i D l h {t) = ^ ■ bijr° h . 

(b) For h \, /12 £ M n (A) + , h± < h ,2 if and only if D kl {j r) < D k2 (ir) for each n £ Irr(A). In 
particular, A has strictly comparison for positive elements. 

Proof. For part (b), obviously, h\<h 2 implies Dh 1 (F) — Dh 2 (.p) for each tp £ Irr(A). Conversely 
assume that h\ = (/, a) and /12 = {g,b) satisfy that Df ll (p) < Dh 2 (p) for each (p £ Irr(A). 

First, there are strictly positive functions si,S 2 £ Co((0,1]) such that si(a) and S 2 (b) are 
projections in F\. Note that Si(hi) are Cuntz equivalent to hi [i = 1,2). By replacing hi by 
Si(hi), without loss of generality we may assume that a and b are projections. 
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Fix 1/4 > e > 0. There exists <5i > 0 such that 

|| f(t) — 9?o(«)|| < s/64 for all t G [0, 2<5i] and ||/(t) — <^i(a)|| < e/16 for all t G [1 — 2<5i, l](e 3.7) 

It follows that f £ /s(f(t)) is a projection in [0, 2(5i] and [1 — 2<5i,l]. Put ho = f £ /%{h{). Note 
that ho = (/e/ 8 (/)) a )- Then D l ho ( tt) is constant in (0,2(5!] C (0,1)* and [1 — 2<5i,l] C (0,1)*, 
i = 1 , 2 , k. Choose <5 2 > 0 such that 

D\ 2 {t) > dTn((Po(b)) for all t G (0, 2<5 2 ]* and D h2 (t) > dxriT 1 (b)) for all t G [2<5 2 ,1)*,(e3.8) 

where Tr* is the standard trace on Mr*, i = 1,2, ..., k. Choose <5 = min{<5i, d 2 }. Since a < b in 
Fi, there is a unitary u e G F\ such that u*au e = q < b, where q < b is a sub-projection. Let 
u 0 = tpo (w e ) and u\ = <pi(u e ) G F 2 . Then one can hnd a unitary u £ A such that u(0) = uo and 
w(l) = wi. Without loss of generality, by replacing ho by u*hou , we may assume that a = q. 

Let /? : [0,1] —>• [0,1] be a continuous function which is 1 on the boundary and 0 on [(5,1 — <5]. 
Let hs = (/ 2 ,& — a) with / 2 (i) = f}(t)<po{b — a) for t G [0,(5], / 2 (t) = (3(t)ipi(b — a) for t G [1 — 5, (5], 
and / 2 (i) = 0 for t G [<5,1 — <5]. Define h! x = ho + / 13 . Note that /i! has the form (/', b) for some 
/' G C([0,1], F 2 ). Let 7 r* : F 2 —> Mr* be the projection map. Then 

ho < hi, D l h ,^(ir) = D l ho ( tt) for all tt G (<5,1 — (5) C (0,1)* (e3.9) 

rank(/i!(7r)) < rank(ho(t)) + rank(/i 3 (i)) < rank(7Tj(^o(o))) + rank(7r*(y>o(& — a))) (e3.10) 

= rank(7rj(<£>o(fr))) £ -D)* 2 (7r) for all tt G (0,(5) C (0,1)* and (e3.11) 
rank(/i!(7r)) < rank(ho(t)) + rank(/i 3 (f)) < rank(7r*(c^i(a))) + rank(7r*(</?i(6 — a))) (e3.12) 

= rank(-7r*(<£>i(6))) < D l h2 (ir) for all tt G (1 — (5,1) C (0,1)*. (e3.13) 

It follows that 

(tt) < Dh 2 (tt) for all n G Irr(A). (e3.14) 

It follows from (Ic3.141) and Theorem 1.1 of [91] that h! x < h 2 in C([0,1],F 2 ). Since C([0,1],F 2 ) 
has stable rank one, there is a unitary w G C([0,1], F 2 ) such that w*h\ w = /14 G h 2 C([ 0,1], F 2 )h 2 . 
Since h) = (/', 6 ), h 2 = ( 5 , 6 ) and 6 is a projection, /i 4 (0) = <^o(&) and /14 = </q( 6 ). In other words, 
/14 G A In particular, /14 G h 2 Ah 2 and h .4 < h 2 . Note that w*(pi(b)w = <fi{b), i = 0,1. Using a 
continuous path of unitaries which commutes tpi(b) [i = 0 , 1 ) and connects to the identity, it is 
easy to find a sequence of unitaries u n G C([0,1],-F 2 ) such that w n (0) = u n ( 1) = 1r 2 such that 

lim u*h'iu n = h- 4 . (e3.15) 

n—>• 00 

Then u n G A We also have that u n h^u^ —>• h,!- Thus // < I 14 . It follows that 

fe(hi)<h 0 <h' 1 <h4<h 2 (e 3.16) 

for all e > 0. This implies that h\ < /i 2 and part (b) follows. 

To prove part (a), we note that (1) and (2) are obviously equivalent and both implies (3). 
That of (3) implies (1) follows from the computation of Kq(A) in 13.51 and part (b). □ 

Lemma 3.19. Let C G C, and let p G C be a projection. Then pCp G C. Moreover, if p is full 
and C G Co, then pCp G Co- 

Proof. We may assume that C is not of finite dimensional. Write C = C(F\, F 2 , <po,Ti). Denote 
by p e = ir e (p ), where TT e : C —» F\ is the map defined in 13.11 
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For each t G [0,1], write ittip) = p(t) and p G C([0,1], F 2 ) such that 7 xtip) = p{t) for all 
t G [0,1]. Then ipo(p e ) = p(0), <pi(p e ) = p{ 1), and 

pCp = {( f,g ) € C : f{t ) € p(t)F 2 p(t), and 5 € piFipi}. (e3.17) 

Put po = p(0). There is a unitary W G (7Q0,1], F 2 ) such that W*pW = pq. Define : 
pC([ 0, 1], ->• C'QO, l],p 0 F 2 p 0 ) by $(/) = W*fW for all / € pC([ 0,1], F 2 )p. Put F' = Pl F lPl 

and F' 2 = PoF‘ 2 P(). Define if>o = AdW(O) o and Vh = AdIT(l) o p\\p^. Put 

C 1 = {(f,g)eC([0,l],F')(BF[:f(0) = M9) and /(l) = 

and note that Ci G C. Define T : pCp —> C\ by 

^iif,9)) = i^if),9) f o r all f €pC([0,1], F 2 )p and g G F[. (e3.18) 

It is ready to verify that T is an isomorphism. 

If p is full and C € Co, then, by a result of Brown ([S]), the hereditary C'*-subalgebra pCp 
is stably isomorphic to C, and hence K\ (pCp) = K\(C) = {0}; that is, pCp G Cq. □ 

Class C and Co are not closed under quotient. However, we have the following: 

Lemma 3.20. Any quotient of a C*-algebra in C (or in Co) can be locally approximated by 
C*-algebras in C (or in Co)- More precisely, let A G C (or A G Co), let B be a quotient of A, let 
T C B be a finite set and let £ > 0, there exists a unital C* -subalgebra Bo C B with Bo G C (or 
Bq G Co) such that 


dist(x, .Bo) < £ for all x G F. 


Proof. Let A G C. We may consider only those A’s which are not finite dimensional. Let I be 
an ideal of A. Write A = A(E,F,tp o,Pi), where E = E\ ® • • • © E\, where A,; = M^, and 
F = F 1 © ■ ■ ■ © F s with Fj = M mj Let J = {/ G C([0,1],F) : /(0) = /(1) = 0} C A. As before, 
we may write [0,1 ]j for the the spectrum of the j-th summand of C([0, l\,Fj), whenever it is 
convenient. Put c p^ j = itj o : E — » Fj, where nj : F ^ Fj is the c^uotient map, i = 0,1. Then 
A/1 may be written (with a re-indexing) as 


{{f, a) : a e E, f G 0 C(Ij, Fj), f(0j) = (po ,j(a), if 0 j G Ij,f(lj) = 1 j G Ij}, 

1 <j<s' 

where s' < s, l < l 1 , E = ©u E t and fi.j = Pi,j\p (l ' < l) and Ij C [0,1 \j is a compact subset. 

It follows from [34] that there is a sequence of X n j which is a finite disjoint union of closed 
intervals (includes points) such that Ij is an inverse limit of X n j and each map s n j : Ij —>• X n j 
is surjective. Moreover X n j can be identified with disjoint union of closed subintervals of [0,1]. 
With this identification, we may further assume that s nj (0) = 0, if 0 G Ij and s n .j(l) = 1, if 
1 G Ij. Indeed, if Ij contains an interval [0, d' n j], we may assume that one of subintervals of 
X n j is an interval with the form [0 ,d n j\ and s nj (0) = 0. Otherwise, there exist two sequences 
S n ,j, 2 > 5 n ,j, 1 > 0 with lim^oo ( 5 nj! 2 = 0 such that Ij n (£„j,i, <5n,j, 2 ) = 0- By redefining s n j 
so that s n j{Ij n [ 0 ,hnjVi]) = { 0 } an d keeping s n j|j . n [ 5 . 2 we can assume that s nj ( 0 ) = 0 . 

This can also be done at 1. Write C(Ij,Fj ) = U ™ =1 (C{X n j, Fj)). Let s n : C(X n j, Fj) — y 

®* =1 C(Ij, Fj) be the map induced by s n j. Put Cj = C(X n j, Fj). Then, for all sufficiently large 
n, for each / G T, there is g G ®* =1 Cj such that 

ll/k - Sn,j(g\x n j)\\ < e/4, g(0j) = f(0j), if 0 j G Ij and g(lj) = f(lj), if 1 j G Ij. (e3.19) 
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Note that Cj is a unital C*-subalgebra of C(Ij,Fj), j = 1 , 2 Define 

s' 

c = {( f,a ) : / € 0Cj,/(s„j(Oj)) = <p 0 j{a), if Oj € Ij and f(s n j(lj)) = 

M i 

Then g in (le 3.19p is in C and T C £ C. Moreover, C € C and C is isomorphic to a quotient of 
A. This proves the lemma in the case that A £ C. 

Now suppose that A € Co- Since C is isomorphic to a quotient of A, it suffices to show that, 
for any ideal / C A, if K\(A) = {0}, then K\(A/I) = {0}. To this end, we consider the following 
six-term exact sequence: 

K 0 (I) -- K 0 (A) -- K 0 (A/I) 

Si ' 

Ki(A/I) -«- Ki(A) - K\(I). 

By 13.31 A and A/I has stable rank one, it follows from Proposition 4 of [75] that <5i = 0. 
Since K\(A) = {0}, it follows that K\(A/I) = {0}. Lemma follows. □ 

As the end of this section, we would like to return to the beginning of this section by stating 
the following proposition which will not be used. 

Proposition 3.21 (Theorem 2.15 of [31]). Let A be a unital C* -algebra which is a subhomoge- 
neous C* -algebra with one dimensional spectrum. Then, for any finite subset T C A and any 
e > 0, there exists unital C* -subalgebra B of A which is in C such that 

dist(x,L>) < e for all x € T. 

Proof. We use the fact that A is an inductive limit of CP-algebras in C ([31]). Therefore, there 
is C*-algebra C £ C and a unital homomorphism <p : C —>• A such that 

dist(x, <p(C)) < e /2 for all x € F. 

Then we apply Lemma 13.201 □ 

4 Maps to finite dimensional C*-algebras 

Lemma 4.1. Let z\, Z 2 , •••, z n be positive integers which may not be distinct. There is a positive 
integer T = n ■ rna x{ztZj : 1 < i,j < n} such that for any two nonnegative integer linear 
combinations a = J2?=i a * ' z i an d b = X)2=i k ■ z l7 there are two combinations a 1 = a i ' z i 
and b' = Ya=i K ’ z % with a' = b', 0 < a[ < ai, 0 < b[ < bi, and rninja — a',b — b'} < T. 
Consequently, if 5 > 0 and \a — b\ < 5 , we also have that rnaxja — a' ,b — b'} < 5 + T. 

Proof. To prove the first part, let T = n ■ ma Xij{ziZj}. It is enough to prove that if a,b > T, 
then there are nonzero 0 < a' = , ol i ■ Zi = b' = K ' z i with 0 < a' < ai, 0 < b\ < bi. 

But if both a > T and b > T, then there are two (not necessary distinct) index i,j, with 
ai > Zj and bj > Z{. Then choose g/ 1 ) = a[zi and b^ = b/zj with a[ = zj and 6 ) = z*. If 
min (a — a^i ', b — 5^7} < T. Then we are done. If not, we repeat this on a — a^ and b — b^ 
and obtain a ® < a — o/ 1 ) and b^ < b — M 1 ) such that a ^ = M 2 ). Put a^' = a^' + a^ 
and b^ = b^i' + b^\ Note we have a^ and we can also have a ( 2 7 = and 

^( 2 )' _ b^Zi with 0 < a- 2 ^ < a* and 0 < < 6 ' for all i. If min{o — a^', b — b^'} < T, then 

we are done. Otherwise, we continue. An inductive argument shows the first part of lemma 
follows. 

To see the second part, assume that a — a' <T. Then b — b' < |o — b\ + T. □ 
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Theorem 4.2. (see 2.10 of [73], Theorem 4.6 of [62] and 2.15 of [50]) Let X be a connected 
compact metric space, and let C = C(X). Let F C C be a finite set, and let e > 0 be a constant. 
There is a finite set Hi C C + such that for any oi > 0 there is a finite subset TL 2 Q C and 02 > 0 
such that for any unital homomorphisms (p,ip : C M n for a matrix algebra M n satisfying 

(1) <p(h) > <7 1 and > a\ for any h £ Hi, and 

(2) |tr o t p(h) — tr o < <72 for any h € H 2 , 
then there is a unitary u £ M n such that 

II <p{f) ~ u*Hf)u\\ < e for any f £ F. 

We would also like to state another version of the above theorem. 

Theorem 4.3. Let A = C(X), where X is a compact metric space and let A : yl^ 1 \{0} —> (0,1) 
be an order preserving map. 

For any e > 0, any finite set F C A, there exist a finite set V C K_(A), a finite set Hi C 
A* \ {0}, a finite set H 2 C A s . a . and 6 > 0 satisfying the following: If <pi , p 2 ■ A — >• M n (for 
some integer n > 1) are two unital homomorphisms such that 

[Ti]\v = [^2] \v, 

t o tpi{h) > A (h) for all h £ Hi and 
I t °ipi{g)-ro tf 2 {g)\ < 5 for all g £ H 2 , 

then, there exist a unitary u £ M n such that 

|| Ad u o - T 2 {f)\\ < £ for all f £ T. (e4.1) 

Remark 4.4. Let X be a compact metric space and let A = C(X). Suppose that <£>1,^2 : 
A —>• M n are two homomorphisms. Then = 0, i = 1,2. Let V C K(A) be a finite 

subset and let G be the subgroup generated by V. There exists a finite CW complex Y and 
a unital homomorphism h : C(Y) —> C(X) such that G C [h\(K(C(Y))). Write Kq{C(Y)) = 
7L k © ker Pc{y)i where 7L k is generated by mutually orthogonal projections {pi,P 2 , which 

correspond to k different path connected components Yi,Y 2 , ...,Y^ of Y. Fix £ Yi, Let Q = 
Co(Yi \ i = 1,2, ...,fc. Since Y t is path connected, by considering the point-evaluation at 

fi, it is easy to see that, for any ip : C(Y) —>• M n , [^]|) = 0- Let G = \h](K(C(Y))). Suppose 
that r o ipiijpi) = t o g> 2 (pi), i = 1,2,..., k. Then, from the above, one computes that 

[ti]\v = [V2]\v- (e4.2) 

We will use this fact in the next proof. 

Lemma 4.5. Let X be a compact metric space, let F be a finite dimensional C*-algebra and 
let A = PC(X , F)P, where P £ C(X, F ) is a projection. Let A : \ {0} —> (0,1) be an order 

preserving map. 

For any e > 0, any finite subset T C A and any a > 0, there exists a finite subset Hi C 
A\ \ {0}, a finite subset H 2 C A s . a . and 5 > 0 satisfying the following: If ipi, ip 2 ■ A —>• M n (for 
some integer n > 1 ) are two unital homomorphisms such that 

t o ipi(h) > A(/i) for all h £ Hi, and 
I t o ipi(g) - t o (p 2 (g )| < 6 for all g € H 2 , 
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then, there exist a projection p G M n , a unital homomorphism H : A —» pM n p , unital homo- 
morphisms h\, hi : d —>• (1 — p)M n (l — p) and a unitary u G M n such that 

II Ad zi o <pi(/) - (M/) + tf(/))ll < e, 

IM/) - (M/) + # (/)ll < £ for all feP, 
and r( 1 — p) < a, 

where t is the tracial state of M n . 

Proof. We first prove the case that A = C(X). 

Let Ai = (1/2)A. Let V C K(A) be a finite set, PL\ C A\ \ {0} (in place of PL\) be a finite 
set, PL '2 C A s _ a , (in place of Pif) be a finite set and > 0 (in place of <i) required bv 14.31 for e/2 
(in place of e), P and Ai. 

Without loss of generality, we may assume that 1a G J, 1 a £ Pi\ C Pi' 2 and Pi' 2 C A\ \ {0}. 
So, in what follows, PL' 2 C A+ \ {0}. Put 

cr 0 = min{A, (g) : g G PL' 2 }. (e4.3) 

Let G be the subgroup generated by V and let G be defined in 14.41 Let Vo be a set of 
generators of GC\Kq(A). Without loss of generality, we may assume that Vo = {pi,P 2 , ■■■,Pk 1 } U 
{z\, Z 2 , ■■■, Zk 2 }, where pi G C(X) are projections (corresponding to clopen subsets) and Zj G 
kerp A (K 0 (A)). 

Without loss of generality, we may assume that {pt : 1 < i < k{\ is a set of mutually 
orthogonal projections such that 1 A = Yli=i Pi- 

Let PL\ = PL\ U {pi : 1 < i < hi} and PL 2 = Pi '2 U PL\■ Let a\ = min{A(<7) : g G Pi^- Choose 
5 = min{<7o • cr/Ak\, 00 ■ 5\/Ak\, cri/16/ci}. 

Suppose now that ifi,<p 2 '■ A —>• M n are two unital homomorphisms described in the lemma 
for the above PL\, PL 2 and A. 

We may write ipj(f) = YJk =1 f( x k,j)qk,j for all / G C(X), where {q k ,j : 1 < k < n} (j = 1, 2) 
is a set of mutually orthogonal rank one projections and x k j G X. We have 

|r o ipi(pi) - r o ip 2 (pi)\ < 6, i = 1,2,..., k \, (e4.4) 

where t is the tracial state on M n . Therefore, there exists a projection Pqj G M n such that 

t(P 0 j) < kiS < a 0 ■ a, j = 1,2, (e4.5) 

rank(Po,i) = rank(Po,2), unital homomorphisms <p\ } o : A —>• Pq_\M u Poj , <p 2 ,0 : A > Po, 2 M n Po, 2 i 
<Pi,i : A ->• (1 - Po,\)M n (l - Pqa) and <pi )2 : A ->• (1 - P 0j2 )M n (l - P 0 ,2) such that 


¥>1 = ¥>1,0 © Pi,i, <^2 = <^2,0 © ^2,1, (e 4 . 6 ) 

T°pi,\{pi) = to i = 1 , 2 , (e 4 . 7 ) 

By replacing <pi by Aducxpi, simplifying the notation, without loss of generality, we may assume 
that P„,i = Pq,2- It follows from (Ic 4.71) that (see !4.4j) 

Ypi,t]\v = [p>2,i]\p- ( e 4.8) 

By flc 4.51) and the choice of <7o, we also have 

r o ipi t i(g) > Ai(g) for all g G PL'i and (e4.9) 

It- 0 ^ 1,1 (S') - r 0 ¥> 1 , 2 ( 5 )! < for all g G Pi 2 . (e4.10) 
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Therefore 


t o ipi t i(g) > Ai(g) for all g € 'H.'i and (e4.11) 

°Ti, 1(9) 2(5)1 < <5i for all 3 £ H' 2) (e4.12) 

where t is the tracial state on (1 — Pi t o)M n (l — Pi,o)- By applying 14.31 there exists a unitary 
v\ € (1 — Pi, 0 )M n (l — Pi, 0 ) such that 

11Advi o (pi,i(f) - <^2,i(/)|| < e/16 for all / eJ. (e4.13) 

Put H = 992,1 and p = Pip- The lemma for the case that A = C(X) follows. 

For the case that A = M r (C(X)), let e± € M r be a rank one projection. Put B = 
e\{M r (C(X)))ei = C(X). Consider 1/1 = < p\\b and ip 2 = pi \ B - Since and 992 are unital, 
rank(i/;i (l/j)) = rank(^2(le))- By replacing ip 1 by Adv o for some unitary v € M n , we may 
assume that = ^2(1 b)- Then what has been proved could be applied to ipi and ip 2 . The 

case of A = M n {C(X)) then follows. 

For the case A = C(X, F), let F = M ri © M r2 © ■ ■ ■ © M rk . Denote by Ei the projection of 
A corresponding to the identity of M n , i = 1, 2,..., k. The same argument used the above shows 
that we can find a projection Qj € M n (j = 1,2), unital homomorphisms ipj a : A — >• QjM n Qj 
and unital homomorphisms — Qj)M n ( 1 — Qj) such that 

rank(Qi) = rank(Q 2 ), T(Qj) < 8, (e4.14) 

T(ip j: i(Ei)) = T(ip jt 2 (Ei)), 1 = 1,2 and 999 = (e4.15) 

j = 1, 2. By replacing 991 by Ad v o 991 for a suitable unitary v G M n , we may assume Q\ = Q 2 
and ipi t i(Ei) = ip 2 ,i(Ei), i = 1,2, Thus this case has been reduced to the case that A = 
M r (C(X)). Therefore the case that A = C(X,F) also follows from the above proof. 

Let us consider the case that A = PC(X,F)P. Note that |rank(P(x)) : x € X} is a finite 
set of positive integers. Therefore the set Y = {x € X : rank(P(x)) > 0} is compact and open. 
Then we may write A = PC(Y,F)P. Thus we may assume that P(x) > 0 for all x € X. This 
implies easily that P is a full projection of C(Y, F ). Then, by [6], A ®}C = C(Y, P)<g>/C. It follows 
that there is an integer m > 1 and a projection e € M m (A) such that eM m (A)e = C(X,F). By 
extending 991 and ip 2 to maps from eM m (A)e , one easily sees that the proof reduces to the case 
that A = C(X, F). □ 

Corollary 4.6. Let X be a compact metric space, let F be a finite dimensional C*-algebra and 
let A = PC(X, P)P, where P G C(X, F) is a projection. Let A : A;/ 1 \ {0} —> (0, 1) be an order 
preserving map. Let 1 > a > 1/2. 

For any e > 0, any finite subset F C A, any finite subset LLq C A\ \ {0} and any integer 
K > 1. There is an integer N > 1, a finite subset TLi C A\ \ {0}, a finite subset TL 2 © A s . a ., 
5 > 0 satisfying the following: If 991,992 : A —>• M n (for any integer n > N) are two unital 
homomorphisms such that 


t o 991 (h) > A (h) for all h € TL\, and 
I t o 991(5) - r o 992(5)1 < 6 for all g € P 2 , 

then, there exist mutually orthogonal nonzero projections eo,ei,e2 ,..., e# € M n such that e\, e2, •••, e-K 
are equivalent, eg < ei and eg + 1 e * = 1 m„> an d there are unital homomorphisms hi,h 2 : 
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A —>• eoM n eo, if A ^ e\M n e\ and a unitary u € M n such that 


K 

|| Ad mo p x (f) - (M/) + diag('0(/),'0(/),--,V ; (/)))ll < £, 

K 

ll^ 2 (/) - (M/) +diag(^(/),V , (/),--,V ; (/)))ll < e /or all f € A, 

and r o ^(< 7 ) > f or 9 e % 0 ) 

A 

where t is the tracial state of M n . 


Proof. By applying 14.51 it is easy to see that it suffices to prove the following statement: 

Let X, F,P A and a be as in the corollary. 

Let £ > 0, let X C A be a finite subset, let PLq C A\ \ {0} and let K > 1. There is an integer 
N > 1, a finite subset % 1 C A\ \ {0} satisfying the following: Suppose that H : A —>• M n (for 
some n > N ) is a unital homomorphism such that 


to H(g) > A (g) for all g £ Hq. 


(e 4.16) 


Then there are mutually orthogonal projections eo, e\, e 2 , ex € M n , a unital homomorphism 
p : A —>• eoM n eo and a unital homomorphism if : A —>• ej M n e\ such that 

K 

\\ H (f) ~ (<p(f) © diag(^(/),•)/(/), ...,-0(/)))|| < e for all /£ J, (e4.17) 

t o'ip(g) > aA(g)/K for all g £ "Ho- (e4.18) 

We make one further reduction: Using the argument at the end of the proof of !4.51 it suffices 
to prove the above statement for A = C(X). 

Put 


cr 0 = ((1 - a)/ 4) min{A(< 7 ) : g € H 0 } > 0. (e4.19) 

Let £1 = min{£/16, 00 } and let X\ = F U "Ho- Choose do > 0 such that 

I f(x) - f{x ')| < £1 for all f eXi, (e4.20) 

provided that x,x' € X and dist(x,x') < do- 

Choose Cl ■ C 2 , Cm € X such that UjL 1 B(fj,do/2) D X, where B(f,r) = {x € X : 
dist(x,£) < r}. There is di > 0 such that d\ < do/2 and 

-B(Cj)di) nB(£i,d{) = 0, (e4.21) 

if i 7 ^ j. There is, for each j. a function hj € C(A) with 0 < hj < 1, hj(x) = 1 if x £ B(£j,di/2) 
and hj(x) = 0 if x 0 B(£j,d\). Define "Hi = "Ho U {hj : 1 < j < m} and put 

01 = min{A(g) : g € "Hi}. (e4.22) 


Choose an integer Ad > 1 such that 1/Ao < g\ • (1 — a)/4 and A = 4m(Ao + 1) 2 (A + l) 2 . 

Now let H : C(X) —>• M n be a unital homomorphism with n > A satisfying the assumption 
(gggj)- L et W = A(Ci,d 0 /2) \ U- 2J B(Ci,di), U 2 = 5(6, do/2) \ (Y 1 U U^S&.di), ^ = 
B{£j,d 0 / 2) \ U U”L J+1 B(Ci, di)), j = 1,2, ...,m. Note that Y, n T* = 0 if i / j and 

B (Cj, di) C T}. We write that 

n m 

H{f) = ^2f(xi)Pi = X( X] /( x *)p*) for a11 / € c ( x )> (e4.23) 

*=1 i=l Xi£Yj 
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where {pi,P 2 , ■■■,Pn} is a set of mutually orthogonal rank one projections in M n , {xi,X 2 , ■■■, x n } C 
X. Let Rj be the cardinality of {xi : Xi G Yj}. Then, by (Ic4.16p . 

Rj > Nt o H(hj) > NA(hj) > {N 0 + l) 2 Kai > (N 0 + l)K 2 , j = 1,2(e4.24) 

Write Rj = SjK+rj, where Sj > N^Km and 0 < rj < K, j = 1, 2,..., m. Choose Xj,\. Xj^, C 

{xi G Yj} and denote Zj = {xj t \,Xj t 2, ...,Xj trj }, j = 1,2, ...,m. 

Therefore we may write 

m m r j 

H (f) = ^2( E (e4.25) 

j=1 xt£Yj\Zj j=1 i=1 

for / G C(X). Note that the cardinality of {xi G Yj \ Zj} is KSj, j = 1, 2,..., m. Define 

m Km 

*(/) = E = EE f&)Qj,k) for all / G C(X), (e4.26) 

j= i fc=i j=l 

where Pj = T, Xi eY j \z j Pi = E*=i Qj,k and rankQ i>fc = Sj-, j = 1, 2,..., m. Put e 0 = Y^ZiCuLiPj,i), 
efc = Qj.k, k = 1,2,..., iC Note that 

m 

rank(eo) = < miv and rank(efc) = Sj (e4.27) 

i=i 

> NquiK > miL, j = 1, 2, K. (e4.28) 

It follows that eo < ei and e* is equivalent to ei. Moreover, we may write 

K 

T(/) = diagfor all / G A, (e4.29) 

where ip(f) = f(£j)Qj ,l for all / G A We also estimate that 

K 

\\H(f) ~ M/) ©diag(V ; (/),V ; (/) ! -,' i / , (/)))ll < £ i for all f £ Pi. (e4.30) 

We also compute that 

r o */>( 5 ) > (1/JC)(A(5) - ei - j^K m ) > a ~]p- (e4.31) 

for all g G Rq. □ 

Remark 4.7. If we also assume that X has infinitely many points, then Lemma 14.61 holds 
without mentioning the integer N. This can be seen by taking larger "Hi which will force the 
integer n large. 

Definition 4.8. Denote by T>' 0 the class of all finite dimensional C'*-algebras. For k > 1, denote 
by T>' k the class of all C*-algebras with the form: 

A = {(/, a) G PC(X, F)P © B : f\ z = T(a)}, 

where A is a compact metric space, F is a finite dimensional C*-algebra, P G C(X,F ) is a 
projection, Z C X is a nonempty proper subset of X, B G and T : B —>• PC(Z, F)P is 
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a unital homomorphism, where we assume that there is dx,z > 0 (we will denote it by dx if 
there is no danger of confusion) such that, for any 0 < d < dx, there exists s d : X d —>• Z such 
that 


s d (x) = x for all x € Z and lim \\f\z °sf- f\ wll = 0 for all / E C(X,F), (e4.32) 

d—>0 A 

where X d = {x € X : dist(x, Z) < d}. We also assume that, for any 0 < d < dx/2 and for any 
d > 5 > 0, there is a homeomorphism r : X \ X d ~ d —>• X \ X d such that 

dist(r(a;), x) < 6 for all x£X\X d ~ s . (e4.33) 

For the convenience, we will also assume, in addition, that F = M s ^) ©M s( 2 ) --.©M s(fel) , 


fci 

PC(X, F)P = © PjC(X, M a{j) )Pj, 


3 = 1 


where each Pj has a constant rank r (j ) > 0. 

Let A m be a unital C*-algebra in T>' m . For 0 < k < m, let A k E F>' k such that A k+ \ = 
{(/,a) € P k+l C(X k+l ,F k+1 )P k+l © A k : f\z k+1 = r fc+ i(a)}, where F k+l is a finite dimensional 
C*-algebra, P k+1 E C(X k+1 ,F k+ i) is a projection, T k+1 : A k ->• P k+1 C(Z k+1 ,F k+1 )P k+1 is 
a unital homomorphism, k = 0,1, 2,..., m — 1. Denote by d k+ i : P k+ iC(X k+ i, F k+ \)P k+ \ —>• 
Q k+1 C(Z k+1 , F k+1 )Q k+1 the map defined by / f\z k+1 (Qk+ 1 = P k +i\z k+1 )- We use F { e k+1) : 
A k+ i —>• A k for the quotient map and A^ + i : A k+ i —>• P k+ \C(X k+ i, F k+ i)P k+ i for the map 
defined by (/, a) ^ f. 

For each k, one has the following commutative diagram: 


A k — 

14 fc+1) 

Y 

A k ~i — 


- P k C(X k ,F k )P k 
d k 

>- Q k C(Z k ,F k )Q k , 


(e4.34) 


In general, suppose that A = A m E V' m is constructed in the following sequence 

A) = Fo, Ai = A 0 ®q iC (z 1 ,f 1 )q 1 PiC{Xi, Fi)Pi, A 2 = A 1 ®q 2C ( Z2 ^q 2 P 2 C(X 2 , F 2 )P 2 , ■ ■ ■ , 

Am = A m —i ®Q 7n C{Z Jn ,F 7n )Q rn Pm,C(X m , F m )P m , 

(Ai+1) 

where Qi = Pi\Zi, i = 1,2, With F e and X k above we can define quotient map Lb, : 

A = A m —>• A k and homomorphism A k : A = A m —>• P k C(X k , F k )P k as follows: 

n^irfAo^o-.-o^oTrW and A fe = A fc oII fc . 

Combining all A k we get the inclusion homomorphism 

m 

A : A ^ © P k C(X k ,F k )P k 

k =0 

with Xq being single point set. For each k > 1, we may write 

P k (C(X kl F k ))P k = P ktl C(X k , M s ( fc) 1 ))Pfc il ©Pfc ) 2 C'(X fc ,M s ( fci 2 ))Pfc j 2 ©- • • P kj t k C(X k , M s ( kjtk -))P tk , 
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where Pkj £ C(Xk, M s ( k ,j)) is a projection of rank r(k,j) at each x £ Xk- For each x £ Xk 
and j < tk and / € A, denoted by n( x ,j)(f) G M r {k,j)i the evaluation of j th component of 
A k(f) at point x. Then for each pair (x,j), iT( x ,j) is a finite dimensional representation of A, and 
furthermore if we assume x £ Xk \ Zk, then 7 T( x ,j) i s an irreducible representation. 

For each integer m> 0, denote by T>, m the class of CT-algebras which are hnite direct sums of 
those CT-algebras in T)' m . If in the above definition of T>' k , in addition, we assume that X is path 
connected, Z has finitely many path connected components and Xj \ Z. L is path connected, then 
we will use T>' k for the resulting class of C *-algebras and we use T> k for the class of C *-algebras 
which are finite direct sums of those C*-algebras in T>' m . Note that T>k C T>k and C C T>\. 

Remark 4.9. Let A £ T>k (or A £ T>k)- It is easy to check that C'(T)(g>A £ T>k+i (or A £ T>k+ i). 
First of all it is easy to check that if Fq is a finite dimensional C* algebra, then C(T) <S) Fq £ T>\ 
by putting F\ = Fq and X\ = T with Z\ = {1} C T and Tj : Fq — > C(Zi,Fi) = Fq to be the 
identity map. And if a pair of spaces (Xk, Zk) satisfies the condition described as pair (X, Z) in 
the above definition, in particular, the existence of the retraction and homeomorphism r as 
in Ic 4.321 and Ic 4.331 then the pair (Xk x T , Zk x T) also satisfies the same condition. 

Remark 4.10. Let A £ T>k be a unital C*-algebra. There is an integer l > 1 such that 
(Kq (A)) / Iter (pa) C l} as an order group, where Z 1 is equipped with the usual order. This has 
been proved for k = 0,1. Now assume that k > 1 and A £ T>k- Then the above statement holds 
for any unital C*-algebra in with 0 < d < k. Consider the short exact sequence 

0 -> I A -> C -^ e 0, (e 4.35) 

where C £ for some d < k, I = PCq(X \ Z,F))P and j : I A is the embedding. Note 
PA 0 j* 0 = 0, since X is path connected and Z C X is non empty. It follows that pa factors 
through (7r e )*o- Hence the map Kq(A) /ker(/9/i) — >• Kq(C)/ ker(pc) is injective and consequently 
the statement holds for A. In particular for A £ T>k as notation in 14.81 we have 

K 0 (A)/kei(p A ) C (Kq(Aq))/ kei(p Ao ), K 0 (A)/ker(p A ) = (UqU(K 0 (A)) C Kq(Aq) ^ Z'.(e4.36) 

Lemma 4.11. Let A £ T>k be a unital C*-algebra. Let A : \ {0} —>• (0,1) be an order 

preserving map. Let 1 > a > 1/2. 

Let £ > 0, T C A be a finite subset, T~Lq C A\ \ {0} be a finite subset and K > 1 be an 
integer. There exist an integer N > 1, 5 > 0, a finite subset TLi C A+ \ {0}, a finite subset 
TL 2 C A s . a . satisfying the following: 

If ip\,ip 2 '■ A -A M n (for some integer n> N) are two unital homomorphisms such that 

t o ipi(g) > A (g) for all g £ TL\ and (e4.37) 

I r o (pi(g) - to ip 2 (g) | < 5 for all g £ P 2 , (e4.38) 


where t is the tracial state on M n , then there exist mutually orthogonal projections eo, e\, e 2 ,..., ex £ 
M n such that e\, e 2 ,..., ex are mutually equivalent, eo < e\, and eo + Y^=i e i = ^M n , unital ho¬ 
momorphisms h\,h 2 : A -A eoM n eo, a unital homomorphism ip : A e\M n ei and a unitary 
u £ M n such that 


K 

II Ad u o tpi(f) - (h\(f) © di&g(ip( f),ip(f), ...,ip(f)))\\ < e, 

K 

\\V 2 (f) - (h 2 (f) ® diag(ip(f),ip(f), ...,ip(f)))\\ <e for all f £ F 

and t o ip(g) > a—for all g £ TLq , 

K 

where t is the tracial state on M n . 


(e 4.39) 

(e4.40) 

(e4.41) 
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Proof. We will use induction on integer k > 0. The case k = 0 follows from 14.61 Now assume 
that the lemma holds for integers 0 < k < m. 

We assume that A G F >, m+1 . We will retain the notation for A as an algebra in T>' m+ i in 
the later part of 14.81 In particular, X m+ i = X, Z m+ \ = Z, Y = X \ Z, X° = Z = X \Y, 
I = PC 0 {Y, F)P d A. We will write 

A = {(/,&) € PC(X,F)P® B : f\ x o = T(6)}, (e4.42) 

where B G T>' rn is a unital (7*-algebra and will be identified with A/1. We also keep the notation 
A : ^4 —>• PC(X, F)P in the pull-back in the last part of 14.81 We will use f\s for X(f)\s for 
/ G A and S d X in the proof when there is no confusion. Let dx > 0 be given in 14.81 Denote 
by it i : A—^ A/I the quotient map. 

We may write that 

PC(X, F)P = @PjC{X,M <k j ) )P j , (e 4.43) 

3 =1 

where Pj G C(X, is a projection of rank r(j) at each iGl. We may assume that A/I 

has irreducible representations with rank li,h, Choose T = (Aqfo) • ma Xij{ziZj : Zi,Zj G 

{h,h,-,lk 1 ,r( l), r(2). r(k 2 )} }. 

Choose /3 = y/l — (1 — a)/8 = y/(7 + a)/ 8. Note that 1 > (3 2 > a. Fix Nqq > 4 such that 
1/iVoo < 

Fix £ 0, a finite subset F d A and a finite subset Bq d A^_ \ {0}. We may assume that 

1 a € PLq d F. Without loss of generality, we may also assume that F d A,. a . and ||/|| < 1 for 
all / G F. Write I = {/ G PC(X, F)P : f\ x o = 0}. Put 

<5oo = min{A(^)/2 : g G Bo} > 0. (e4.44) 

There is d > 0 such that 

II nx,j(f) ~ Kx',j(f)\\ < min{e,5oo}/256ACV 0 o for all / G F, (e4.45) 

provided that dist(x,x / ) < d for any pair x,x' G X (here we identify n x ,j{f) with n x j(A(f)) 
—see the I4.8[) . Put £q = min{e, <5oo}/16iFAoo- 

We also assume that, for any x G X d = {x G X : dist(x,A°) < d} choosing smaller d if 
necessary, 

||7rxjOs d o(A(/)|z)-7rx,j(/)|| < £o/ 16 , (e4.46) 

where s d : QC(Z, F)Q —>• P\ X dC(X d , F)P\ X d is induced by s d : X d —> Z (see 14.8H . Note that 
s d also induces a map (still denoted by s d ) 

s d :B^B ® QC {z,f)q P\xsC(X*, F)P\ 

where Q = P\z- To simplify the notation, we may assume that d < d x / 2. 

For any b > 0, as in 14.81 we will continue to use X b for {iGl: dist(x, A 0 ) < b}. 

Let Y 0 = X \ X d / 2 . 

Put B 0) o = PC(Y 0 , F)P. Let Fjg = {/|y 0 : / G F} and let Boj,o = {^|v 0 : ^ € Tio}- 
Let / 0i o G C 0 (Y)+ be such that 0 < f 0 ,o < 1, fo,o( x ) = Hfx€ X\ X d , / 0 , o(x) = 0 if x </Y 0 
and fo,o(x) > 0 if dist(x, X°) > d/2. 

Let A/ ; o : ( Bo ,o)+ 1 \ {0} —> (0,1) be defined by 

A/,o(<?) = PA(g') for all g G \ {0}, (e4.47) 


30 





where g' = /o,o • P • g which is viewed as an element in //. Note that if g 7 ^ 0 , then fo.o • P ■ g 7 ^ 0 . 
So A/ o : (-Bo.o )-^ 1 ~^ (0,1) is an order preserving map. Let N 1 > 1 be an integer (in place of 
N ) as required bv 14.61 for Bo,o (in place of A), Aj.o (in place of A), eo/16 (in place of e), Fj.o 
(in place of F) and Bo, 7,0 (i n place of Bo) and 2 K (in place of K). 

Let 'Hijfi C (Bo, 0 ) 4 . \ {0} be a hnite subset (in place of "Hi), B 2 , 7 ,o C (Bo,o)s.a. (in place of 
B 2 ) and <5i > 0 (in place of 5) be as required bv 14.61 for eo/16 (in place of e), Fj.o (in place of 
F), 2 K (in place of K ) and Bo, 7,0 associated with Bo,o (in place of A) and A/,o (in place of A) 
and /3 (in place of a). Without loss of generality, we may assume that ||^|| < 1 for all g G B 2 , 7 ,o- 
Let F-,: = tt 7 (F). Let g' 0 G C(X) + with 0 < g' 0 < 1 such that g' 0 {x) = 0 if dist(x, A 0 ) < d/256 
and g' 0 (x) = 1 if dist(x, Yo) < d/ 16. Define go = l a~ g{)■ P- Since g' 0 G /, we view go as an element 
in A. Note that (1 — g'o)P ■ s d (g ) may be viewed as an element in P(C(X, F)P as (1 — g' 0 )(x) = 0 
for x X d . (Recall that s d : QC(Z, F)Q —7 PC(X d , F)P is also regarded as map 

s d : B = A/I ^B ®q C (z,f)q P^C^, F)P\ |*j.) 

Hence go ■ s d {g ) may be identified with ((1 — g' 0 )P ■ s d {g),g ) € A. Define 

A, r (g) = f3A(g 0 ■ s d (g )) for all g G {A/I)] (e4.48) 

We will late used the fact that go{x) = 0 if dist/x, Yo) < d/16. 

Note if g is nonzero, so is s d {g). Since go\x° = 1> we have that go ■ s d {g) / 0. It follows that 
A n : {A/I ) g / 1 \ {0} —7 (0,1) is an order preserving map. 

Put Bo, 7 r = Fjf/Ho)- Let N 7r > 1 be the integer associated with A/I{= B ), A^, eo/16, F n 
and Bo, 7 r (as required by the inductive assumption that the lemma holds for integer m). 

Let Bi, 7 r C ( A/IY / 1 be a finite subset (in place of Bi), B 2 ,tt C A/I s , a _ be a finite subset 
(in place of B 2 ) and let 62 > 0 (in place of 5) be as required by the inductive assumption that 
this lemma for the case that k = m for eo/16 (in place of e), F v (in place of F), Bo,tt (in place 
of Bo) and 2 K associated with A/I (in place of A), A n (in place of A) and j3 (in place of a). 
Without loss of generality, we may assume that ||/i|| < 1 for all h G B 2 l 7 r- 
Set <5ooo = min{<5i, 62 , eo}. There is an integer No > 256 such that 

1/A 0 < A(/ 0 ,o • P) ■ d 0 oo 2 • min{A/ i0 (<?) : g G Bi,7,o} ■ min{A n (g) : g G Bi i7r }/64BAoo{e 4.49) 

Define Y k to be the closure of {y G Y : dist(y, Yo) < }, k = 1,2,..., 4IV 2 . 

Let Fig. = {/If*, :/GL} and let B 0 , 7 ,fc = {h\Y k : h G Bo}. Put B 0 g = P\y k C{Y k , F)P\y k . 
Let /o, fc G Co(Y) + be such that 0 < f 0 g < 1, fo,k{ x ) = 1 if x G Y k _ l , f 0 g{x) = 0 if x £ Y k and 
fo,k(x) > 0 if dist(x, y 0 ) < k = 1,2, ...,4A^. 

Let r k : Y k —7 Yo be a homeomorphism such that 

dist(rfe(x),x) < d/4 for all x G Y k . k = 1,2,...,4Aq (e4.50) 

(see 14.81) . 

Let A I k : (Bo ,*,)^ 1 \ {0} -7 (0,1) be defined by 

Ai,k{g) = PA(g') for all g G (B 0 ,fc)+, (e4.51) 

where g' = {fog • P ■ g) ° 1 which is viewed as an element in l/_. Note that if g 7 ^ 0, then 

fo,k • 1 A ■ g / 0. So A/, fe : (B 0 , fc )f \ {0} -)• (0,1) is an order preserving map. 

Let F' J k = {/ o r k : / G F 7 , 0 } and B ' 0 / = {g o r k : g £ B 0 , 7 ,o}, k= 1,2,..., 4iV 0 2 . 

Any unital homomorphism : Bo,fc —> C (for any unital C*-algebra C ) induces a unital 
homomorphism T : Bo,o —>• C by T(/) = $(/ o r k ) for all / G Bo,o- Note also that / 1 —> f o r k is 
an isomorphism from Bq.o onto Bog- 
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Then, for eo/16 (in place of e), P\ k (in place of P), K and T~L ' 0 j k associated with L>o,fc (in 
place of A), A j ik (in place of A) and /3(in place of a), to apply 14761 one can choose Pi^k (in 
place of Tii) to be P\j.o o r kl P 2 j, k (in place of P 2 ) to be 7-L 2 ,i,o 0 fk and 5\ (in place of 5). 

We also note that 


11/ - /|y 0 0 r k\\ < min{e,(5oo}/64ifiVoo for all / G Pj. k . 


(e4.52) 


Define 

a 0 = min{min{Aj j0 (</) : g G Ai,/,o}, min/AVi?) : g G TWI- 
Choose an integer A > W + A 1 such that 

< cr 0 • min{(5i/64, (5 2 /64,e 0 /64A7/Aoo. 


(e 4.53) 


Put 

4/V 2 u 

"Hi = U fc= ° {/o,fc • U ■ 5 o r k : 5 G U {(ff 0 • U • V(ff), 5 ) : 3 € "HiV U V U V, (e 4.54) 

where Qj is a finite subset in {g-P : g G C'o(Y’) : flV\y 0 = 0} which contains at least A mutually 
orthogonal non-zero positive scalar elements and Q n is a finite subset of J which contains at 
least A mutually orthogonal non-zero scalar elements, where J = {(/ • P, b) G A : f G C(X) : 
f \x\x d / 256 = 0} suc h that 0 < / < 1 for all / G Qj U Q n . 

With the convention that r\) : Yq —> Yq is the identity map, put 

V = U^{/o,fe ■ g°r k : g U 2 ,i, 0 } U {/o,jfc, 0 < k < 4 Nq}. (e4.55) 

Define g[ )k G C(X) + so that 0 < g[ )k < 1, g' o k (x) = 0 if x 0 Y k , g' Q k {x) = 1 if x € Yfc-i and 

g'o,k( x ) > 0 if x € Y k \ Y k -\, k = 1 , 2 ,.... 


Put go k = 1 A ~ g'o )k ■ p - Note, since g[ )k -Pel, g 0 , k € A. Define 

K = Uj2{(fld,fc • s d (g), g) €A:ge U 2 , U P. (e4.56) 


Put 


n 2 = n' 2 u u". 


(e4.57) 


Let 

< 7 0 • min{(5i/64, <5 2 /64, e 0 /64A} 

““ 4KN x Noo ' 

Now let ipi,<p 2 : A —>• M n (for some integer n > A) be two unital homomorphisms such that 
they satisfy the assumption for the above "Hi, A 2 and (5. 

Consider two finite Borel measures on Y defined by 


>Y 


fgi = r o <fi(f ■ P ) for all / G C 0 (Y), i = 1,2, 


(e 4.58) 


where r is the tracial state on M n . 

Note that {Yj, \ l/_i : k = 1, 2,...., 4Aq } is a family of 4 Aq disjoint Borel sets. There are at 
least 2 Aq of k's such that 


/xi(n\v-i) < i/V). 


(e 4.59) 
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It is clear then there is at least one of them satisfies 


Pi(Y k \Y k _ 1 ) < l/IVo, * = 1,2. 


(e 4.60) 


Fix one of such k. 

We may write that 

<pi = Si © Xfe © Sj © S) and ip 2 = £* © Y 2 b © Y 2 S © £?, (e4.61) 

where S} and are finite direct sums of the form tt x j for x G lfc_i, X* and are finite 
direct sums of the from n x j for x G Y k \ Y k ~ 1 , X^ and Y 2 are finite direct sum of the form 
7 t x j for x G P \ Yfe and X^ and X;) are finite direct sum of the form n Xj i given by irreducible 


representations of A/1 (note that these ir x j or can be repeated). 

Define i /;)’ 0 , rf ' 0 : Po,fc-i ->• M n by 

$°(f) = SK/) for all / € Bo, fc -i, i = 1 , 2 . (e4.62) 

By the choice of P 2 , we estimate that 

ko^/°(lflo,fc- 1 ) -to^/°(1b 0i *- 1 )I (e4.63) 

< \ro X}(/o,fc • P) - ro^(/ w • P)| + |t o ■ P) -To^(/o,i • P)| (e 4.64) 

+ |To V2 (/ 0ifc -P)-Ek/o I fc-P)|<l/iVo + «J + l/JVo (e 4.65) 

< 6 + A(/ 00 • P)5i min{A/ i0 (ff) : 9 G Pi,/,o} /32KN 00 . (e4.66) 


It follows from o that there are two mutually equivalent projections pgo and p 2 ,o G M n such 
that pi :0 commutes with ip l j 0 (f) for all / € Po,fc-i and Pi,oV'j 0 (ls 0 , fc _i) = Pi,o- * = 1 , 2 , and 

0 < r o ^ , 0 (ls 0 ,fc-i) “ r (P;,o) < <5 + A (/ 00 • P)5i min{A/ j 0 (g) : g G Pi i / i o}/32P'A 00 + T/r?(,e 4.67) 

* = 1,2. Since Yq C 4fc_i, supp(/oo)= To C Ffc-i- Therefore, using (le 4.491) . 

to^’ 0 ( 1 jBo ) ._ 1 ) > r o ip]’°(foo ■ P) > A (/ 00 • P) > max{tr 0 ,8/(JVo<5i)}. (e4.68) 

Hence 

t{p 2 , o) > max{cr 0 , 8 /(A 0 di)}/2. (e4.69) 

Put qi.o = (^B 0 k _ 1 ) ~ Pi,Qi i = 1,2. There is a unitary Pi € M n such that P*pi,oPi = P 2 ,o- 

Define : Po,fc-i P2,oM n p 2fi by ^}(/) = PfpgoV'/°(/)P r i for all / G P 0 ,fc-i and define 
• 0 / : P p,fc-i ->• P2fiM n p 2fi by (/) = P 2 ,oVh’°(/) for all / G B 0 ,fc-i- We compute that (using 
(1c 4.67p among other items) 

r o '</>}(.g ° r^,) > A(/ 0 ,fc_! • U ■ 5) - min {A (5 : 5 G Pi,/,o}/2A 0 o (e 4.70) 

> /3A(/ 0ifc —r • 1 a - 5 ) = A;,o(3or^ 1 ) (e4.71) 

for all g G Pi,/,o- Therefore 

toi/;}( 5 ) > A I)k (g) for all g G Pi,/,fc, (e4.72) 
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where t is the tracial state on P 2 ,o^nP 2 ,o- We also estimate that 

\t°iPi(g)-toi$(g)\ = (1/t(|t o ip}(g) — to ipj(g)\ (e4.73) 

< (l/'r(pi,o))| , r 0 ^/( 5 ) -to ip]’°(g)\ (e4.74) 

+ ( 1 /' 7 "(pi,o))|r oip]’°(g) ~ r(ipi{fo,k ■ U • g))\ (e4.75) 

+ 0-/T(p2,o))\T{ipi{fo,k-lA-g))-T(<p2(f Ot k-lA-g))\ (e4.76) 

+ (l/'r(P 2 ,o))|'r(^ 2 (/o,fe • U -5) -ro^j°(ff)| (e4.77) 

+ \Toip*’°(g) -Toipj(g)\ (e4.78) 


< (l/r(p 2 ,o))(T(gi,o) + 1/^Vo + 5 + l/N 0 + r(g 2 ,o)) < £1 (e4.79) 

for all 5 € % 2 , 7 ,fc (the last step uses (Ic 4.691) 1. Note also that p 2 ,0 has rank at least IV 1 . It follows 
(by applying 14.61) that there are mutually orthogonal projections e^, e{, e ^,€ P 2 ,oM n P‘ 2 ,o 
such that e J 0 + e f = 7 * 2 , 0 ) e o ~ e i and ej are equivalent to e{, two unital homomorphisms 
^ 1 , 1,01 "02,7,0 : So lfc -i —>• eoM n eQ, a unital homomorphism 1/1 : £>o,fc-i —> e[M n e[ and a unitary 


Ui € P 2 flM n P 2 ,o, such that 

2K 

IIAd 0 V’K/) - Wv,o(/) © dia g('0/(/))^/(/)) '0i'(/)))ll < eo/16 (e4.80) 

2K 

and HV’/Cf) - (V* 2 ,/,o(/) ©diag(V*/(/),7/>/(/), ...,V*/(/)))|| < eo/16 (e4.81) 

for all / € F' I k _ x . 

By ()e 4.521) . the above implies that 

2K 

||Ad m o - ( 7 />i, 7 j o(/)©diag('i/* 7 (/),V’ 7 (/),--,V ; /(/)))ll < £ 0/8 (e4.82) 

2K 

and HV’/Cf) - (^ 2 ,/,o(/) ©diag('0/(/),V’/(/),...,V ; /(/)))ll < eo /8 (e4.83) 

for all / € Ti.k-\- 

For each x £ X \ Y k such that 7 r x .j appeared in S£, or E^, by (le 4.451) . 

IItTxj(/) - 7Tx,j 0 0 7 T/(/))|| < e 0 /16 for all / E T. (e4.84) 

Dehne E^j = YA h o s d \ A/I —» M n , z = 1,2. 

Define ( I>i : A/J ->• (1 -p 2 , 0 )M n (l -p 2 ,o) by 

$i(/) = Adi/, o (Ei © E ffiM )(/) for all / € A//. (e4.85) 

Dehne <J > 2 : A/J ->• (1 - p 2 ,o)Af n (l - p 2 ,o) by 

<M/) = (Ei © S ffi6i2 )(/) for all / € A/I. (e4.86) 

Note that 

®iO-a/i) = s i(5o,fc) © £&(3o,fc) and 4> 2 (1a/j) = k) © ^b(9o,k)- (e4.87) 

We estimate that 

|r°4 > i(l A / J )-ro4 , 2 (l A / 7 )| < \t o <S>i(l A/I ) - r o ^i(s 0 ,fc)| (e4.88) 

+ |r o tpi(g 0)k ) -to ¥3 2 (5o,fc)| + |t o (p 2 (go,k) ~to $ 2 (so,fc)l (e4.89) 

< l/N'o + <5 + 1 /Aq (e 4.90) 


< 5 + A(/ 00 • P)(5 2 min{A^.(5) : g E 'Hi )7r }/32A 00 . (e4.91) 
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It follows from IQ that there are two mutually equivalent projections p\ A and p 2y i € (1 — 
P 2 fi)M n (l — p 2 ,o) such that p l .\ commutes with 4>j(/) for all / € A/I and Pi,i^iO- A /i) = Pi. i- 
* = 1 , 2 , and 


0 < t o $i(l A/I ) - r(jp it i) <5 + A(/oo)5 2 min{A T (g) : 5 € %i i7r }/(32JV 0 o) + T/n (e4.92) 
i = 1,2. 

Since go 0 s ) = 0 if dist(x, Yq) < d/16, we have 

to$i( 1 a/j ) > A (go -s d (l)) > A 7 r (i) > max{<T 0 , 8 /(IVo5 2 )}, 
and r(p 2jl ) > max(g °’ 8 2 ^°M 

Put g,;.i = ^(Ia//) — Pi, 1 , * = 1,2. There is a unitary U 2 € (l — p 2 j o)M n (l — p 2 ,o) such that 
U 2 Pi,iU 2 = P 2 , 1 - Define 4 */ : A/I ->• p 2A M n p 2) i by 4 >/(/) = 17|pi,i$i(/)f7 2 for all / € 
and define A/I ^ p 2 ,iM n p 2 ,i by $l{f) = p 2 ,i$ 2 (/) for all / 6 A/I. 

We compute that 


To$l(g) > A(g 0 ■ 1 A ■ s d (g)) - a 0 /N 00 (e4.93) 

> /3A(g 0 • 1a • s d (g)) = A n (g) (e4.94) 

for all g € Therefore 

t\ o $*(g) > A n (g) for all g € %i )7r , (e4.95) 

where ti is the tracial state on p 2 .1 M n p 2 _ 1 . 

We also estimate (similar to the estimate of (|e 4.79p l that 

\tl ° $l{g) ~ h o = (1 /t(p2,i))\t o $l(g) - t o $l(g)\ (e4.96) 

< 0-/T(p2,i))\T°®l(g) -ro$!( 5 )| (e4.97) 

+ {l/T(p2,i))\To$ 1 (g)-Top 1 (g 0)k -l A -s d (g))\ (e4.98) 

+ (1 /t(P2,i))|'to (pi(g 0 ' k ■ l A ■ s d (g )) - t o p 2 (go,k ■ 1A ■ s d (fiO)| (e4.99) 

+ (1 /t(P2,i))|to <£ 2 ( 50 ,fc • 1 a • s d (g)) - r o $ 2 (g)| (e4.100) 

+ (1/t(p2,i))|to4> 2 (£) -to$J(j)| (e4.101) 

< (l/r(p 2 ,i))(l/lVo + <y + l/^b)<<y 2 (e 4.102) 


for all g € ^ 2;7r . It follows from l4.6l that there are mutually orthogonal projections ej, ef, e£,..., € 

P 2 ,iM n p 2 A such that eft < ef and ej are equivalent to ef, two unital homomorphisms ^ 2,^,0 : 

A/I —> eQM n eQ, a unital homomorphism r ip n : A/I —>• elM n e\ and a unitary u 2 € p 2 ,\ MnP 2 ,i , 
such that 

2K 

IIAdu 2 O $*(/) - (V'i,7r,o(/) ©diag(Vv(/),VU/)>---;Vv(/)))|| < eo/16 (e4.103) 

2K 

and ||$£(/) - {ip2,n,o(f) ©diag(^ 7 r(/),V ; 7r(/),--,V' 7 r(/)))|| < eo/16 (e4.104) 

for all / € Jv- Let 1 pi : A ^ p 2 ,iM n p 2y i by */>*(/) = Adu 2 o Ad t/ 2 (p 2 ,i(D^ © E£)(/)) and define 
rfn : AP 2 ,iM n p 2 A by iplif) = p 2 ,i(^l © s b)(/) for all / G A Then, by (|e4.84p , 

2 K 

WM) - (Vv,o° vrj(/) ©diag(^(7r/(/)),^7r(7r/(/)),-,V'7r(Tr/(/))))|| < e 0 /8 (e4.105) 
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for all / G A, i = 1, 2. 

Put e* = e 2 ,_! © e^j ® ef i „ 1 ® * = 1,2,..., K. Define if : A —>• eiM n ei by 

fi’(f) = diag('lp I (f\ Yk _ 1 ),'lpl{f\Y k _ 1 ), ifn ° 7T/(/), V’it ° Tr(/)) 
for all / G i. By (jc 4.591) . (Ic 4.671) and (le 4.921) . 

t(%,o) + T(g ij i) + r(S*(l A )) < 1/64A" + 1 /Aq + 1/64 A < 1/16AT. (e 4.106) 

We have, for f G A, 

P 2 (/) = ^l(f) © 92,1 + £?)(/) © £*(/) © © 92,oV , j'°(/|vfc_ 1 )" (e4.107) 

Put e 0 = eg © eg + 92,1 + ^(Ia) + 92 ,o- Then 

r(e 0 ) < r(eg) + r(eg) + 1/16AT < r(ei). (e4.108) 

In other words, eo < e\. Moreover e± is equivalent to each e*, * = 1,2,...,A'. Define h 2 : A —>• 
eoM n eo by, for each / € A, 

M/) = ^ifiUWk-i) © *h,n,oMf)) © ? 2 ,i(S^ + Sft)(/) © £*(/) © 92,o^?’ 0 (/|y fc _ 1 ). 

It follows from (le 4.83p . (le 4.1051) and above that 

K 

11 ^2(/) - (M/) © diag(V’(/),V ; (/), -,^(/))ll < e o/8 for all / G A. (e4.109) 

Similarly, there exists a unitary U G M n and a unital homomorphism h 2 : A —>-eoM n eo such 
that 

K 

\\AdUopfif) - (/*!(/) ©diag(^(/),'i/’(/),...,V ; (/))II < ^o/ 8 for all f € J r . (e4.110) 

Since we also assume that Ao C A in the above proof, it is easy to check, by the choice of eo 
and (3, that 

t o i^[g) > a —for all g G Ao- (e 4.111) 

K 

□ 

Remark 4.12. If we assume that A is infinite dimensional, then Lemma f4. Ill still holds without 
the assumption about the integer N. This could be easily seen by taking a larger Ai- 

The following is known and is taken from Theorem 3.9 of [61] 

Theorem 4.13. Let A be a unital separable amenable C*-algebra which satisfies the UCT and 
let B be a unital C*-algebra. Suppose that hi, h 2 : A —>• B are two homomorphisms such that 

[hi] = [h 2 ] in KL(A, B). 

Suppose that ho : A —>• B is a unital full monomorphism. Then, for any e > 0 and any finite 
subset A C A, there exits an integer n > 1 and a unitary W G M n+ \(B) such that 

||l / T*diag(h 1 (a), h 0 (a),..., h 0 (a))W - diag(h 2 (a), h 0 (a), ...,h 0 (a))|| < e 

for all a G A, and W*pW = q, where 

p = diag(hi(lA), h 0 (l A ), ■■■, h 0 (l A )) and q = diag (h 2 {l A ), h 0 (l A ),...»h 0 (lA))- 
In particular, if h\(l A ) = h 2 ( 1 a), W G U(pM n+ i(B)p). 
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Proof. This is a slight variation of Theorem 3.9 of m- If hi and h 2 are both unital, then it 
is exactly the same as Theorem 3.9 of m- So suppose that hi is not unital. Let A' = C ® A. 
Choose po = 1 b — /ji(1a) and p\ = diag(po,l.B)- Put B' = piM 2 (B)pi. Define h\ : A! B' 
by h\ (A © a) = A • diag(po,Po) © hi (a) for all A £ C and a £ A, and define h 2 : A' —>• B' by 
ti 2 {\ © a) = A • diag(po, 1 b ~ h 2 (lA)) © / 12 (a) for all A € C and a £ A. Then h\ and h 2 are unital 
and [h\ ] = [h' 2 \ in KL(A' , B'). Define h' 0 : A' —» B' by h ' 0 (A © a) = A • po © ho (a) for all A S C 
and a £ A. Note that h' 0 is full in B'. So, Theorem 3.9 of m applies. It follows that there is an 
integer n > 1 and a unitary W' £ M n+ i(B') such that 

||(IT / )*diag(/i / 1 (a), h' 0 (a ),..., h' 0 (a))W' - diag (h 2 (a), h' 0 {a),h' 0 {a))\\ < min{l/2,e/2} 
for all a G T U {1a}- In particular, 

\\{W')*pW' - q\\ < min{l/2,e/2}. (e4.112) 

There is a unitary W\ € M n+ i(B') such that 

IlIPi - 1 m„ + 1 (S')II < £ / 2 and Wf{W')*pW'Wi = q. (e4.113) 

Put W = W'W\. Then 

||IP*diag(/ii(a),/i 0 (a), ...,h 0 (a))W - diag (h 2 (a),h 0 (a), ...,/i 0 (a))|| < e (e4.114) 

for all a € J-. Lemma follows. □ 

Lemma 4.14. (cf. 5.3 of [56], Theorem 3.1 of [37] . [16]. 5.9 of [6l] and Theorem 7.1 of |67] ) Let A 
be a unital separable amenable C*-algebra which satisfies the UCT and let A : A{i 1 \{0} —> (0,1) 
be an order preserving map. For any e > 0 and any finite subset F C A, there exists 5 > 0, 
a finite subset Q C A, a finite subset V C K_(A), a finite subset PL C A\ \ {0} and an integer 
K > 1 satisfying the following: For any two unital Q -5-multiplicative contractive completely 
positive linear maps : A —> M n (for some integer n) and any unital Q-5-multiplicative 

contractive completely positive linear map if : A —>• M m with m > n such that 

Toip(g)>A(g) for all g £ PL and (p\]\v = [<^ 2 ]|p, (e4.115) 

there exists a unitary U € Mxm+n such that 

IIAd U o (ipi © T)(/) - (jp 2 © ^)(/)|| < e for all f £ A, (e4.116) 

where 

K 

T(/) = diag(if(f),ip(f),...,if(f)) for all f £ A. 

Proof. This follows from 14.131 

Fix A as given. Suppose the lemma is false. Then there exist eo > 0 and a finite sub¬ 
set F 0 C A, an increasing sequence of finite subsets { V n } of K_{A ) whose union is K(A), an 
increasing sequence of finite subsets {PL n } C A\ \ {0} whose union is dense in A\ and if 
a £ PL n and fi/ 2 (o) 0 , then f\/ 2 {a) £ PL n + 1 , three sequences of increasing integers (i?(n)} and 

(r(n)}, (s(n)} (with sin) > r{n)), two sequences of contractive completely positive linear maps 

P>\,n-iP> 2 ,ni '■ A —>• with the properties that 

[p>\,n]\v n = [p> 2 ,n}\v n and (e 4.117) 

lim \\ip ijn (ab) - ip ijn (a)(pi !n {b)\\ = 0 for all a, b £ A, i = 1,2, (e4.118) 
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a sequence of unital contractive completely positive linear maps : A —>• M s ^ with the 
properties that 

Tn 0 ^n{g) > A(g) for all 5 € Tin and (e4.119) 

lim \\ii> n (ab) — il> n (a)ip n (b )|| = 0 for all a,b E A (e4.120) 

n —>-00 

such that 

inf{sup{||Adt /„0 (<pi, n (f) ffi$? (n) (/)) ~ (<02, n(/) © '0n (n) (/)ll : / € X}} > £ 0 , (e4.121) 

R(n) 

where r n is the normalized trace on M r t n \, < 0 (- R ( n ))(/) = diag (ip n (f),il’ n (f), ...,ip n (f)) for all 
/ E A, and the infimum is taken among all unitaries U n E M r / n y 

Note that, by (Ie4.119p . since {W„} is increasing, for any g E 7~L n C A+, we compute that 

T m (Pm) > A(<?)/2, (e4.122) 


where p m is the spectral projection of 4’m(g) corresponding to the subset {A > A(g)/2} for 
all m > n. It follows that (for all sufficiently large m) there are element x g ^ m E M s ( m ) with 
\\x g , i, mil < 1/A (g), i = 1,2,..., N(g) such that 

N(g) 

^ ' x g ) i ) m’ l l'’m{9) x g,i,m = ls(m)) (e 4.123) 

i =1 


where 1 < N(g) < 1/A (g) + 1. Put X g>i = i = 1, 2, ..., N(g). Then X 9)i E Y[^=i M r(n)- 

Let Q({M r(n) }) = n~ i M r(n) /©~ = 1 M r(n) , Q({M s{n) }) = UZi M s(n)/ M s(n), and let 
Hi : nr=i Mr(n) -> n 2 : Un=iM s{n ) -+ n”i%)/©“i%) be 

quotient maps. Denote by : A —>• Q({M r / n j}) the homomorphisms ILi o and denote by 

^ : A —> Q({M s ( n )}) the homomorphism II 2 o {ip n }. For each g E W^ = {H n , 


N(g) 

E n 2 (A,, g )>( 5 )n 2 (X iiS ) = lQ( {Ms(n) }). (e4.124) 

2—1 

Note that if 5 € and fi/ 2 (g) / 0, then 5 i/ 2 (g) E U n =i?2 n , and U ri=1 72 n is dense in A\. 

This implies that ?/> is full. Note that both fln^i Af r ( n ) an< l Q{{^r(n)} have stable rank one and 
real rank zero. One computes that 


[* 1 ] = [$ 2 ] in KL(A,Q({M r{n) }). (e4.125) 

By applying Theorem 14.131 (Theorem 3.9 of [61]), there exists an integer K > 1 and a unitary 
U € PM K+1 (Q({M s ( n) })P, where P = diag(l Q({M7 , (n)} , 1 Mk (Q({M s(n) }))), such that 

K K 

IIAd U o ($1 (/) © diag $(/), ...,^(/)) - ($ 2 (/) © diag(^(/), ...,^(/))|| < e 0 /2 (e 4.126) 


for all f €. J- o- It follows that there are unitaries 

OC 

{D n } E 11 ^r{n)+Ks{n) 
n= 1 


such that, for all large n, 


ft' K 

II Ad U n O ^i,n(/) ©diag(V’n(/),...,V ; n(/)) - <^ 2 ,n(/) © diag(^ n (/), -,'0n(/))|| < W 2 (e 4.127) 
for all / G Jo- This leads to a contradiction with (le 4. 1211) when we choose re with R(n) > K. □ 
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Remark 4.15. This lemma holds in a much more general setting and variations of it has 
appeared. We state this version here for our immediate purpose (see 112. ll and part (1) of 112.21 
for more comments). 

It should be noted that, in the following statement the integer L and T depend not only on 
e, F, Q, but also depend on B as well as p\ and p 2 - 

Lemma 4.16. Let C be a unital amenable separable residually finite dimensional C*-algebra 
which satisfies the UCT. For any e > 0, any finite subset F C C, there exists a finite subset 
Q C C, 5 > 0, a finite subset V C K_(C ) satisfying the following: For any unital Q-5-multiplicative 
contractive completely positive linear maps p \, p 2 ■ C —>• A (for any unital C*-algebra A) such 
that 


[pi]\r = YpzWv, (e4.128) 

there exist an integer L > 1, a unital homomorphism T : C —>• M^{ C) C and a unitary 

U £ U(Ml+i{A)) such that 

||Adf7odiag(^i(/),T(/))-diag(^ 2 (/),^(/)|| <£ (e4.129) 


for all f £ F. 

Proof. The proof is almost the same as that of Theorem 9.2 of |65| . Suppose that the lemma is 
false. We then obtain positive number £o > 0 and a finite Fo C C, a sequence of finite subsets 
V n C K_{C) with V n C V n +i and U n 'Pn+i = K_(C), a sequence of unital C*-algebras {A n }, a 
sequence of unital contractive completely positive linear maps {L^} and {L^} (from C to A n ) 
such that 


lim ||L^(a6) — L^(a)L^(6)|| =0 for all a,b £ C, (e4.130) 

n—>oo 

[4 1} ]k = [4 2) ]k, (e 4.131) 

inf{sup{11u*diag {L^ (a), ^ n (a))u n - diag(k 2) (a), T n (a)|| : a € F 0 } > £o, (e4.132) 

where the infimum is taken among all integers k > 1, all possible unital homomorphisms : 
C —>• Affc(C) and all possible unitaries U £ Mk + i(A n ). We may assume that 1 c € F. Define 
B n = A n <8 )K,, B = n«i Bn and Q\ = B / B n . Let 7 r : B —>• Q\ be the quotient map. 

Define (pj : C —>• B by <Pj(a) = { Ln\a )} and define = Ttoipj, j = 0 , 1 . Note that : C ^ Q i 
is a homomorphism as in the proof of 9.2 of m, we have 

Ypi] = W 2 ] KL(C,Q). 

Fix an irreducible representation : C —>• M r . Denote by p n the unit of the unitization B n of 
B n . n = 1, 2,.... Define a homomorphism : C —> M r (B n ) = M r (&B n by (c) = p' 0 {c)®l^ 
for all c £ C. Put 

e A = {lA n }j P = {1 M r (B n )} + e A- 

Put also Q 2 = ir(P)M r+ i(Qi)7r(P) and define pj = pb © n o {p^}^ j = 1, 2. Then 

[pi} = [p 2 ] in KK(C,Q 2 ). (e 4.133) 

The point to add 7 r o is that, now, p\ and p >2 are unital. It follows from Theorem 4.3 of 

m that there exists an integer K > 0, a unitary u £ Mi + k(Qi) and a unital homomorphism 
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if : C —> Mk{ C) C M k {Q 2 ) (by identifying Mk{ C) with the unital subalgebra of Mk(Q 2 )) 
such that 


Ad w o diag(</?i, ip) « eo / 4 diag(^ 2 , VO on P 0 . 


There exists a unitary V = {V n } € M\ + k{PM r+ i(B)P) such that tt(V) = u. It follows (by 
identifying Mk{ C) with Mk{ C) <S> 1 q 2 ) that for all sufficiently large n, 


Ad V n o diag(L^" ) © ^ n) , VO « eo/3 diag [L { 2 n) © ip) on Po¬ 

le 

Denote by, for each integer k > 1, e nifcj0 = diag(l J 4„, 1 a„, lyin') € A n <g> K = B n , 

r 

&n,k = biag(l J 4 ri , Cn,k,o-> ^n,k,Ot On,fc,o) € PRIi± r (B n )P and (e 4.134) 

K 

e n,k = diag(ej, ifc ,ej, ifc ,...,ej, ifc ) G M K (PM 1+r (B n )P). (e4.135) 

It should be noted that e'f k commutes with ip and e' n commutes with <£>„ . Put e nik = e ' nk ® e nk 
in Mi + K{PMi +r (B n )P). Then {e njk } forms an approximate identity for M\ + k(P Mi +r (B n )P). 
Note that V n € M\ + k(PM r+ \(B)P) . It is easy to check that 


lim ||[I4,e„ jfe ]|| = 0. (e4.136) 

K —^OO 

It follows that there exists a unitary U U)k G e Uyk Mi + K{P Mij rr (B n )P)e n ^ k for each n and k such 
that 


lim || &n,kVn&n,k ^n,A:|| d. (e 4.137) 

k—t oo 

For each k, there is N(k) = rk + K(rk + 1) such that 

M N(k)(^n) = ((4i,fc ~ 1 a„) ® e n,k) M i+K{PM r+ i{B n )P){{e' n k - 1 A n ) ® e" jJfc ). (e4.138) 

Moreover e ntk M 1 +K (PMi +r (B n )P)e ntk = M N{k)+ 1 (A n ). Define ^ n (c) = (e^-l^)^° (^(e^- 
1 a„) ® k ip(c)e nt k for c G C. Then, for all large k and large n, 

Ad U n o diag(L^”\ T n ) « eo/2 diag(L^, T n ) on P 0 . (e 4.139) 

This gives a contradiction. □ 

Theorem 4.17. Let A E T> s be a unital subhomogeneous C*-algebra and let A : A ^ 1 \ {0} —>• 
(0,1) be an order preserving map. 

For any e > 0 and finite subset P C A, there exists 5 > 0, a finite subset V C K_(A), a finite 
subset Hi C A^ \ { 0 } and a finite subset 77 2 C A s . a . satisfying the following: 

If ipi,tp 2 : A —>• M n are two unital homomorphisms such that 

[<Pi]\v = [V 2 ]\v, (e 4.140) 

t o ipi(g) > A(g) for all g eLLi and (e 4.141) 

|r o ipi(h) —to tp 2 (h)\ < 5 for all h E 772 , (e4.142) 

7/ien 7/iere exists a unitary u G M n such that 

||Aduo <£!(/) - (p 2 (f )|| < £ /or all f EP. (e4.143) 


40 







Proof. If A has finite dimensional, the lemma is known. So, in what follows, we will assume 
that A is infinite dimensional. 

Define Ao : A^ 1 \ {0} —> (0,1) by Ao = (3/4)A. Fix e > 0 and a finite subset F C A. Let 
V C K(A) be a finite subset, PLq C A j/ 1 \ {0} (in place of Pi) be a finite subset and an integer 
K > 1 be as required bv !4.14l for e/2 (in place of e), F and Ao- 

Choose eo > 0 and a finite subset Q C A such that £q < £ and 

[&i]\‘P = [*2]\v (e 4.144) 

for any pair of unital homomorphisms from A, provided that 

Wi(g) - ^2(3)11 < £ o for all g € Q. (e4.145) 

We may assume that F C G and eo < e/2. 

Let a = 3/4. Let IV > 1 be an integer, di > 0 (in place of 5), PL\ C A\ \ {0} be a finite 
subset and PL 2 C A s , a _ be a finite subset as required bv 14.111 for eo/2 (in place e), Q (in place of 
F ), PLq, K and Ao (in place of A). By choosing larger PLi, since A has infinite dimensional, we 
may assume that PL\ contains at least N many mutually orthogonal non-zero positive elements. 

Now suppose that p\,<p 2 are two unital homomorphisms satisfying the assumption for the 
above V, PL\ and PL2 ■ The assumption (|e 4.14ip implies that n > N. By applying 14.111 we 
obtain a unitary u\ € M n , mutually orthogonal non-zero projections eo, ei, e 2 ,ex € M n 
with J2iLo e i = 1 M n , eo < ei, e\ are equivalent to e*, i = 1,2, unital homomorphisms 

$ 1 , <1*2 : A —>• e,f}M n eQ and a unital homomorphism ip : A—t e\M n e\ such that 

IIAditi o tp^f) - (4>i(/) © 'F(/))|| < e 0 /2 for all / € G, (e4.146) 

11^2 (/) - ($ 2 (/) © 'f'(/))|| < eo/2 for all f E Q and (e4.147) 

r°ip{g) > (3/4)A {g)/K for all g <E PL 0 , (e 4.148) 


K 

S ^ \ 

where 'F(a) = diag (ip (a), ip (a), ...,ip(a )) for all a € A and t is the tracial state on M n . 

Since [^i]|-p = [<^ 2 ] |t^ ; by the choice of eo and Q, we compute that 

[$i]|p = [$ 2 ] Ip- (e 4.149) 

Moreover, 

t o ip(g) > (3/4)A(p) for all g^PLo, (e 4.150) 

if t is the tracial state of e\M n e\. Bv l4.14l there is a unitary 112 £ M n such that 

||Adu 2 o ($! 0 T)(/) - ($! © T(/))|| < e/2 for all / € F. (e4.151) 

Put U = U 2 U 1 . Then, by (1e 4.1461) . (|e 4.147j> and (lc 4.1511) . 

II Ad U o tpi(f) - <^2 (/) || < eo/2 + e/2 + e 0 /2 < e for all / € F. (e4.152) 

□ 

Lemma 4.18. Let A € T> s be a unital C* -algebra and let A : A^ 1 \ {0} —» (0,1) be an order 
preserving map. Let Vo C Kq{A) be a finite subset. Then there exists an integer N(V o)> 1 and 
a finite subset PL C A+\{0} satisfying the following: For any unital homomorphism ip : A —>• Mk 
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(for some k > 1) and any unital homomorphism ip : A —> Mr for some integer R > N(Vo)k 
such that 


t o ip(g) > A(g) for all g € PL, (e 4.153) 

there exists a unital homomorphism ho : A —>• Mr-^ such that 

[<p®h 0 }\v o = [if]\v 0 . (e 4.154) 

Proof. Let Go be a subgroup of Ro(A) generated by Vo■ We may also assume, without loss of 
generality, that V 0 = {[pi], [p 2 ], • \p mi ]} U {z 1 , z 2 , •••, z m2 }, where pi,p 2 , -,p mi € Mi(A ) are 
projections and Zj € kerp^, j = 1 , 2 , ...,m 2 . 

We prove the lemma by induction. Assume first A = PC(X, F)P, where X is path connected. 
This, of course, includes the case that A is a single point. There is d > 0 such that 

||Tzj °Pi ~ n x ’,j °Pi\\ < I/ 2 , i = 1,2, (e4.155) 

provided that dist(x,x / ) < d, where 7 t x j is identified with n x j (gidjvf,. Since X is compact, we 
may assume that {xi,X 2 , ...,x m3 } is a d/2-dense set. Write P Xi FP Xi = M r o p © M r ^ i 2 ) © • • • © 
A^r(i,k(xi)) i ® f j 2 , ..., m 3 . 

There are h i:j € C(A) with 0 < h id < 1, h^xf) = lAf r(iii) and h i%j h v j = 0 if (i,j) / (*',/)• 
Moreover we assume that hi.j(x) = 0 if dist(x,Xj) > d. 

Put g itj = hij ■ P e A, j = 1,2, ...,k(xi),i = 1,2, ...,m 3 , Let 

(To = min{A(/f,jj) : 1 < j < k{xf), 1 < i < m 3 } and N(V 0 ) > 2/<to. (e 4.156) 

Put PL = {/ijj : 1 < j < k(xi ), 1 < 7 < m 3 }. 

Now suppose that <p : A —>• and ip : A —>• with R > N(Vo)k and 

T~oip(g)>A(g) for all g&PL. (e4.157) 

Write <p = where is Rj copies of ir yi j. Note k — R > 0 for all i. Since 

R > N(Vo)k, (|e 4.15711 implies that ip may be viewed as direct sum of at least 

A(^i) ■ (2k/a 0 ) > 2k (e4.158) 

copies of 7r x j with dist(x,Xj) < d, i = 1,2, ...,1713. Rewrite ip = Si © £ 2 , where £1 contains 
exactly Rj copies of 7 t x j with dist(x,Xi) < d for each i and j. Then 

rank £1 (pi) = rank <p(pi), i = 1,2, (e4.159) 

Put ho = £ 2 - Note for any unital homomorphism h : A —>• M n , [h(z)\ = 0 for all 2 € kerp^. 
This proves the case that A = PC(X, F)P as above, in particular, the case that A € T>o■ 
Now assume the lemma holds for any (7*-algebra A € T> m . 

Let A be a C*-algebra in V' m+1 . We assume that A C PC(X, F)P ® B is a unital C*- 
subalgebra and I = {/ € PC(X, F)P : f\ x o = 0}, where A 0 = A \Y and Y is an open subset 
of A and B € V m and A/1 = B. We assume that, if dist(:r, a/) < 2d , 

|| n x ,j(Pi) ~ Kx',j(Pi) II < 1/2 and || 7 t x j o so iri(pi) - Tr x ,j(pi)\\ < 1/2, (e4.160) 

where s : A/1 —>• A d = {f\x* '■ f £ A} is an injective homomorphism given bv 14.81 We also 
assume that 2d < . Define A^ : (A //))} 1 \ {0} —> (0,1) by 

A n {g) = A(p 0 • P ■ s(g)) for all g € (A/I)\ \ { 0 }, (e 4.161) 
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where go G C(X d ) + with 0 < g < 1, go{x ) = 1 if x G A 0 , go(*) > 0 if dist(x, A 0 ) < d/2 and 
go 0*0 = 0 if dist(x, A rf ) > d/2}. 

Note that go ■ s(g) > 0 if g G (A/I) + \ {0}. Therefore is indeed an order preserving map 
from ( A/I ) 5} 1 \ { 0 } into ( 0 , 1 ). 

Note that A/1 G V' m . By the inductive assumption, there is an integer N n (V o) > 1, a finite 
subset H n C (A/I)\ \ {0} satisfying the following: if ip' : A/I —>• M k i is a unital homomorphism 
and i/j 1 : A/I — > Mr/ is a unital homomorphism for some R' > N n (Vo)k' such that 

t o tjj'(g) > A w (g) for all g G 7-^^, 

where t is the tracial state of Ar/, then there exists a unital homomorphism h n : A/1 — >• Mr/_*,/ 
such that 

(P © 0 r)*o|-po ('0-7r)*o|'PQ j 

where P 0 = {(m)*o00 ■ P € "Pol- 

Let r : y rf / 2 —)• be a homeomorphism such that dist(r (x),x) < d for all x G Y d ! 2 . 

Let C = {/1yd : / G /}. Dehne A/ : C +’ 1 \ {0} —>• (0,1) by 

A/(g) = A (/ 0 • 5 ° 0 for all 5 € C// 1 \ { 0 }, (e4.162) 

where fo € Cq(Y) + with 0 < /o < 1, /o(x) = 1 if x G Y d , fo(x) = 0 if dist(x, A 0 ) < d/2 and 

/o(x') > 0 if dist(x, A 0 ) > d/2}. 

Note that C = P\ Y d.C{Y<u F)P Y d. By what has been proved, there is an integer A/(Po) > 1 
and a finite subset Hi C C\ \ {0} satisfying the following: if ip" : C —>• M k n is a unital 
homomorphism and if/' : C —> Mr// (for some R" > Nj(Vo)k") is another unital homomorphism 
such that 

t o ip"(g) > A j(g) for all g e Hi, 

where t is the tracial state on then there exists a unital homomorphism h" : C —> Mr//_*.// 
such that 


{ip" © h")* 0 \v 0 = W l*o) \v 0 - 


(e 4.163) 


Put 


cr = min{min{A 7 r (g) : g € H*}, min{A/(g) : g G 77^}} > 0. (e 4.164) 

Let N = (A 7 r (P 0 ) + N I (Vo))/a and let 

P = (fit) ° s(0) : 9 € P0 U {/o • 00 r}. (e4.165) 

Now suppose that and -0 satisfy the assumption for A = N{Vq) and H as above. We may 
write ip = E^SE^j, where E^ corresponds to a finite direct sum of irreducible representations 
of A which factors through A/1 and S^ / corresponds to the finite direct sum of irreducible 
representations of I. We also write 

^ = E^®E # ffiE w -, (e 4.166) 

where E^ j7r corresponds to the finite direct sum of irreducible representations of A which factors 
through A/1, E^, j, which corresponds to the finite direct sum of irreducible representations which 
factors through point-evaluations at x G Y with dist(x, A 0 ) < d/2 and Ecorresponds the 
rest of irreducible representations (which can be factors through point-evaluations at x €Y with 
dist(x, A 0 ) > d/2). 
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Put q n = (S^, i7r e s^ ife )(l a) and k! = rankS^lA). Define ip n : A/I -7 M rank((?7r ) by 
ipn(a) = (S^, )7r © E^j,) o 717 o s(a) for all a G A//. Then 

toip^(g) > Toip n (g) > A(go • 5 ( 717 ( 5 ))) = ^( 5 ) for all g G 77,,-. (e 4.167) 

where t is the tracial state on M rank( - g7r ). Note that 

r o ip(g 0 ) > A (go) = A n (l A/I ), (e 4.168) 

Therefore 

rank (q n ) > RA 7 r (l A/I ) > N n (V 0 )k'. (e4.169) 

By the inductive assumption, there is a unital homomorphism h^ : A/ 1 —>• M rankg7r _fc/ such that 

C^ip,TT © for)*o|'Po — ('^Ptt)*o\'Po• (e4.170) 

Put 57 = S^//(l a) and k” = rank(E^/(lA)). Define ipi : C ^ M rank(?/ by 

ipi(a) = Ti^ji(ao r) for all a G C. (e4.171) 

Then 

toip^g) > roE W /(aor) > ip(fo ■ a o r) > A (/ 0 • 5 o r) = A/(<?) for all g G 77/, (e 4.172) 
where t is the tracial state on M rank ( q/ ). Note that 

roip(fo) > A(/o) = A/(1 a). (e4.173) 

Therefore 

rank((//) > 77A/(1 a) > iV/(P’ 0 )fc". (e4.174) 

There is 0 < d\ < d < d? such that all irreducible representations appeared in E^j factor 
through point-evaluations at x with dist(x, X d ) > d\. Put r' : Y dl —>■ Dehne tpj : C —> M^" 

by Wi(f) = V(/ or ')' 

By the inductive assumption, there is a unital homomorphism hj : C M rank ( g/ )_fc// such 


that 

(^v 7 © ^-/)*o|'P 0 = (' l Pi)*o\vo- (e 4.175) 

Dehne h : A —>• M/j_^ by /i(a) = h n (iri(a)) © h/(a|yd) © S^^(a) for all a G A Then, for each i, 

r&nk(p(pi) + rankh(pj) = rank(S ¥ , i7r (p i )) + rank(S ¥ , i /(p i )) (e 4.176) 

+ rank(E^ )b (pj)) + rank/i^(pj) + rankh/(pj) (e4.177) 

= rank^bi) + rank(E^ ife (pj)) + rank^/fe) (e 4.178) 

= rank ip(pi), i = 1, 2,..., mj. (e4.179) 

Since (<£)*o(-7j) = h* 0 (zj) = ip*o(zj), j = 1,2, ..., 77 / 2 , we conclude that 

(</>© h)*o|/>o = ^*o|p 0 - (e4.180) 

This completes the induction process. □ 
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Lemma 4.19. Let A G T> s be a unital C*-algebra and let A : A q ^ \ {0} (0, 1) be an order 

preserving map. For any e > 0 and any finite subset F, there exist a finite subset PL C A+ \ {0} 
and an integer L > 1 satisfying the following: For any unital homomorphism : A —>• Mk and 
any unital homomorphism ip : A — » Mr for some R > Lk such that 

tr o ip(h) > A(/i) for all h G PL, (e 4.181) 

there exist a unital homomorphism (fo : A —» Mr_^ and a unitary u G Mr such that 

||Aduodiag(<^(/),^ 0 (/))-V’(/)ll < e (e4.182) 


for all f G T. 

Proof. Let 6 > 0, V C K(A) be a finite subset, PL\ C A\ \ {0} be a finite subset, Pi 2 C j 4 s . 0 . be 
a finite subset and JVo be an integer as required bv 14.171 for e/4 (in place of e), F, (1/2) A and 
A. Without loss of generality, we may assume that PL 2 C A\ \ {0}. Let do = min{min{A(g) : 
g G Hi}, min{A (g) : g G PL 2 }} 

Let G be a subgroup of K(A) generated by V. Put Vo = V fl Kq{A). We may also assume, 
without loss of generality, that V 0 = {[pi], [P 2 ], [p m 1 ]} U {z 1 ,z 2 , ■■■, z m2 }, where pi,p 2 , ...,p m 1 
are projections in MfiA) and zj G kerp^, j = 1,2,...,m 2 . Let j > 1 be an integer such that 
K 0 (A, Z/j' Z) n G = 0 for all j 1 > j. Put J = j\. 

Let NlfPo) > 1 be an integer and PL% C A\ \ {0} be a finite subset as required bv 14.181 for 
Vo■ 

Let p s = (a\ S j)ixi, s = 1,2,...,mi, and choose £0 > 0 and a finite subset Fo such that 

m\v = W']\v, (e 4.183) 

provided that \\ip'(a) — ip"(a)\\ < £0 for all a G Fo- 

Put F 2 = F U F\ U PL 2 and put £\ = min{e/16, £i/ 2}. Let K > 8 ((N(Vq) + 1 )(J + 1 )/Sa) 
be an integer. Let "Ho = R\ U PL 3 - Let N± > 1 (in place of N ) be an integer, <5i > 0 (in place of 
(5), PL 4 C A\\ {0} (in place of "Hi) be a finite subset and PL§ C A s . a . (in place of PL 2 ) be a finite 
subset as required bv 14.Ill for £1 (in place of e) F 2 (in place of F), PLo and K. Let L = K(K +1) 
and let PL = PL 4 U PLo as well as a = 15/16. Suppose that cp and ip satisfy the assumption for 
the above L and PL. 

Then, by applving l4.il! there are mutually orthogonal projections eo, ei, e 2 ,..., e# G Mr such 
that eo < ei, e* is equivalent to ei, i = 1,2,..., K, a unital homomorphism ipo '■ A —>• coMrCq 


and a unital homomorphism ip\ : A —>• eiM/jei such that 

K 

\\ip(a) - (ipo(a) © di&g(ipi(a),ipi(a ),..., ipi(a)))\\ < £1 for all a G F 2 (e4.184) 

and roipi(g) > (15/16) for all g G PLq. (e 4.185) 

A 

K 

Put \k = ipo © diag( , 0i(a), ipi(a), ..., ^i(a))). We compute that 

[TJI-p = [-0] . (e4.186) 

Let lio = rank(ei). Then 

Ro = RtoiP^Ia) > L/c(15/16)^-^ > k{I\ + 1)(15/16)A(U) (e4.187) 

A 

> A:(15/16)8A ('P 0 )(J + 1) / <5. (e4.188) 
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Moreover, 


t o V’i(ff) > (15/16)A(<?) for all g G PL 3 , 


(e 4.189) 


where t is the tracial state on It follows from 14.181 that there exists a unital homomorphism 
ho : A — y Mp 0 _fc such that 


(<,P © ^o)*o|p 0 = (V’i)po ■ 


(e 4.190) 


Put 


Then 


J-i 


hi = h 0 © diag(<£ © h 0 , p © h 0 ,..., p © h 0 ) and if 2 = diag(Vq, ifi, •••, ifi) (e 4.191) 


® hi] |p = [i’2]\v- 


(e 4.192) 


K-J 

Put 'P' = diag^i, ifi, •••, ifi)- Let po = h\ ® ifo ® 'LL Then 

fa © Po]\v = fao © ^2 © ^'}\v = fa] fa (e4.193) 

Since J/(K — J) < 5 and by (Ic 4.1811) . by applying 14. 171 there is a unitary u € Mr such that 
IIAd uo (p(f) ® p 0 (f)) -ip(f) || < £ for all /gP. (e 4.194) 

□ 


5 Almost multiplicative maps to finite dimensional C*-algebras 

Note that in the following statement, n is given and (G, 5) depends on n. 

Lemma 5.1. Let n > 1 be an integer and let A be a unital separable C*-algebra. For any e > 0 
and any finite subset T C A, there exist 5 > 0 and a finite subset G C A such that, for any 
unital Q -5 -multiplicative contractive completely positive linear map p : A — » M n , there exists a 
unital homomorphism if : A —> M n such that 

|fa(a) — if(a)\\ < e for all a € J 7 . 

Proof. Suppose that the lemma is not true for certain finite set FdA and £o> 0. Let {Gk}^=i 
be a sequence of finite subsets of A with Gk C Gk+i and U kGk = A and let be a monotone 
decreasing sequence of positive numbers with 5k —>• 0. Since the lemma is assumed not to be true, 
there are unital ^-(^-multiplicative contractive completely positive linear maps pk : A —>• M n 
such that 


inf{max ae p||(/?fc(a) — if(a)\\ : 'tp : A —> M n homomorphisms} > Eq. (e5.1) 

For each pair (i, j) with 1 < i,j < n, let l l,J : M n —>• C be the map defined by taking matrix 
a G M n to the entry of i th row and j th column of a. Let pA = o pk : A —>• C. Note that 
the unit ball of the dual space of A (as Banach space) is weak*-compact. Since A is separable, 
there is a subsequence (instead of subnet) of {pk\ (still denote by pk) such that { p fa} is weak* 
convergent for all i,j. In other words, {pk} convergent pointwise. Let ifo be the the limit. Then 
if 0 is a homomorphism and for k large enough, we have 

II Pk{a) - "00(a)II < £ 0 ) for all a G F. 

This is a contradiction to (le 5.ip above. □ 
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Lemma 5.2. (cf. Lemma 4.5 of |58]) Let A be a unital C*-algebra arising from a locally trivial 
continuous field of M n over a compact metric space X. Let T be a finite subset of tracial states 
on A. For any finite subset F C A and for any e > 0 and any a > 0, there is an ideal J C A 
such that ||t|j|| < a for all r £ T, a finite dimensional C*-subalgebra C C A/J and a unital 
homomorphism -kq from A/J such that 

dist( 7 r(x), C) < e for all x £ F and ttq(A/J ) = iro(C ) = C , (e5.2) 

where n : A —>• A/J is the quotient map. 

Proof. This follows from Lemma 4.5 of [58] . Choose Xi £ F{ j = 1, 2,..., k. One can then choose 
TO = ®jLl □ 

Lemma 5.3. (cf. Lemma 4.7 of [58] ) Let A be a unital separable subhomogeneous C*-algebra. 
Let T C T(A) be a finite subset. For any finite subset F C A, e > 0 and a > 0, there is an ideal 
J C A such that ||r|j|| < a for all r £ T, a finite dimensional C*-subalgebra C C A/J and a 
unital homomorphism -kq from A/J such that 

dist( 7 r(x), C) < e for all x £ F and ttq(A/J ) = ttq(C) = C , (e5.3) 

where vr : ^4 —>• A/J is the quotient map. 

Proof. The proof is in fact contained in that of Lemma 4.7 of [58] . Each time Lemma 4.5 of [58] 
applied, one can apply [5721 instead. The complete proof is omitted here. □ 

Lemma 5.4. Let A be a unital subhomogeneous C*-algebra. Let £ > 0, let F C A be a finite 
subset and let cr 0 > 0. There exist 5 > 0 and a finite subset Q C A satisfying the following: 
Suppose that p : A —>• M n (for some integer n > 1) is a Q-5-multiplicative contractive completely 
positive linear map. Then, there exists a projection p € M n and a unital homomorphism <po : 
A —>• pM n p such that 


\\pp(a) - ip{a)p || 

< £ for all a £ F, 

(e 5.4) 

Il7 ? («) - K 1 - P)T(a)(l -p) + <po(a)] || 

< £ for all a £ F and 

(e 5.5) 

tr(l — p) 

< cr 0 , 

(e5.6) 


where tr is the normalized trace on M n . 

Proof. We assume that the lemma is false. Then there exists £q > 0, a finite subset Fq, a positive 
number <7o > 0, an increasing sequence of finite subsets Q n C A such that Q n C Q n +\ and such 
that U n= i Q n is dense in A, a sequence of decreasing positive numbers {(5 n } with < oo, a 

sequence of integers (m(n)} and a sequence of unital f? n -4 r) -multiplicative contractive completely 
positive linear maps ip n : A —>• M m ( n ) satisfying the following: 

inf{max{||^ n (a) - [(1 - p)ip n (a)( 1 - p) + <y 9 0 (a)|| : a € Jb}} > £o (e5.7) 

where infimum is take among all projections p € M m r n \ with tr n ( 1 — p) < ao, where tr n is the 
normalized trace on and all possible homomorphisms (p$ \ A ^ pM m r n )P- By the virtue 

of 15.11 one may also assume that m(n) —>• oo as n —>• oo. 

Note that {tr n o ip n } is a sequence of (not necessary tracial) states of A. Let to be a weak 
limit of { tr n o p n }. Since A is separable, there is a subsequence (instead of subnet) of {tr n o p n } 
converging to to- Without loss of generality, we may assume that tr n o ip n converges to to- By 
the £/ n -<5 n -multiplicativity of y> n , we know that to is a tracial state on A. 
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Consider the ideal ®^_i ({M m r n \}), where 

OO 

0({^m(n)}) = {{a n } : a n £ M m(n) and J4m_ ||o n || = 0}. 

n —1 

Denote by Q the quotient U7=i({ M m(n)}/ ®“=i ({ M m(n)})- Let vr^ : U7=i({ M m(n)}) ^ Q be 
the quotient map. Let Aq = {^uj({pn(f)}) : f £ A} which is a subalgebra of Q. Then T is a 
unital homomorphism from A to Jl^Li iMm{n))/ ®({Af m ( n )}) with 41(A) = it w {Aq). If a £ A 
has zero image in 'k^{Aq). that is, <^ n (a) —>• 0, then to(a) = lim^^tx, tr n (ip n (a)) = 0. So we may 
view to as a state on 'k^(Ao) = 41(A). 

It follows from Lemma 15.31 that there is an ideal I C 41(A) and a finite dimensional C*- 
subalgebra B C 41(A)// and a unital homomorphism -/too : 41(A)// —>• B such that 

dist( 7 T/ o 4I(/), B) < eo/16 for all / € To, (e5.8) 

||(f 0 )|/|| < cio/2 and 7 r 0 o|s = id B . (e5.9) 

Note that 7Too can be regarded as map from A to B with ker7Too D I- There is, for each f £ B o, 
an element bf £ B such that 

11 7 i 7 ° ^(/) - 6 /|| < e 0 /16. (e 5.10) 

Put C' = B +1 and Iq = 4I _1 (/) and C\ = 41 _1 (C' / ). For each f £ Bo, there exists a/ €E C\ C A 
such that 

||/ — aj || < £o/ 16 and nj o T(aj) = bf. (e5.11) 

Let a £ (/o)+ be a strictly positive element and let J = 4I(a)Q41(a) be the hereditary C*- 
subalgebra of Q generated by 41(a). Put C 2 = 41 (Ci) + J. Then J is an ideal of C 2 . Denote 

by ttj : C 2 — >• B the quotient map. Since Q and J have real rank zero and C 2 /J has finite 

dimension, by Lemma 5.2 of eh, C 2 has real rank zero. It follows that 

()->•«/-» 0 

is a quasidiagonal extension. As in Lemma 4.9 of [58], there is a projection P £ J and a unital 
homomorphism ^0 : B —>• (1 — P)C 2 (1 — P ) such that 

||PT(aj-) — T(a/)P|| < £ 0/8 and ||4I(a/) — [P^(af)P + ipo ° nj o T(aj)]|| < £ 0/8 (e5.12) 

for all f £ Bo- Let H : A —>• tpo(B) be defined by H = i/jq o 7Too o 717 o T. One estimates that 

||P4/(/) - 4I(/)P|| < £o/2 and (e 5.13) 

II41 (/) — [P4I(/)P + H(f)}\\ < £ 0 /2 (e5.14) 

for all / £ Bq- Note that dim/7(A) < 00 , and that H(A)cQ. There is a homomorphism H\ : 
H(A) —>• n^Li({-^Lm(n)}) such that -k o H\ o H = H. One may write H\ = {h n }, where each 
h n : //(A) —>• is a (not necessary unital) homomorphism, n = 1 , 2 ,.... There is also a 

sequence of projections q n £ M m ( n ) such that ir({q n }) = P. Let p n = 1 — q n , n = 1,2,.... Then, 
for sufficiently large n, by (|e 5.13P and (le 5.14p . 

11(1 -Pn)Pn(f) - ^n(/)(l ~ Pn)\\ < £ 0 and (e5.15) 

\\Vn{f) - [(1 - Pn)<Pn(f){ 1 ~ Pn) + K O H(f)\ || < £ 0 (e 5.16) 
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for all / £ J-(). Moreover, since P € J, for any g > 0, there is b € Iq with 0 < b < 1 such that 


\\^(b)P - P\\ < g. 


However, by (le 5.9p . 


0 < to(^(b)) < oq/2 for all b € Iq with 0 < n < 1. (e5.17) 

By choosing sufficiently small r/, for all sufficiently large n, 


tr n (l-p n ) < a 0 . 


This contradicts with (le 5.71) . □ 

Corollary 5.5. Let A be a unital subhomogeneous C*-algebra. Let rj > 0, let £ C A be a finite 
subset and let go > 0. There exist S > 0 and a finite subset Q C A satisfying the following: 
Suppose that p, if : A —>• M n (for some integer n > 1) are two Q-5-multiplicative contractive 
completely positive linear maps. Then, there exist projections p,q € M n with rank(p) = rank(g) 
and unital homomorphisms po : A —>• pM n p and ifo : A —>• qM n q such that 

WPP(a) ~ p(a)p\\ < g, \\qif{a) - if(a)q\\ < g, a € £, 

II P(a) ~ [(1 -p)p(a)(l -p) + </? 0 (a)]|| < g, \\if(a) - [(1 - q)if(a)( 1 - q) + ifo(a)}\\ <g , a € £ 

and tr( 1 — p) = tr( 1 — q) < go , 
where tr is the normalized trace on M n . 

For convenience of future use, we used g, go and £ to replace e, &o and P in 15.41 

Proof. By 15.41 we can get such decomposition for p and if separately, then the only missing part 
is that rank(p) = rank(g). Let {z\, Z 2 , ■■■, z m } be the set of ranks of irreducible representations 
of A and let T be the number given bv 14.11 corresponding to {z\, Z 2 ,..., z m }. We apply l5~H to 
r/o/2 instead of ao (and, g and £ in places of e and F). By 15.11 we can assume the size n of 

matrix M n is so large that ^ < go/2.. Bv 14.11 we can take sub-representations out of po and ifo 

(one of them has size at most T) so that the remainder of po and ifo have same size—that is for 
rank(new p) = rank(new q), and tr(l — (new p)) = tr(l — (new q)) < ^ + y < go- □ 

Lemma 5.6. Let A £T> S be an infinite dimensional unital C*-algebra, let e > 0 and let T C A 
be a finite subset, let Eq > 0 and let Go C A be a finite subset. Let A : \ {0} (0,1) be an 

order preserving map. 

Suppose that Ti\ C A\ \ {0} is a finite subset, E\ > 0 is a positive number and K > 1 is an 
integer. There exists 5 > 0, a > 0 and a finite subset G C A and a finite subset TL 2 C A\ \ {0} 
satisfying the following: Suppose that L\,L 2 : A —>• M n (for some integer n > 1) are unital 
G-5-multiplicative contractive completely positive linear maps 

tr o L\{h) > A(h) and tr o L 2 (h) > A (h) for all h S TL 2 , and (e5.18) 

\tr o Li(h) — tr o L 2 (h)\ < a for all h € 7 ^ 2 - (e5.19) 

Then there exist mutually orthogonal projections eo, ei, e 2 ,..., ck € M n such that e\, e 2 , ■■■, ex 
are pairwise equivalent, eo < e\, tr{e 0 ) < e\ and eo + YliLi e * = an d there exist unital 
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Qo-^o-multiplicative contractive completely positive linear maps ipi,ip 2 ■ A —> cqAI^cq, a unital 
homomorphism ip '■ A —>• eiM^ei, and unitary u € M n such that 


K 

\\L\ (/)- di&g{ipi{f),ip(f),ip(f),...,ip(f))\\ < e and (e5.20) 

K 

\\uL 2 {f)u* - diag(-0 2 (/),-^(/),^(Z),V>(/)) II <£ (e5.21) 

for all f G F, where tr is the tracial state of M n . Moreover, 

tr(ip(g)) > for all g € Hi- (e5.22) 

oil 

Proof. First note that the following statement is evident. For any C*-algebra A, a finite subset 
Go C A and £o > 0, there are finite subset Q' C A with 5' > 0, F' C A and with e' > 0 satisfying 
the following condition. If L : A —>• B is a unital C/'-d'-multiplicative contractive completely 
positive linear map, po,Pi £ B are projections with po + pi = 1 b, and L ' 0 : A —>• poBpo, 
L'i : A —>• piBpi are linear maps with 

II L(f) - diag (L'(/),L' 1 (/))|| < e' for all / € -A', 

then both Lq and Lj are £o-^o _m ultiplicative. Therefore if e is sufficiently small and F is 
sufficiently large relative to (eo,Go), then (|c 5.201) and (le 5.20p imply ipi and ip 2 are Gq-£o~ 
multiplicative. 

Put 

£i = min-fe/16, £Vl6, ——min{A (h),h € Hi}}- (e5.23) 

64A 

Let Ai = (3/4)A. Let hi > 0 (in place of <5), Ago C A\ \ {0} (in place of "Hi) be a finite subset, 
B 2) o C A s a (in place of 7i 2 ) be a finite subset as required bv l4.11l fsee also its remark 14.121) for 
£i (in place of e), TUT' (in place of F), 2 K (in place of K ), Ax and A as well as a = (3/4). 
We may assume that Ao ,2 C A\ \ {0}. 

Let r/o = min{< 5 x/ 16 , £i/ 16 , min{r(h) : h € ^1,0 U ^2,0}' Let d 2 > 0 (in place of 5) and 
let Gi C A (in place of G) be the finite subset as required bv 15.51 for 77 = 770- min{£i, hi/4}, 
770 and £ = F U Ago U A2,o U Ai- Let 5 = 770 • min{h2/2, hi/ 2 ,}, cr = min{770/2,771/2}, let 
G = G' U G\ U F U F' U £ and let H 2 = Ago U A2,o U Hi. 

Now suppose that Ai and L 2 satisfy the assumption of the lemma with respect to the above 
5, a and G and H 2 . It follows from 15.51 that there exists a projection p e M n , two unital 


homomorphisms <pi,(p 2 : A—> pM n p and a unitary m € M n such that 

IIAd Tti oLi(a) - ((1 - p)u\Li(a)ui(l - p) + <^i(a))|| < 77 , (e5.24) 

||L 2 (a) - ((1 -p)L 2 (a){ 1 - p) + <^ 2 (a)|| < 77 (e5.25) 

for all a E £ and 

r (l ~ p) < 77o, (e 5.26) 

where r is the tracial state on M n . 

We compute that 

t o ipi(g) > A (g) - 77 - 770 > (3/4)A (g) for all g € Ago and (e5.27) 

k° ^ 1 ( 5 ) - ^ 0 ^ 2 ( 5)1 < 277 + 2 ? 7 o + h < 77 o<5i for all g € A 2 ,o- (e5.28) 
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It follows from l4.lTl land its remark (I4.12p l that there exist mutually orthogonal projections 
go, gi, • ••, Qik € pM n p such that go < gi and g* is equivalent to gi for all i = 1,2, ...,2A', two 
unital homomorphisms <£ 4 , 0 , ^ 2,0 : A —> qoM n qo, a unital homomorphism if' : A —>• e\M n ei and 
a unitary m 2 € pM n p such that 


2 K 

, -*-s 

||Adu 2 0 <£h(a) - (<£4,o © diag(^'(a), ip'(a ),..., if'(a)))\\ < £i (e5.29) 

2K 

, -*-s 

and ||<^ 2 (o) - (<£> 2,0 © A\s,g(if'(a),ifi (a),• V’ / (a)))|| < £i (e5.30) 

for all a G A U A'. Moreover, 

> (3/4) 2 A(g)2A for all gGTL\. (e5.31) 

Let u = ((1 - p) + u 2 )iti, e 0 = (1 — p) © g 0 , e; = g 2i _i ffi g 2 », i = 1,2, let ifi (a) = 

(l-p)-uj;Li(a)ui(l-p)©^i,o, ^ 2 (a) = (1 -p)L 2 (a)(l-p) ©^ 2,0 and ^0) = diag(if'(a)®if'(a)) 
for a € A. Then 

K 

||Aduo Li(/) - (ifi(f) © diag(-0(/), ^(Z),V>(/))) II < e (e5.32) 

K 

and \\L 2 (f) - C0 2 (/) ® diag(if(f), if (fif (f)))\\ < £ (e5.33) 

for all / € A, 

t o V>(g) > for all g GTL 1 . (e5.34) 

Ol\ 

Moreover Vh and ifi are f?o-£o- m ultiplicative. □ 

Corollary 5.7. Let Ao GV S be a unital C*-algebra, let e > 0 and let A C A be a finite subset. 
Let A : (Ao)^ 1 \ {0} —> (0,1) be an order preserving map. 

Suppose that Ti\ C (Ao)+ \ {0} is a finite subset, a > 0 is positive number and n > 1 is 

an integer. There exists a finite subset TL 2 C (Ao)+ \ {0} satisfying the following: Suppose that 

tp : A = Ao © C(T) — > Mk (for some integer k > 1) is a unital homomorphism and 

tr o ip(h © 1) > A (h) for all h € A 2 . (e 5.35) 

Then there exist mutually orthogonal projections eo, e\, e 2 ,..., e n € M *. such that e\, e 2 ,..., e n are 
equivalent and ^”=0 e * = 1> an d there exists unital homomorphisms if 0 : A = Ao © C(T) —>■ 
eoMfceo and if : A = Ao © C(T) —>• eiM^ei such that one may write that 

n 

\\p(f) - diag(if 0 (f),if(f),if(f),...,if(f))\\ <e (e5.36) 

and tr(eo) < 0 (e5.37) 

for all f £ J-, where tr is the tracial state on M^. Moreover, 

tr(if(g © 1)) > ^ for all g £ TL\. (e 5.38) 

The following is taken from 9.4 of |G3j . 
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Lemma 5.8. Let A be a unital separable C*-algebra. For any e > 0, any finite subset Fi C A s . 0 ., 
there exists a finite subset Q C A and 5 > 0 satisfying the following: Suppose that ip : A —>• B 
(for some unital C*-algebra B) is a Q-5-multiplicative contractive completely positive linear map 
and t G T(B) is a tracial state of B. Then, there exists a tracial state r G T(A) such that 

1 1 o ip(h) — r{h) | < e for all h G FL. (e 5.39) 

Theorem 5.9. Let A G T> s be a unital C*-algebra. Let A : A q +~ \ {0} — > (0,1) be an order 
preserving map. 

Let e > 0 and let T C A be a finite subset. There exists a finite subset Fi\ C A\ \ {0}, a 


finite subset Q C A, 5 > 0, a finite subset V C K(A), a finite subset FL 2 C A s a . and a > 0 
satisfying the following: Suppose that L\,L 2 : A —>• (for some integer k > 1) are two unital 
Q-5-multiplicative contractive completely positive linear maps such that 

[Li]\v = [L 2 ]\v, (e 5.40) 

tr o Li(h) > A (h) for all h£FL\ and (e5.41) 

|tr o L\(h) — tr o L 2 (/j) | < a for all h G FL 2 , (e5.42) 

then there exists a unitary u G M^ such that 

|| Ad it o L\(f) — L 2 (/) I < £ for all f G T. (e 5.43) 

Proof. The proof is exactly the same as that of 14.171 As in the proof of 14.171 we will use 14.141 
However, here we will use 15.61 instead of l4.111 □ 


6 Homotopy Lemma in finite dimensional C*-algebras 


Lemma 6.1. Let A be a unital separable C*-algebra and let p : A —» (for some integer 

k > 1) be a unital linear map. Suppose that u G M*. is a unitary such that 

u<p(a) = p(a)u for all a G A. (e6.1) 

Then there exists a continuous path of unitaries {ut : t G [0,1]} C M & such that 

uq = u, u\ = 1, ut<p(a) = (p(a)ut for all a G A (e6.2) 

and for all t G [0,1]. Moreover, 

length ({a,;}) A 7r. (e6.3) 

Proof. There is d > 0 such that spectrum of u has a gap containing an arc with length at least 
d. There is a continuous function h from sp(u) to [— ir, vr] such that 

exp (ih{u)) = u. (e6.4) 


Therefore 


<p(a)h(u) = h(u)<p(a) for all a G A. (e6.5) 

Note that h(u) G (Mfc) s . a . and ||/i(u)|| < n. Define ut = exp(t(l — t)h(u)) (t G [0,1]). Then 
uo = u and u\ = 1. Also 

u t p(a) = <p(a)ut 

for all a € A and t G [0,1]. Moreover, one has 

lenghth({ud) < 

as desired. □ 
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Lemma 6.2. Let A £ V s be a unital C*-algebra, let Tl C {A g) (7(1)) s . a . be a finite subset, 
let 1 > a > 0 be a positive number and let A : A c ‘_ [i 1 \ {0} -A (0,1) be an order preserving 
map. Let e > 0, Go C A <g) (7(1) 6e a finite subset, Vq,V\ C K_{A) be finite subsets and 
V = Vo U fifiP i) C -ftfL4 g (7(1)). There exist 5 > 0, a finite subset Q C A g (7(1) and a finite 
subset TL\ C (A g (7(1))+ \ {0} satisfying the following: Suppose that L : A® (7(1) —> Mk (for 
some integer n > 1 ) is a Q-5-multiplicative contractive completely positive linear map such that 


tr o L(h) > A (h) for all h € TL\, and (e6.6) 

[L}\ 0(Vl) = 0. ( e 6.7) 

Then there exists a unital Qq- 5-multiplicative contractive completely positive linear map if : 
A (g) (7(1) -a Mk such that u = ^(l <g) z) is a unitary, 

mf{a <g> 1) = ip(a <g> l)u for all a € A (e 6.8) 

[L] |-p = [fi’W'p and (e6.9) 

|tr o L(h) — tr o fi(h)\ < a for all h € Tl. (e6.10) 


Proof. Let Tl and <7o, £ and Go are given. Without loss of generality, we may assume that Tl C Go 
which is in the unit ball of A and a < e/4. We may also assume that 

Go = {g / : g e Goa and / e Git}, 

where Goa C A and Git C C(T) are finite subsets. To simplify matter further, we may assume, 
without loss of generality, that Git = {1 c{T), z }> where z € C(T) is the standard unitary 
generator. 

We may assume that Goa is sufficiently large and e is sufficiently small such that [Li]|-p is 
well defined for any unital C/o-£- mu ltipli ca tive contractive completely positive linear map from 
A <S> (7(1) and 


[ L i]\v 0 = [L 2 WV 0 ( e 6.11) 

for any unital (/oA-£-rmiltiplicative contractive completely positive linear map L 2 from gig)(7(1) 
such that 


L 1 L 2 on Goa■ (e6.12) 

Let n be an integer such that 1 jn < <r/2. Note that A g> (7(1) € T> s . 

Let 6 > 0, G C A g) (7(1) and Tli C A g (7(1)^ \ {0} (in place of TI 2 ) be finite subsets 

required by 15.61 for A g> (7(1) (in place of A), e/2 (in place of e), Go (in place of F), Tl (in place 

of Tli) and A. Now suppose that L : A g> (7(1) -A Mk satisfies the assumption for the above 

5 , G and Ti\. It follows from 15.61 that there is a projection eo € Mk and a (5o~ e /2-niultiplicative 
contractive completely positive linear map?/>o : glg>(7(1) —» eoM^eo and a unital homomorphism 
'ipi : A g (7(1) —> (1 — eo)Mk(l — eo) such that 

tr(eo) < 1/n < a, (e6.13) 

||L(a) — 'iZ'o(o) © Vh(a)|| < £ for all a G Go- (e6.14) 

Define if : A g) (7(1) -A Mk by if(a) = fio( a ) © Vh( a ) for all a € A and if(l g) z) = eo © V’i(l © z). 

Put u = ip(l g) z ). One verifies that this if and u satisfy all requirements. □ 
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Lemma 6.3. Let A £ P s be a unital C*-algebra and let A : (A 0 C'(TT))^ 1 \ {0} —> (0,1) be an 
order preserving map. Let e > 0 and let F C A be a finite subset. There exists a finite subset 
Hi (Z v4)}\}0}, a finite subset H .2 Cl C/TT)^ \ }0}, a finite subset Q d A, d ^ 0 and a finite subset 
V C K(A) such that, if L : A 0 C(T) —>• Mk (for some integer k > 1) is Q'-5-multiplicative 
contractive completely positive linear map, where Q' = {g® f : g £ Q, f = {1, z, 2 ;*}} and u € M 
is a unitary such that 

\\L(1 ® z) — u|| < 6 , (e6.15) 

[X] |/ 3 ( 7 ^) = 0 and (e6.16) 

tr o L{h\ 0 / 12 ) > A(hi ® h. 2 ) (e6.17) 

for all h\ £ Hi and /12 € H 2 , then there exists a continuous path of unitaries {ut : t £ [0,1]} C 
Mfc with uq = u and ui = 1 such that 

|| L(f 0 1 )u t - u t L(f 0 1)|| < e for all f € F (e6.18) 

and t £ [0,1]. Moreover, 


length({ut}) < 7r + e. (e6.19) 

Proof. Let Ai = (1/2)A, Fq = {/0 1 : I0z : / € F} and let B = zl0C'(T). Then B £ V s . Let 
H' C -B}\{0} (in place of Hi), Ho C A 3 _ a _ (in place of H 2 ) be a finite subset, Qi C J 40C'(T) (in 
place of Q), 81 > 0 (in place of 8 ), V' C K(B) (in place of V) be the finite sets and constants as 
required by 15.91 (for B instead of A) for e/16 (in place of e), Fq (in place of F) and A. Without 
loss of generality, we may assume that Ho C B{_ \ {0} and further, to simplify notation, we may 
assume that Ho = H '. We may assume that there are finite sets H\ C A+\{0}, H ' 2 C C'(T)^\{0}, 
and Q\ C A such that 

H' = {hi 0 h -2 : hi £ H\ and /12 £ H' 2 } 

and Qi = {g®f : g £ Q[ and / £ {1 ,z,z*}}. We may also assume that 1 a € H\ and 1 c(t) £ Hfi 
Without loss of generality, one may assume that 

V' = Vo U V \, (e 6.20) 

where Vo C K_(A) and Vi C /3{K_(A)) are finite subsets. Let V C KfA) be a finite subset such 
that (3(V) = V\. Let 

a = min{A] (h) : h £ H'}. (e6.21) 

There is 62 > 0 (in place of 6 ) with 82 < e/16, a finite subset Q 2 C A 0 C(T)(in place of Q) 
and a finite subset Ho C (A0 C/T)))} \ {0} (in place of Hi) required by 16.21 for a, A, 7T / (in place 
of H), min{e/16,5i/2} (in place of s), Qi (in place of Qo)i Ho and V (in place of Vi). We may 
also assume that 

£2 = {g® f ■ g € g ' 2 and / G {M,z*}} 

for a finite set C A. We may further assume that 

H 3 = {hi 0 /12 : hi £ H 4 and /12 £ Hfi\ 

for finite sets H 4 C 7l^\{0} and H 5 C C'(T)^\{0}. Let Q = FAQ'fjQ' 2 , 5 = min{5i/2, 82 / 2 , e/16}, 
Hi = H'i U H 4 and H 2 = H ' 2 U H b . 
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Now suppose that one has a linear map L : Aig)C'(T) —>• My x) and a unitary u G Mk satisfy the 
assumption with the above "Hi, TL 2 , 1/, V, 5 and a. It follows from 16.21 that there is a unital Q\- 
min{e/16, <5i/2}-multiplicative contractive completely positive linear map : A <S> C(T) —>• Mk 
such that u> = ip(l < 8 > z) is a unitary, 

wfi{g ® 1 ) = f° r all 9 € -A, (e 6 . 22 ) 

= MIpl (e 6.23) 

|tr o L(g) — tr o tp(g)\ < 0 for all g £ TL 3 . (e6.24) 

It follows that 

tr o ij)(h) > tr o L(h) — <7 > A\(h) (e6.25) 

for all h G TL'. Combining (Ic6.22|) . (|e 6.161) . (|e 6.17|) . (Ic 6.241) and (Ic 6.181) . by applying 15.91 one 
obtains a unitary U € Mk such that 

||Ad U o ijj(f) — L(/)|| < e/16 for all / £ Jo- (e6.26) 

Let w\ = Ad U o 99(1 <g) z). Then 

11 u ic|j < |jit — L(1 <8> z)|| + ||L(1 (g) z) — Ad U o -0(1 <g) z)|| (e6.27) 

< 5 + e/16 < e/8. (e6.28) 

Then there is a continuous path of unitaries {ut G [0,1/2]} C Mk such that 

\\ut — tt|| < e/8, \\ut — tc|| < e/8, uq = u, Ui / 2 = w (e6.29) 

and length({'Ui : t G [0,1/2]}) < sir/8. (e6.30) 

It follows from 16.ll that there exists a continuous path of unitaries {ut : t G [1/2,1]} C Mk such 
that 

U 1/2 = w, ui = 1 and it*(Ad U o <p(f <g) 1)) = (Ad U o ip(f <g) 1 ))ut (e 6.31) 

for all t G [1/2,1] and / € A <g) 1. Moreover, 

length({rt£ : t G [1/2,1]}) < 7 r. (e6.32) 

It follows that 


Furthermore, 


and i G [0,1]. 


length({itj : t G [0,1]}) < 7r + £7r/6. 


|| utL(f (8) 1) — L{f <8) l)u t \\ < £ for all / G F 


(e 6.33) 

(e 6.34) 

□ 


Lemma 6.4. (Lemma 2.8 of [66] ) Let A be a unital separable amenable C*-algebra. Let e > 0, 
let Tq C A be a finite subset and let F C A(g)C(T) be a finite subset. There exists a finite subset 
Q C A and 6 > 0 satisfying the following: For any Q-5-multiplicative contractive completely 
positive linear map ip : A —>■ B (for some unital C*-algebra B) and any unitary u G B such that 

II <p(g)u - mp(g) || < 6 for all g G £7, (e6.35) 

there exists a unital F-e-multiplicative contractive completely positive linear map L : 4®C(T) —>• 
B such that 


|| ip(f) — L(f (8) 1)|| < £ and ||L(1 <8) z) — u\\ < £ 
for all f G Fq, where z G C(T) is the identity function on the unit circle. 


(e 6.36) 
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Lemma 6.5. Let A G T> s be a unital C* -algebra. Let e > 0 and let F C A be a finite subset. 
Let Hi C A\ \ {0} and let H 2 C C(T)^_ \ {0} be finite subsets. For any order preserving map 
A : A^ 1 \{0} —> (0,1), there exists a finite subset Q C A, a finite subset H( C A + \{0} and 5 > 0 
satisfy the following: for any unital Q-5-multiplicative contractive completely positive linear map 
ip : A —>• Mk (for some integer k > 1) and any unitary u G Mk such that 

\\mp(g) — ip(g)u\\ < 6 for all g G G and (e6.37) 

tr o ip(h) > A (h) for all h^H[, (e6.38) 

there exists a continuous path of unitaries {ut : t G [0,1]} C Mk such that 

uq = u, u\ = w, \\ut<p(f) — <p(f)ut\\ < £ for all f G G and t G [0,1], (e6.39) 

tr o L(hi <g) hfi) > A(/ii)r m (/i 2 )/4 (e 6.40) 

for all hi € Hi and /i 2 G H 2 , where L : A ® C'(T) —>• Mk is a contractive completely positive 
linear map such that 

|| L(f (g) 1) — (£>(/)|| < e for all f € F, and \\L(l ® z) — ui|| < e, (e6.41) 

and T m is the tracial state on C'(T) induced by the Lebesgue measure on the circle. Moreover, 

length({ri t }) < 7 r + e. (e 6.42) 

Proof. There exists an integer n > 1 such that 

n 

(1 In) x; f(e e+ ^ n ) > (63/64)r m (/) (e6.43) 

3 =1 

for all / € H 2 and for any 0 € [—7r, 7 t] . We may also assume that Wir/n < e. 

Let 

0-1 = (1/2 10 ) mi{t(h) : h G Hi} ■ inf {T m (g) : g G H 2 }. 

Let J^j/gf/gzr/GJU Hi}. Let > 0 (in place of 5) and Qi C A ® C(T) (in place 
of Q) be a finite subset as required bv 15.41 for e/32 (in place of e), T' (in place of F) and cri/16 
(in place of cro). Without loss of generality, one may assume that, for a finite set Q 2 C A, 

Qi = {9 <8> 1, 1 ® z : g G ^ 2 }. 

Let H\ C A + \ {0} (in place of H 2 ) be a hnite subset as required bv l5.7l for min{e/32, ai/16} 
(in place of e), FUHi (in place of F ), Hi (in place of H), (190/258)A (in place of A) and <7 i/ 16 
(in place of a) and integer n. 

Put 

H' = {hi ® /i 2 , h\ <S> 1,1 0 h 2 : hi G Hi and /i 2 G 77 2 }. 

Let G 3 = Q 2 'A Hi U H'i- To simplify the notation, without loss of generality, one may assume 
that G 3 and F' are all in the unit ball of A <S> C(T). Let 5 2 = min{e/64, 5i/2, cji/16}. 

Let G4 C A be a finite subset (in place of G) and let £3 (in place of 5) be positive as required 
bv 16.41 for Gz (in place of Ffi), F' (in place of F ), and <5 2 (in place of e). 

Let G = G 4 U Gz an, 4 d = min{<5i/4, 5 2 /2, 53 / 2 }. Now let <p : A —>• Mk be a unital G-d- 
multiplicative contractive completely positive linear map, and let u G Mk be a unitary such 
that (1c 6.37P and (1c 6.381) hold for the above d, a, G and H\. 
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It follows from 16.41 that there exists a ^-^-multiplicative contractive completely positive 
linear map L\ : A® C(T) —>• Mk such that 


\\L\(g ® 1) — tp(g )|| < 82 for all g € G 2 and ||Li(l ® z) — u|| < 82 - (e6.44) 

We then have that 

tr o L\(h <S> 1) > tr o <p(h) — 82 (e6.45) 

> A(h) — (Ji/16 > (191/256)A(h) (e6.46) 

for all h E 74 1 . It follows from 15.41 that there exist a projection p E M & and a unital homomor¬ 
phism ip : A ® C(T) —>• pMkP such that 

||p-M/) - -M/)p|| < min{e/32, <j 1 /16} for all / £ T ', (e6.47) 

ll L i(/) - ((!-p)^i(/)(! -p) + V’(/))ll < min{e/32,cri/16} for all / E J 7 ' (e6.48) 
and tr(l — p) < cxi/16. (e6.49) 


Note that pM^p = M m for some m < k. It follows from (je 6.46[) . (Ic 6.38|1 . (Ic 6.48(1 and f|c 6.49ft 
that 


tr o ip(h) > (191/256)A(/i) — cri/16 — ui/16 > (190/256)A(h) for all h £ 'H\. (e6.50) 

ByEZl there are mutually orthogonal projections eo, ei,e 2 ,e n £ pM^p such that e\, e 2 , e n 
are equivalent and there are unital homomorphisms tpo : A <S> C(T) —>• eo-M^eo and ip 1 : 
A® C'(T) —> eiMfcei such that 


II ip(f) ~ diag(^o(/),^i(/), "01 (/))II 

and tr(eo) 


< min{e/32, (J 1 / 6 } for all / £ 

< cri/ 16 . 


(e 6.51) 
(e 6.52) 


Let w' 0 = ipi (1 <S> z). One may write 

w 0 = diag(exp(zai),exp(ia 2 ),..., exp(ia n )), 

where Oj € ejM^ej is a selfadjoint element with |aj \\ < it. Choose a continuous path of unitaries 
{w' t j : t £ [0,1]} C ejM^ej such that 

w' 0 j = exp(zaj), = exp(i(2irj /n)), and length({u4j}) < n + e/4. (e6.53) 

Moreover, one can choose such w' t rj in the commutant of ip\{A). There is a unitary w'q € 
(1 — p)Mk( 1 — p) such that 

11wo - (1 - p)Li(l ® z)( 1 — p)|| < e/16. (e6.54) 

Put 

u' Q = w'q © ^>o(l ® z ) © w o- (e6.55) 

Then u'q is a unitary and 

\\u — itgll < ||u — Li(l ® z)|| + ||Li(l <8> z) — Uq|| (e6.56) 

< 82 + e/16 < e/8. (e6.57) 
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One obtains a continuous path of unitaries {wt £ [0,1]} C Mk such that 

w 0 = u, w\ = w'o ® ^ 0(1 ® z) © diag(u; / lil ,u; / li 2 , ...,w' ln ) (e6.58) 

|| wttp(f) — (p(f)wt || < e for all / G F, and length({uit}) < 1 r + e. (e6.59) 

Define L ■. A® C(T) —> Mk by 

n 

L(a® f) = (1 -p)Li(a® /)(1 - p) © (diag(V’o(a), ipi{a),ifi(a))f(wi)) (e6.60) 
for all a £ A and / £ C'(T). It follows that 

||L(/ © 1) — t p(f)\\ < £ for all / £ F and ||L(1 © z) — u>i|| < e. (e6.61) 

One also has that (note that w[ ■ is scalar) 

n 

tr o L(h\ © h 2 ) > tr(ipo(hi) + tr(diag(^i(a), ...,tpi(a))f(wi)) (e6.62) 

n n 

> tro i(,(hi) E h 2 {j 2nj,n ) > (190/256)A (h 1 )^h 2 {e i2 ^ ln ) (e6.63) 

3 = 1 i =1 

> (190/256) A(^)(63/64)r m (/i 2 ) > A (til) ■ r m {h 2 )/4 (e6.64) 

for all hi € "Hi and h 2 € "^ 2 - □ 

Definition 6 .6. Let A be a unital C*-algebra with T(A) 0 and let A : A q ^~ \ {0} — > (0,1) 
be an order preserving map. Suppose that r m : C(T) —» C is the tracial state given by the 
normalized Lebesgue measure. Define Ai : {A © C'(T))^ 1 \ {0} —> (0,1) by 

Ai(h) = sup{— ^ 1 ^ ^ 2 ^ : h > h\ © h 2 and h\ £ A + \ {0}, h 2 £ C(T) + \ {0}}. (e6.65) 

Lemma 6.7. Let A £ D s be a unital C*-algebra. Let A : A;/ 1 \ {0} —> (0,1) be an order 
preserving map. For any £ > 0 and any finite subset F C A, there exists a finite subset 
n C S 0, a finite subset Q (Z A and a finite subset F CL K (A') satisfying the following: 

For any unital Q-5-multiplicative contractive completely positive linear map tp : A —>• Mk (for 


some integer k > \) and any unitary v £ Mk such that 

tr o <p(h) > A (h) for all h £PL, (e 6.66) 

|| <p(g)v — vp(g) || < 5 for all g £ Q and (e6.67) 

Bott(y>, v)\-p = {0}, (e6.68) 

then there exists a continuous path of unitaries {ut : t £ [0,1]} C Mk such that 

u 0 = v, u\ = 1, and \\p(f)u t - u t cp(f) || < e (e6.69) 

for all t £ [0,1] and f £ IF. Moreover, 

length({«t}) < 2-k + £. (e6.70) 


Proof. Let Ai be as in 16.61 Let PL\ C A\ \ {0} and FL 2 © C'(T)^. \ {0} be finite subsets, Q\ C A 
(in place of Q) be a finite subset, <5i > 0 (in place of 5) and V C K(A) be a finite subset required 
bv 16.31 for e/4 (in place of e), F and Ai. 
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Let C/2 C A (in place of Q) be a finite subset, FL\ C A + \ {0} be a finite subset, 62 > 0 (in 
place of 6) be as required bv 16.51 for min{e/16, <5i/2} (in place of e), Q\ U F (in place of F) and 
Tii and "^ 2 - 

Let Q = Q 2 U Gi C F and let 6 = min{<!> 2 , e/16}. Let FL = 'H\. 

Now suppose that ip : A —>• Mk is a unital <7-<5-multiplicative contractive completely positive 
linear map and u G M is a unitary which satisfy the assumption for the above FL, 5, G and V . 

By applying 16.51 one obtains a continuous path of unitaries {u t : t G [0,1/2]} C Mj, such 
that 


U 0 = U, Ui = w, \\u t ip(g) - ip{g)u t \\ < m.\n{5 1 ,e/A} (e6.71) 

for all g G Gi U F and t G [0,1/2]. Moreover, there is a unital contractive completely positive 
linear map L : A <g> C(T) —>• M*. such that 

\\L(g (g) 1) — ip(g)\\ < min{<5i,e/4} for all g G G\ U F, (e6.72) 

||L(1 0 z) — w11 < min{5i, e/4} (e6.73) 

and tr o L(h\ <g> h, 2 ) > A(lii)r m (/i2)/4 (e6.74) 

for all h\ G 77 1 and /12 € 772• Furthermore, 

length({ut : t G [0,1/2]}) < 7r + e/4. (e 6.75) 

Note that 

= Bott(<^, w)\-p = Bott ((p,u)\ v = 0. (e6.76) 

By (je 6.721) . (le 6.731) . (le 6.7611 and (|e 6.741) . applying 16.31 one obtains a continuous path of 
unitaries {ut G [1/2,1]} C Mk such that 

U 1/2 = VJ, Ui = 1, II Utip(f) - Lp(f)ut\\ < e/4 for all / G F (e6.77) 

and length({rtj : t G [1/2,1]}) < 7r + e/4. (e6.78) 


Therefore {ut : f G [0,1]} C is a continuous path of unitaries in M*. with uq = u and u\ = 1 
such that 


II uMf) - v(f)u t || < e for all / G F (e6.79) 

and length({ut : t G [0,1]}) < 2ir + e. (e6.80) 

□ 


7 An Existence Theorem for Bott maps 

Lemma 7.1. Let A be a unital amenable residually finite dimensional C*-algebra which satisfies 
the UCT, let G = 17 ® Tor(G) C Kq(A) be a finitely generated subgroup with [1a] £ G and let 
Jo, Ji > 0 be integers. 

For any 5 > 0, any finite subset Q C A and any finite subset V C K(A) with VnKo(A) C G, 
there exist integers No, N\, ..., and unital homomorphisms hj : A — >• Mjy. , j = 1,2,..., k, 
satisfying the following: 

For any k G Hom\(K(A ), K(1C )). with |k([1a])| = J\ and 


J 0 = max{|«;(( 7 j)| : g x 


i— 1 

(O^To, 1, 0,..., 0) G Z r : 1 <i<r}, 


( e 7-1) 
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there exists a G-5-multiplicative contractive completely positive linear map $ : A —>• Mjv 0 + k ([ 1a ]) 
such that 


[ < h]|'P = (re + [hi] + [hfi\ + • • • + [h k ])\ v . (e 7.2) 

(Note that N 0 = ^i)- 

Proof. It follows from 6.1.11 of [55] (see also [52] and m) that, for each such re, there is a unital 
^-^-multiplicative contractive completely positive linear map L K : A —> M n / K ^ (for integer 
n(re) > 1) such that 


[L K )\ v -^+[h K ))\ r , (e7.3) 

where h K : A —>• M^ k is a unital homomorphism. There are only finitely many different re|-p so 
that (le 7.ip holds, say rei, K 2 , ■ ■■, re k■ Set hi = h Ki , i = 1,2,..., k. Let A r * = N Ki , i = 1,2, ...k. Note 
that Ni = J\ + n(re*), if k([1a]) = Ji, and At* = — J\ + ra(re*), if k([1a]) = —J\. Define 

k 

No = Y, N f 

i= 1 

If re = re*, define : A -7 M 7 Vo+k ([i a ]) by 

$ = L Ki + ^2 hj ■ 
i¥=i 


The lemma follows. 


□ 


Lemma 7.2. Let A be a unital C* -algebra as in 7.1 and let [1a] € G = Z r © Tor(G) C Kq(A) 
be a finitely generated subgroup. There exists A* > 0, i = 1,2,..., r, satisfying the following: For 
any 5 > 0, any finite subset Q C A and any finite subset V C K(A) with V n Kq{A) C G, there 
exist integers N( 8 ,G,V,i) > 1, i = 1,2, ...,r, satisfying the following: 


i — 1 


Let re € Hom\(K(A). K_(JC)) and Si = re(<?*), where gi = (0,..., 0,1,0,..., 0) € Z r , there 
exists a unital G -5-multiplicative contractive completely positive linear map L : A —>• M^ and a 
homomorphism h : A —> Mjvj such that 


[L}\ P = (K+[h])\ v , (e 7.4) 

where Ah = Yfi=i{ N {5,G,V,i) ± A*) • IS 1 *-! 

Proof. Let iff : G -> Z be a homomorphism defined by iff(gf) = 1, iff(gj) = 0, if j i , and 
^* + lTor(G) = 0, and let iff (gf) = -1 and (hi) = 0, if j 7 ^ i, and iff | Tor (G) = 0, * = 1,2,..., r. 
Note that iff = -iff, i = 1,2, ...,r. Let A* = |^([1 a])|, * = l,2,...,r. 

Let re+,re[~ € HoniA (IL(A).KQC)) be such that nf |g = iff and Kf = iff, i = 1,2, ...,r. 
Let A^o(i) > 1 (in place of Nf) be required by 17.11 for 6, G, Jo = 1 and J\ = Mi. Dehne 
N(8,G,V,i ) = A r 0 (i), i = l,2,...,r. 

Let re € HomA(lL(A), KfKf)). Then k|g = Xa=i Stiff: where S t = nfgf, i = 1,2, ...,r. 
By applying EU one obtains C/-h-multiplicative contractive completely positive linear maps 
Lf : A M No(i)+K ± ([lji and a homomorphism hf : A —> Mat 0 (*) such that 

+ i h f])\v, * = l,2,...,r. (e7.5) 
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Define L = Yl\= 1 Lf’^ Sl \ where Z,=*=>l' sr *l : A —»• M| 5 .|jv 0 (j) is defined by 


|gj| 

J L ± ’l^l(a) = diag(Lf(o),...,Lf(o)) 

for all a £ A. One checks that L : A —>• M/yp where JVi = ^T =1 l-SilC^ + N(5,G,V,i )) with 
A' = 'i/yQl^]) if S', > 0, or A' = — ^([Ia]) if Si < 0, is a unital (/-^-multiplicative contractive 
completely positive linear map and 


[ L\\v = (« + [/i])|p 

for some homomorphism h : A —» M^. 

□ 

Remark 7.3. Note that in the above proof, h may be written as h- ’ 1 . Let us agree that 
hf’° is zero. Let S' > 1 be a fixe integer. Let us assume that max{|S'j|} < S as a restriction on n. 
Choose new Ni to be Ya=i(N( 8 , G, V, i)±Ai)-S r . Let h 0 = J2o< Si <s YH= l ■ A —> Mj\r 1 Then 
ho is independent of k. Choose = L©^ s .^.| h±’ s \ Then <L : A —>• and [4>]|p = (n+[ho])-p. 

In other words, ho can be chosen before k is given as long as k has the restriction as mentioned 
above (as in O). 

Lemma 7.4. Let A £ T> s be a unital C*-algebra and let V C KfA) be a finite subset. Suppose 
that G C K(A) is the group generated by V, and G\ = G n K\(A) = Z r © Tor(ATi(A)). Let 
T C A, let e > 0, and let A : A^ 1 \ {0} —>• (0,1) be an order preserving map. 

There exist 5 > 0, a finite subset G C A, a finite subset TL C A\ \ {0}, and an integer N > 1 
satisfying the following: Let k £ KK(A © C(T),C) and put 

K = max{|ft(/3(5j))| : 1 < i < r}, (e7.6) 


2—1 


where gi = (0,..., 0,1,0,..., 0) £71. Then for any unital G-d-multiplicative contractive completely 
positive linear map ip : A — >• Mr such that R > N{K + 1) and 


tr o <p(h) > A (h) for all h £ TL, 
there exists a unitary u £ Mr such that 


(e7.7) 


II [<p{f), u\\\ < e for all f £l r and (e7.8) 

Bott(y>, u)\-p = k o j3\-p. (e7.9) 


Proof. To simplify notation, without loss of generality, we may assume that T is a subset of the 
unit ball. Let Ai = (1/8)A and A 2 = (1/16)A. 

Let Eq > 0 and let Go C A be a finite subset satisfy the following: If <p' : A —> B (for any 
unital C*-algebra B) is a unital (/o-£o-nrultiplicative contractive completely positive linear map 
and v! £ B is a unitary such that 

II v'(g)u' - u'<p'{g )|| < 4e 0 for all g £ Go, (e7.10) 

then Bott(y/, u')\-p is well defined. Moreover, if tp' : A —>• B is another unital ^o _s o _lxlll ltiplicati v e 
contractive completely positive linear map, then 

Bott(<^/, u')\-p = Bott(y? // , u")\-p, (e7.11) 


61 



provided that 


|| <p'(g) — 9>"(g)\\ < 4eo and \\u' — u"\\ < Ae$ for all g G Go- (e7.12) 


We may assume that 1 a G Go- Let 

Go = {g ® f ■ 9 € Go} and / = {1 c(T),z,z*}, 

where z is the identity function on the unit circle T. We also assume that if 'I' 7 : A® C(T) — >• C 
for a unital C*-algebra C is a f/Q-eo-niultiplicative contractive completely positive linear map, 
then there exists a unitary v! G C such that 

||V(1 ® z) — u'\\ < 4eo- (e7.13) 


Without loss of generality, we may assume that Qo is in the unital ball of A. Let £\ = 
min{e/64, eo/512} and F\ = F U Go- 

Let Ho C \ {0} (in place of H) be a finite subset and L > 1 be an integer as required by 
14. 191 for £\ (in place of e) and F\ (in place of F) as well as A 2 (in place of A). 

Let H\ C A\ \ {0}, Gi C A (in place of G), Si >0 (in place of 5), V\ C K_{A ) (in place of 
V), H 2 C A s a , and 1 > a > 0 be required by 15.91 for E\ (in place of e), F\ (in place of F) and 
Ai. We may assume that [1 a] G V 2 , H 2 is in the unit ball of A and Ho C Hi. 

Without loss of generality, we may assume that < ei/16, <7 < £i/ 16, and Fi C Gi- Put 
V 2 = H U F\ and H} = Hi U Ho- 

Suppose that A has irreducible representations of rank n,r 2 ,...,r^. Fix an irreducible rep¬ 
resentation 7To : A —y M ri . Let N(p) > 1 (in place of N(V 0 )) and H' 0 C A\ \ {0} (in place of H) 
be a finite subset required bv 14.181 for {1a} (in place of Vo) and (1/16)A. Let H! x = Hi U H' 0 . 

Let Go = G n K 0 (A) and write Go = Z Sl ® Z S2 ® Tor(Go), where Z S2 ® Tor(Go) C kerpA- 
j - 1 


Let Xj = (0,..., 0,1, 0,..., 0) G Z Sl ® Z S2 , j = 1,2,..., S 2 - Note that A® G(T) G V s and A ® G(T) 
has irreducible representations of rank n, r 2 ,r*,. Let 


r = max{|(7r 0 )*o(^)| : 0 < j < si + s 2 }. 

Let V 3 C K(A ® G(T)) be a finite subset set containing V 2 , {P(9j) : 1 < j < r} and a finite 
subset which generates /3(Tor(Gi)). Choose 62 > 0 and finite subset 

G = { 5 ® / : g G C/ 2 , f€{l,z,z*}} 

in A ® G(T), where G 2 C A is a finite subset such that, for any unital ^/-^-multiplicative 
contractive completely positive linear map : A ® G(T) —> G (for any unital G*-algebra G 
with T(G) / 0), [4 >, ]|-p 3 is well defined and 

[ < L / ]lTor(G 0 )©/3(Tor(Gi) = °- (e7.14) 

We may assume f /2 A f/i U Jn. 

Let ai = min{A 2 (h) : h G H}}. Note Kq(A®C{ T)) = K 0 (A)®(3(Ki(A)) and K(A®C(T)) = 
K_{A) ® f}{K_(A)). Consider the subgroup of Aq(A® G(T)) given by 


Z* 1 ffi Z S2 ffi Z r ffi Tor(AT 0 (A) ® /3(Tor(Ad(A)). 


Let S 3 = minj^i,^}. Let N(5 3 ,G,V 3 ,i) and A*, i = 1, 2, + S 2 + r, be required bv 17.21 

for A ® G(T). Choose an integer ni > N(p) such that 


(ElLj S2+r N(5 3l G,P 3 ,i) + 1 + A j)N(p) 

ni — 1 


< min{(r/16, <7 i/2}. 


(e 7.15) 
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Choose n > n\ such that 


—— < min{cr/16, <ti/2, 1/(L + 1)}. (e 7.16) 

n 

Let £2 > 0 and let T 2 C A be a finite subset such that [ l L]|-p 2 is well defined. 

Let £3 = min{£ 2 / 2 , £ 1 } and = T\ U 

Denote by 5^ > 0 (in place of <5), G 3 C A (in place of Q), R 3 C A+ \ {0} (in place of V. 2 ) the 
finite sets as required bv 15.61 for £3 (in place of e), J- 3 L)R[ (in place of J 7 ), 5^/2 (in place of £ 0 ), 
G 2 (in place of Go), A, 'H\ (in place of 77), min{cr/16, ui/ 2 } (in place of a) and n 2 (in place of 
K ) required bv 15.61 (with L 1 = L 2 ). 

Set Q = J 3 U Q\ U Q 2 U G 3 , set <5 = min{£ 3 /16, <^ 4 , < 53 / 16 }, and set G 5 = {g < 8 > / : g £ Gi, f € 

1 , Z * • 

Let R = R[ U 773. Define Nq = (n + l)A(p)(^L| S2+T N{83,Go,'P3,i) + A* + 1) and define 
N = Nq + Nor. Fix any k € I\K(A ® C'(T), C) with 

K = max{|«(^( 5 fj)| : 1 < j < r}. 


Let R > N(K + 1). 

Suppose that p : A —>• Mr is a unital (/-^-multiplicative contractive completely positive 
linear map such that 

tr o tp(h) > A(h) for all h € 77. (e7.17) 

Then, bv 15.61 there exist mutually orthogonal projections eo, ei, e 2 ,e n 2 € M/j such that 

2 

ei, e 2 , e n 2 are equivalent, tr(eo) < min{cr/64, /4} and eo + Ya =1 e * = iM fl ! and there exists 
a unital f/ 2 -<W 2 -multiplicative contractive completely positive linear map ij)Q : A eoM^eo 
and a unital homomorphism ijj : A —>• eiM^ei such that 

n 2 

\\<p(f) ~ (M/)®^(/)>^/):--->'0(/))ll < £3 for all / G J 3 and (e7.18) 

tr o ip(h) > A(h)/3n 2 for all h € 'Hi. (e7.19) 


Let a € HomA (K(A (g> C(T)), K(M r )) be defined as follows: cx\k(A) = Ko] and a\p(K(A)) = 
K \p{K(A))- Let 

max{|K o f3(gi)\ : i = 1, 2,..., r, |7r 0 (xj)l : 1 < 3 < «i + s 2 } < max{77, f}. 

Applying 17.21 we obtain a unital (/-(^-multiplicative contractive completely positive linear 
map 'L : yl<g)C'(T) — > Mjy/, where N[ < Ni = ^L^ 2+r ^( 63 ,Go, 7 * 3 , j) + A*) max{77,f}, and a 
homomorphism Hq : A <S> C Y (T) —> 77o(lA)Af/v'77o(1.4) such that such that 

m V3 = (a + [H 0 ])\ V3 . (e 7.20) 


In particular, since [1a] &V 2 C V 3 , rankT(lA) = r\ + rank(TTo). Note that 


N[ + N{p) ^N x + N{p ) 
R ~ N(K + 1) 


< l/(n + 1). 


(e 7.21) 


Let R\ = rank e .\. Then R\ > 7?/(n + 1). So, from (le 7.211) . one has that R\ > N\ + N(p). In 
other words, R\ — N[ > N(p). Note that 


t o tjj(g) > (1/3)A(g) > A 2 (g) for all g <G H' 0 , 
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where t is the tracial state on M Rl . By applying 14.181 to the case that -kq © Hq (in place ip), ip, 
where ip is an amplification of ip with ip repeated n times, and Vo = {[1a]}, we obtain a unital 
homomorphism ho : A © C'(TT) —> M nRl _ N /. Define ip ' 0 : A ® C(T) —> eoM R eo by ip' 0 {a © /) = 
ipo(a ) • /(1) • eo for all a £ A and / £ C'(T), where 1 € T. Define ip' : A® C(T) —> e\M R e\ by 
ip'{a © f) = ip(a) ■ /(1) • eo for all a £ A and / € C(T). Put E\ = diag(ei, e 2 , e nni ). 

s— -^-v 

Define Li : A —> EiM r Ei by Li(a) = n 0 (a) © i^oU(a) © ^o(° © 1) © (V'(Z), V’(Z)) for 

n(n\ — 1 ) 

/---—s 

a £ A, and dehne L 2 : A —> E\M R E\ by L 2 (a) = 4'(a © 1) © ho(a © 1) © (ip(f),■■■■>' l P(f)) for 
a £ A. Note that 


[ L l\\Vi = i L 2\\ Vi, 

tr o L\(h) > Ai(h), tr o L 2 (h) > Ai(h) for all h £ Hi, and 
|tr o L\(g) — tr o L, 2 (g)\ < cr for all g £ T-L 2 - 

It follows from 15.91 that there exists a unitary w\ £ E\M R E\ such that 

||adu;i o £ 2 ( 0 ) — Li(a)|| < £1 for all a £ T\. 

Dehne E 2 = (ei + e 2 + • • • + e n i) and dehne <£ : A —>• E 2 M 11 E 2 by 

n 2 

, - A , 

= di&g(ip(a),ip(a), ...,ip(a)) for all a £ A. 


Then 


tr o 4>(h) > A 2 (h) for all h £ T~Lq. 


(e 7.22) 
(e 7.23) 
(e 7.24) 


(e 7.25) 


(e 7.26) 


(e 7.27) 


By (Ic 7.161) . one has that > L + 1. By applying 14.191 we obtain a unitary W 2 £ E 2 M r E 2 
and a unital homomorphism H\ : A —> (E 2 — Ei)M r {E 2 — E\) such that 


||adtC 2 o diag(Li(a), Hi (a)) — <$(a)|| < E\ for all a£j r i. (e7.28) 


Put 


w = (e 0 © W\ © (E 2 - Ei)){eo © w 2 ) € Mr. 

Dehne H[ : A® C(T) -> (E 2 - E l )M R {E 2 - E x ) by H[(a®f) = Hi(a) • /(l) • (£2 - £ 1 ) for all 
a £ A and / £ C(T). Dehne Ti : A —>• Mr by 


721 — 1 

*i(/) = ^o(/) © *(/) © ho © V(/), ^,/(/)) © #}(/) for all feA®C(T). (e7.29) 


It follows from (le 7.251) . (|e 7.281) and (le 7.181) that 


||(^(a) — u;* v I'i(a © l)rc|| < £1 + £1 + £3 for all a £ J 7 . (e7.30) 

Now pick a unitary v £ Mr such that 

||^i(l © 2 ) — u|| < 4 £i. (e7.31) 

Put u = w*vw. Then, we estimate that 

||[</?(a), it]|| <min{£,£o) for all a € F\. (e7.32) 

Moreover, by (|e 7.251) . (le 7.20p and (Ic 7.111) . one has 

Bott(<£>, u)\ R = k o (3\-p. (e7.33) 

□ 
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8 A Uniqueness Theorem for C*-algebras in T> s 

The main goal of this section is to prove Theorem 18.41 

Definition 8.1. Let A be a unital (7*-algebra and let C € C, where C = C(F\, F 2 , <po, Ti) is 
as in 13.11 Suppose that L : A — > C is a contractive completely positive linear map. Define 
L e = 7r e o L. Then L e : A —>• F\ is a contractive completely positive linear map such that 

ipo o L e = ttq o L and ip\ o L e = 7Ti o L. (e8.1) 

Moreover, if 5 > 0 and Q C A and L is (/-^-multiplicative, then L e is also (/-^-multiplicative. 

Lemma 8.2. Let A be a unital C*-algebra and let C € C, where C = C(F\, F 2 , <po, <pi) is as in 
nm Let Li, L 2 : A —>• C be two unital completely positive linear maps, let e > 0 and let F C A 
be a subset. Suppose that there are unitaries wq € ttq (C) C F 2 and w\ € tt\ (C) C F 2 such that 


11vro 0 Li(a)wo — 7To o T> 2 (o.)|| <e and (e8.2) 

||«;*7ri 0 Li{a)w\ — 7Ti ° L 2 (a) || < £ for all a € F. (e8.3) 

Then there exists a unitary u € F\ such that 

\\ipo(u)*Tr 0 o Li(a)ip 0 (u) - n 0 o L 2 (a)\\ < e, and (e8.4) 

\\ipi(u)*iTi o Li(a)ipi(u) — 7Ti o L 2 (a)|| < £ for all a G F. (e8.5) 


Proof. Write Fi = M ni © M n2 © • • • © M nk and F 2 = M ri © M r2 © ■ • • © M n . We may assume 
that, kerc£>o H kert/q = {0}. ISee 13.11 1 

We may assume that there are k( 0) and k( 1) such that <fo\M ni is injective, i = 1, 2,..., k(0) 
with k( 0) < k, <pq\M n = 0 if * > k( 0), and tp\\M n . is injective, i = k(l),k(l) + 1 ,...,k with 

k( 1) < k, >p\ \m th = 0, if i < k( 1). Write F lfi = M nj and F 1}1 = M^.. Note 

that k(l) < k( 0) + 1, and ^iId.i are injective. Note ^o(U,o) = ¥>o(A) = Td (C) and 

<Pi(Fi,i) = <Pi(Fi) = tti(C')- Let V>o = (¥>o|fi, 0 ) _1 and U = (^iId,i) _ 1 - 
For each fixed a € A, since Lj(a) £ C (i = 0,1), there are elements 


9a,i ~ 9a,i, 1 © 9a,i ,2 © ‘ ‘ ‘ © 9a,i,k{ 0 ) © ‘ ‘ ‘ © 9a,i,k £ F±, 

such that (po(g a ,i) = vr 0 oLj(o) and <pi(g a ,i) = M o£j(a), * = 1,2, where g a ,i,j € M nj ., j = 1, 2,..., A: 
and i = 1, 2. Note that such <? aj j is unique since kery?oHker</q = {0}. Since wq € 7To(C) = To(Fi), 
there is a unitary 

U 0 = Uo,l © « 0,2 © • • ’ © Uo,k( 0 ) © • • • © UQ,k 

such that ¥?o(^o) = u>o- Note that the first k( 0) components of uq is uniquely determined by wq 
(since <p o is injective on this part) and the components after &(0)’th component can be chosen 
arbitrarily (since <p o = 0 on this part). Similarly there exists 


U\ = Mg 1 © Ul,2 © ■ ■ ■ © «l,fc(l) © ■ ■ ■ © Ul,fc 

such that ip\{u\) = w± 

Now bv le8.2l and le8.3l we have 

\\To(uo)*To{9a,i)Fo(uo) - Vo(g a , 2 )|| <£ and (e8.6) 

\\tpi(ui)*<pi(g a ,i)vi(ui) - <pi{g a ,2))\\ < e for all a £ F. (e8.7) 
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Since <po is injective on F[ for i < k( 0) and ip\ is injective on F[ for i > k( 0) (note that we 
use k{ 1) < k{ 0) + 1), we have 


\\(u 0 ! i)*(g a ,i,i)u 0t i - (g a , 2 ,i)\\ < e for all i < k(0), and (e8.8) 

\\{ui,i)*{g a ,i,i)ui,i - (g a , 2 , i) II < e for all i > k( 0), for all a G F. (e8.9) 

Let u = tto,i © ■ • • © u 0j fc(o) © ^i,fc(o)+i © • • • © u\ t k G Fj- -that is, for the hrst k( 0)’s components 
of u, we use no’s corresponding components, and for the last k — k( 0) components of u, we use 
ni’s. From fe~878l and le~8.81 we have 

\\u*g a ,\u — (? a , 2 1| < £ for all a G F. 

Apply and ip\ to the above inequality, we get Ie8.4l and le 8.51 as desired. □ 

Lemma 8.3. Let A be a unital C*-algebra and let C G C, where C = C{F\, F 2 , tpo, tpi) is as 
in 13.11 Suppose F,'L : A —>• C are two Q-5-multiplicative contractive completely positive linear 
maps for some 1 > 6 > 0 and a subset Q C A. Suppose that g G U(A), 1/2 > 7 > 0 and there is 
v G CU(C) such that 


II (L{g*))(^(g)) ~ u|| < 7 - (e 8 . 10 ) 

Then, there is v e G CU(Fi) such that 

|| (L e (g*))(^ e (g)} - v e || < 7 , TT 0 (v e ) = v and <pi(v e ) = n\{v). (e8.11) 

Proof. The element v e = 7r e (u) satisfy the condition of the lemma. □ 

Theorem 8.4. Let A G T> s be a unital C*-algebra with finitely generated Ki(A) (i = 0,1 /. Let 
F C A, let e > 0 be a positive number and let A : 7b / 1 \ {0} —>• (0,1) be an order preserving map. 
There exists a finite subset TL\ C A+ \ {0}, 71 > 0, 72 > 0, 5 > 0, a finite subset Q C A and 
a finite subset V C KfA), a finite subset TI 2 C A, a finite subset U C J C {K\(A )) (see 12.151) for 
which [U] C V, and N G N satisfying the following: For any unital Q-5-multiplicative contractive 


completely positive linear maps : A —>• C for some C G C such that 

YpWv = W\\p, (e8.12) 

r(ip(a)) > A (a), r(^(a)) > A (a), for all r G T(C) a G "Hi, (e8.13) 

| r o (p(a) —to if (a) \ < 71 for all a G TL 2 , (e 8.14) 

and 

dist((/?^(u), ip^(u)) <72 for all u€U, (e8.15) 

there exists a unitary W G C <8> Mn such that 

II W(<p(f) © 1 m n )W* - (if{f) © 1 Mn )\\ < e, for all /GJ. (e8.16) 


Proof. Since K*(A) is finitely generated, there is no such that k G HomA(iL(A),iL(C)) is deter¬ 
mined by its restriction to K(A,Z/nZ), n = 0,...,no. Set N = no!. Let Ai be defined in 16.61 for 
the given A. 

Let TL\ C A .|_ \ {0} (in place of "Hi) for e/32 (in place of e) and F required by 16.71 
Let (5i > 0 (in place of 5), Q\ C A (in place of Q ) be a finite subset and let Vq C KfA) (in 
place of V) be a finite subset required bv 16.71 for e/32 (in place of e), F and Ai. We may assume 
that <5i < e/32 and (25i,Qi) is a KK -pair (see the end of I2.12|) . 
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Moreover, we may assume that <5i is sufficiently small that if \\uv — vu\\ < 3<5i, then the Exel 
formula 

r(botti(u, v)) = ^^= (r(log (u*vuv*)) 

holds for any pair of unitaries u and v in any unital C*-algebra C with tracial rank zero and 
any r £ T(C ) (see Theorem 3.6 of [65]). Moreover if ||ui — U 2 II < 3<5i, then 

botti(u, ui) = botti(u, U 2 ). 

Let g\ , (j 2 - ■ ■■-9k(A) € ( m(A ) > 1 is an integer) be a finite subset such that 

{91,92,-,gk(A)} C J c (Ki(A )) and such that {[ 51 ], [ 52 ],-, bfc(A)]} forms a set of generators for 
K\(A). Let U = {gi,g 2 , ■■■,gk(A)} C J C {K\{A)) be a finite subset. 

Let Uq C A be a finite subset such that 


{51)52, ■••,5fc(A)} Q {( a i,j) '■ a i,j €^/o}. 

Let 5 U = min{l/256m(^4) 2 ,5i/16m(^4) 2 }, C? u = J 7 U G\ UTfo and let "P u = Vo- 
Let 62 > 0 (in place of 5), Q 2 C (in place of £/), H ' 2 C ^4+ \ {0} (in place of H), Ni > 1 (in 
place of N) be the finite subsets and the constants as required by 17.41 for the data S u (in place 
of e), Q u (in place of V), V u (in place of V) and A and with gj (in place of gj ), j = 1, 2,..., k(A) 
(with k(A) = r). 

Let d = min{A(/i) : h £ H 2 }. Let £3 > 0 and let 53 C 48 C'(T) be finite subset satisfying 
the following: For any ^-^-multiplicative contractive completely positive linear map L' : A® 
C(T) —> C' (for any unital C*-algebra C' with T(C') / 0), 

\ T ([ L \(P( 9 j))\ < d/ 8 , j = 1 , 2 , ...,k(A). (e8.17) 

Without loss of generality, we may assume that 

03 = {g® z : g € G ' 3 and z £ {1 ,z,z*}} : 

where G 3 C A is a hnite subset (by choosing a smaller 5 3 and large G 3 ). 

Let e’l = mm{d/27m(A) 2 ,5 u /2,d2/2m(A) 2 ,S 3 /2m(A) 2 } and let £1 > 0 (in place of (5) and 
Qi C A (in place of Q) be a hnite subset as required bv 16.41 for e" (in place of e) and Q u U Q' 3 . 
Put £1 = minje^, e", £ 1 }. Let £5 = Q u U G 3 U Q 4 . 

Let H ! 3 C A\ \ {0} (in place of "Hi), 64 > 0 (in place of 5), Go C A (in place of Q), H' A C M s . a . 
(in place of H 2 ), V\ C K_(A ) (in place of V) and <74 > 0 (in place of 172 ) be the Hnite subsets 
and constants as required by Theorem 15.91 with respect to £i/ 4 (in place e) and C /5 (in place of 
F) and A. 

Choose N 2 > N\ such that ( k(A ) + 1) /N 2 < d/ 8 . Choose H ' 5 C A\ \ {0} and 85 > 0 and a 
Hnite subset 07 C A such that, for any M m and unital C/y^-multiplicative contractive completely 
positive linear map L' : A -A M mi if tr o L'(h ) > 0 for all h £ H' 5 , then m > N 2 (( 8 /d ) + 1). 
Put 5 = min{£i/16, 54/Am(A) 2 ,5$/Am(A) 2 }, Q = C / 5 u Go U G 7 , and V = V u U V \. Put 

Hi = H'i U H ' 2 U H ' 3 U U '4 U H ' 5 

and let H 2 = H\. Let 71 = <74 and let 0 < 72 < min{d/16m(j4) 2 , 5 u /9m(A) 2 , l/256m(j4) 2 }. 

Now suppose that C € C and : A C are two unital C/-<5-multiplicative contractive 
completely positive linear maps satisfying the condition of the theorem for the given A, H 1 , 5 , 
G, V, H 2 , 71 , 72 and U. 

Let 

0 = to < <■■■< t n = 1 
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be a partition of [0,1] so that 

IK ° ip(g) - 7 t# o ip(g )|| < ex/16 and ||7T £ o if(g) - n t > o if(g )|| < ei/16 (e8.18) 

for all g G 6, provided t,t' G i = 1 , 2 , 

We write C = A(F ll F 2l h 0 , hi), Fi = M mi © M m2 0 • • • 0 M mjr(1) and F 2 = M ni 0 M n2 0 
■ ■ ■ 0 M„ F{2) . By the choice of "Hg, one has that 

rij > N 2 ( 8 /d + 1) and m s > N 2 ( 8 /d + 1), 1 < j < F(2), 1 < s < F(l). (e8.19) 

Applying Theorem 15.91 one obtains a unitary Wi € F 2 , if 0 < i < n, wq G ho(Fi), if i = 0, and 
wi € hi(Fi), if i = 1, such that 


° v(a) w *i ~ TTti ° ^( 9)11 < ei/16 for all 5 G £ 5 - (e 8 . 20 ) 

It follows from 18.2l that we may assume that there is a unitary w e G T\ such that ho(w e ) = icq 
and hi(w e ) = w n . 

By (|e 8.15p . there is a unitary 07 G M m ^(C) such that ojj G CU(M m ^(C)) and 

-Wj|| < 72 , j = 1,2, ...,k(A). (e8.21) 

(note that we now have Wi as well as Wi in the proof.) Write 


e(i) 

Wj = JJexp(v^Ta^) 
1=1 


for some selfadjoint element a® G M m ^(C), l = 1, 2,..., e(j), j = 1,2,..., fc(A). Write 


(Z) , (Z,l) (Z,2) (J,n F ( 2 )). , / \ 

y = (a) ) and uj = (u jtl , u jj 2 ,Vj,F( 2 )) 

= I 

1,2, ...,F(2). Then 


in C([0,1],F 2 ) = C([0, l],M m ) 0 ••• 0 C([0,1], M nF(2) ), where = exp(\f^laf s ' > ), s = 


e ^ n s (t s ®Tr m ^)(af s \t)) t€[0jl]j 


1=1 


2 vr 


where t s is the normalized trace on M Us , s = 1, 2,..., F(2). In particular, 


e(j) e(j) 

^n s (i®Tr m(i ))(a|’ s) (i)) = ®Tr m(A) )(a|’ s) (/)) for all f,f" G [0,1]. (e8.22) 

Z=1 Z=1 

Let Wi = Wi 0 idM m(A) , * = 0,1, and W e = w e 0 id Mm(A)(jPl ). Then 

II n((<P ® idM m(A) )(9l)))W / 'i(7Ti((^ 0 idM m(A) ) (gj )))W* - Wj(ti)|| (e8.23) 

< 3m(A) 2 ei + 272 < 1/32. (e 8.24) 

We also have (with ip e = 77 , o y?) 

II ifPe 0 idM m(A) )(9j))W e ((v3 e 0 idM m(A) )(#)»W e * - 7T e (wj)|| < 3m(A) 2 £i + 2 72 < 1/32. (e8.25) 

It follows from (le 8.23|) that there exists selfadjoint elements bij G M m ^(F 2 ) such that 
exp( v / ^T bij) = UjftiYfafy 0 id Mm(A) )(g*)))Wi(TTi((ip 0 id M m{A) )(gj)))W *, (e8.26) 
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and b e j € (T\) such that 


exr 


p(V^l bej) = TT e (u j )%ir e (w®\&M m , A) )(g])))W e {iT e ((y®\dM m{A) ){gj)))WZ, (e8.27) 


and 


Write 


||6ij|| < 2 arcsin(3m(^4) 2 £i/4 + 272), j = 1,2,..., k(A), i = 0,1,..., n, e. (e 8.28) 


hi = 6 “d = (<£DB.C’”) 6 F,. 


J v e,j’ e, j > ‘ ‘ ‘ 5 e,j 


We have that 


ho{b e .j) = b 0 ,j and hi(b e j) = b n j. 


(e 8.29) 


Note that 


(^((<^<8) idM ra(A) (ffj))))W' i (7r i ((^® idM m(A) )(5j)))W7 = vr i (w i )exp(V^l6*j), (e8.30) 

j = 1, 2,..., fc(A) and i = 0,1,..., n, e. 

Then, 

J(i s ®Tr Mm(A) )(feg)GZ, (e 8.31) 

where t s is the normalized trace on M na , s = 1,2, ...,F(2), j = 1,2, ...,k(A), and i = 0,1, ...,n. 
We also have 

^(t s ®Tr Mm(A) )(b^)eZ, (e 8.32) 

where i s is the normalized trace on M ms , s = 1, 2,..., F(l), j = 1, 2,..., &(Al). Put 

where is the normalized trace on M na , s = 1, 2, ...,n, j = 1, 2,..., A:(^4) and i = 0,1,2, ...,n. 
Put 

where t s is the normalized trace on M ms , s = 1,2,...,F(1) and j = 1, 2,..., k(A). Denote 



,...,Ag ( 2 ) )GZ F ( 2 ), and A e)j = (AW,Ag,.-,A2 ( 1 ) )GZ F «. 


We have, bv (|e8.28p. 

a( s ) 

1—^-1 < d/4, s = 1, 2,..., F(2), and 

n s 

(e 8.33) 


A 0 ) 

1-^1 < d/4, s = 1,2,...,F(1), 

m s 

(e 8.34) 

j = 1,2,..., k(A), i = 0,1,2,..., n. 

Define c ^- 0,1 : K\(A) —> by mapping {g 3 \ to A ij, j = 1,2,..., fc(^4), i = 0,1, 2,..., n, and 

define ae 0,1 ^ : K\(A) —>• ^ by mapping [t^] to A e j, j = 1, 2,..., fc(A). We write Kq(A® C'(T)) = 
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Kq(A ) © /3(Ki(A))) (see 12.131 for the definition of (3). Define a* : K*(A® C(T)) —> K-^F-i) as 


follows: On Kq(A © C(T)), define 

®i\K 0 (A) = N ° v\\k 0 {A), a«l/3(A'i(A)) = ° P\kj_(A) = (e8.35) 

and on K\{A © C'(T)), define 

“ikdA^CCT)) = 0, i = 0,1,2, (e 8.36) 

Also define a e € Horn (K*(A © C'(T)), iL*(Fi)), by 

«e|A: 0 (A) = Ke ° <P]|_jr 0 (A)j «e|/3(A' 1 (A)) = °/3 |aTi(A) = (e8.37) 

on K 0 (A® C(T)) and (a e )|x 1 (Aig)C(T)) = 0. Note that 

(ho)* o a e = «o and (hi)* ° a e = a n . (e8.38) 


Since A©C(T) satisfies the UCT, the map a e can be lifted to an element of KK(A® C(T), F\) 
which is still denoted by a e . Then define 


ao = a e x [ho] and a n = a e x [hi] (e8.39) 

in I\K(A © C'(T),i ? 2 ). For i = 1 — 1, also pick a lifting of in KK(A © C'(T), F 2 ), and 

still denote it by a%. We estimate that 

\\(w*w i+ 1 )TT ti o ip(g) - 7 t u o ip(g)(w*w i+ 1)|| < £i /4 for all g € £5, 

z = 0, — 1. Let A^j+i : C(T) ® 4 A F 2 be a unital contractive completely positive 

linear map given by the pair w*Wi+i and Tr ti o ip (by 16.41 see 2.8 of [66]). Denote V tJ = 
(vr ti o (^©id Mm{A) {9j)), 3 = 1,2 ,...,k(A) and i = 0 , l,2,...,n - 1 . 

Write 


Fij — (Vi,j,h Vi,j, 2 i ■■■1 F)j,f( 2 )) £ F 2 , j — 1, 2 ,..., k(A), i — 0,1, 2 , ..., n. 
Similarly, write 


We have 


Wi — (Wi,i, Wi t 2 , ■■■, H 7 ?;.f( 2 )) ^ F 2 , i = 0 , 1 , 2 ,..., n. 

- in < vie 

- 1 || < 1/16 


(e 8.40) 
(e 8.41) 


and there is a continuous path Z(t) of unitaries such that Z( 0) = and Z( 1) = Vi+ij. Since 

ll^j - V i+ ij\\ < 6i/12, j = 1, 2,..., k(A), 
we may assume that \\Z(t) — Z(l)|| < <5i/6 for all t € [0,1]. We also write 
Z(t) = (Zi{t),Z 2 {t),...,Z F{ 2 )(t)) € F 2 and te [0,1]. 

We obtain a continuous path 


w l vFw;v hJ z{tyw i+1 z{t)w l 


i+1 
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which is in CU(M nm (^) for all t € [0,1] and 

\\WiKjWtVijZ(t)*W i+ iZ(t)Wt hl - 1|| < 1/8 for all t € [0,1]. 

It follows that 

(l/2W^(t s ®T*M mW )Pog^ 

is a constant integer, where t s is the normalized trace on M na . In particular, 


(1/2vt\^T )(t s 0 ^M m(A) )(log(Wi iS Vr j - s W^ a W i+llS F ij> Wr+i iS )) 


(e 8.42) 


= (l/2vrv^I )(t s 0 Tr Mm(A) )(logM-43) 


One also has 

Wi*y* (e 8.44) 

= (uj(ti) exp(V^lbij))*Uj(ti) exp(^/ r ^lb i+1:j ) (e8.45) 

= ex.p(-V^lbij)LUj(ti)*Uj(t i+1 )eyLp{\/^lbi +1 j). (e8.46) 

Note that, by (le 8.2ip and (|e 8.181) . for t € [U,ti + 1 ], 

||Wj(ti)*Wj(t) - 1|| < 3(3e' 1 + 2 72 ) < 3/32, (e8.47) 

J = 1,2,..., fc(.A), i = 0,1,..., n — 1. 

By Lemma 3.5 of m , 

(is 0 Tr m ( j4 ))(log(o; J - >s (i i )*a;j j3 (i i+ i))) = 0. (e8.48) 

It follows that (by the Exel formula (see [43]), using (le 8.431) . (Ic 8.461) and (le 8.481) 1 

(t 0 Tr m( A))(botti(V)j, W*Wi + \)) (e 8.49) 

= (^=)(i 0 TV m(A) )(log(FL^W i+1 F i , j W i * + iW- i )) (e8.50) 

= (^=)(i 0 IV mW )(log(WiV;*-W?Wi +1 y iJ W'4i)) (e8.51) 

= (^^)(i0TV m(A) )(log(I^^^ (e 8.52) 

= (^^=)(^ ® Tr ’m(A))(log( ex p(- v/r T&ij)wj(ii)*w :) (tj + i)exp(v /r 16i+ij)) (e 8.53) 

= (^^=)[(^ ® Tr fc(n))(-\ /r l^j) + (t® Trfc(n))(log(wj(ti)*Wj(ti+i)) (e8.54) 

+(i 0 Tr fc(n ))(\/^l6ij)] (e 8.55) 

= Tr fe(n))(-^j + &i+ij) (e 8.56) 

for all t € T(i ? 2 ). In other words, 

botti(V)j, W*W i+ i)) = -Ajj + Aj+ij (e 8.57) 

j = 1, 2,..., m(A), i = 0,1,..., n — 1. 

Consider ao,...,a n € KK(A 0 C'(T), _F 2 ) and a e € KK(A 0 C'(T), Li). Note that 


l^ijl ) 
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and by (le 8.33p . one has 


m s ,rij > N 2 {8/d + 1). 

Applving l7.4l fusing (Ic 8.341) . among other items), there are unitaries z,; € F 2 , i = 1, 2,n—1, 
and z e € F\ such that 


|| [Zi, 7 T ti O ip(g)\ || < 5 U for all g e G u (e8.58) 

Bott(zj,7r fi o (p) = oti and Bott(z e! 7r e o ip) = a e . (e8.59) 

Put 

z 0 = ho(z e ) and z n = hi(z e ). 

One verifies (by ()e8.39p ) that 

Bott(z 0 ,7r to o ip) = a 0 and Bott(z n , n tn o 99) = a n . (e8.60) 

Let U it i +1 = Zi{wi)*w i+ i{zi + 1 )*, i = 0,1,2, ...,n - 1. Then 

\\\Ui,i+ii^U o ¥>(9)]|| < min{5i,J 2 }, g G G u , * = 0,1,2, ...,n - 1. (e8.61) 

Moreover, for i = 0,1, 2,..., n — 1, 

botti(C/ i)i+ i,7r ti o </?) = botti(zj, 7r ti o 99)) + botti((w*w i+ i,ir ti o ip)) 

+botti((z* +1 , tt u oip) 

= (A i,j) + (—A ij + Aj+ij) + (—Aj+ij) 

= 0 . 


Note that for any x € ©* =0 i ®fcli K*(A ® C( T),Z/fcZ), one has Nx = 0. 
Therefore 


Bott((C/ iji+ i, f/i,i+i), (7r ti o 9?, ...,7r ti o 99))^ = iVBott(C7 iji+ i,7r tj o <p)|?> = 0, (e8.62) 


N N 

i = 0,1, 2,..., n — 1. Note that, by the assumption (|c8.13p . 

t s o 7Tf o 99(h) > A(h) for all h € 'H / 1 , 


(e 8.63) 


where is the normalized trace on M ns , 1 < s < F(2). 

By applying 16.71 using (le 8.631) , (|e 8.611) and (le 8.62p , there exists a continuous path of uni¬ 
taries, {Ui t i + \(t) : t € [ti,ti+i]} C F 2 (g> Mjv(C) such that 

Ui,i+i(ti) = id F2 ^ Mjv(c) , Ui, i+ i(t i+ i) = (zi,w*w i+1 z* +1 ) ® l Mjv (C)> (e8.64) 

and 


°<p(f),-,nu ° <p(f))Ui,i+i(t)* - (7r t . otp(f),...,ir u o(p(f))\\ < e/32 (e8.65) 


N 


AT 


for all / G J 7 and for all t € [L, L+i]. Define W G (7 <g) M^v by 
VL(t) = (u)jZ* <g> Imjv)^*,^!^) for a11 1 G 
i = 0,1,..., n — 1. Note that W (L) = W{Z* ® Im n , * = 0,1,..., n. Note also that 


(e 8.66) 


W (0) = <8 > Imjv = h 0 (w e z*) <g> l Mjv 
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and 


W( 1) = w n z* <8 Imjv = h\(w e z* e ) <8 1 m n - 


So W € C <8 Mjv- One then checks that, by (|c 8.181) . ()e 8.651) , ()e 8.58p and (Ic 8.20p . 


II W{t)({TT t O ip)(f) <8 1 M N )W{t)* - (vr f O ® lfcfjl (e8.67) 

< ||IT(t)(K O p)(/) (8 - IH(f)((vr ti o <^)(/) (8 lM^)W*(t)|| (e8.68) 

+ II^(*)K o <p)(f)W(t)* - W(U)(tt u o ^)(/)W(t i )*|| (e8.69) 

+ l|W(ti)((nti o y>)(/) <8 lM N )W(ti)* - (wi(ir ti o <p){f)w*) (8 ImJI (e8.70) 
+ IK(^i ° <p)(f)u>i ~ k u o ip(f )|| (e8.71) 

+ lkti ° ^(/) - no <^(/)|| (e8.72) 

< ei/16 + e/32 + + ei/16 + ei/16 < e (e8.73) 

for all / € J 7 and for t € [ij, ii+i]. □ 


Remark 8.5. With a minor modification, the proof also works without assuming that K*(A) is 
finitely generated. In Theorem 18.41 the multiplicity N only depends on K_(A ) as K(A) is finitely 
generated. However, if K*{A) is not finitely generated, it also depends on T and e. Moreover, 
if K*(A) is torsion free, or if K\(C) = 0, then the multiplicity N can be chosen to be 1. 

Corollary 8.6. Theorem \8-4\ holds if A is replaced by M m (A) for any integer m > 1. 

9 C*-algebras in B\ 

Definition 9.1. Let A be a unital infinite dimensional simple C*-algebra. We say A 6 if 
the following hold: Let e > 0, let a € A + \ {0} and let F C A be a finite subset. There exists a 
nonzero projection p € A and a C*-subalgebra C € C with 1 c = P such that 

\\xp — px\\ < e for all x € IF, (e9.1) 

dist (pxp,C) < £ for all x € T and (e9.2) 

l-p<a. (e 9.3) 

In the above, if C can always be chosen in Co, that is, Kq(C) = {0}, then we say that A € £>o- 

Definition 9.2. Let A be a unital simple C*-algebra. We say A has the generalized tracial rank 
at most one, if the following hold: 

Let £ > 0, let a £ A + \ {0} and let T C A be a finite subset. There exists a nonzero 
projection p € A and a C* -subalgebra C which is a subhomogeneous C*-algebra with one 
dimensional spectrum, or C is finite dimensional C*-algebra with 1 c —P such that 

\\xp — px\\ <£ for all xGJ 7 , (e9.4) 

dist (pxp,C) < £ for all x € T and (e9.5) 

1 ~P<a. (e 9.6) 

In this case, we write gTR(A) < 1. 

Remark 9.3. It follows from 13. 2 H that gTR(A) < 1 if and only if A € B\. 

Let T> be a class of unital C* -algebras. 
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Definition 9.4. Let A be a unital simple CT-algebra. We say A is tracially approximately in 
D, denoted by A £ TAD, if the following hold: 

For any e > 0, any a € A_|_\{0} and any finite subset Jci, there exist a nonzero projection 
p € A and a C *-subalgebra C € D with 1 c = P such that 

||xp — px\\ <e for all x € T, (e9.7) 

dist (pxp,C) < £ for all x € F, and (e9.8) 

l-p<a. (e 9.9) 

(see Definition 2.2 of [30]). Note that Bo = TACo and B\ = TAC. If in the above definition, only 
(1c 9.71) and (le 9.81) hold, then we say A has the property (Dp). 

The following proposition was first appear in an unpublished paper of the second named 
author distributed in 1998. 


Proposition 9.5. Let A be a unital simple C*-algebra which has the property (Dp). Then, for 
any e > 0 and any finite subset F C A, there exists a projection p € A and a C*-subalgebra 
C £ D with 1 c = P such that 

|| [x, p] || < £ for all f € F, (e9.10) 

dist (pxp,C)<£, and , (e9.11) 

\\pxp\\ > ||a;|| — £ for all x € F. (e9.12) 


Proof. Fix £ > 0 and a finite subset T C A. It is clear that, without loss of generality, we may 
assume that x € A + and ||x|| = 1 for all x € T. Let / € C(([0,1])+ be such that f(t) = 0 if 
t € [0,1 — e/2], f(t) = 1 if t G [1 — e/4,1] and f(t ) is linear in (1 — e/2,1 — e/4). For each such 
x € T, there exist yi(x),y 2 (x), ■■■,yk(x),x £ A such that 


k{x) 

5 ~^yi{ x Y f(x)yi{x) = i A - 

i=l 


Put 


cr{x) = 


1 


and a = min{<r(x) : x € J 7 }. 


k(x){ max{l, ||yi(x)|| 2 } 

Choose 5 > 0 and a large finite subset F\ D T such that, for any projection q, 


(e 9.13) 


|qy — yq || < 5 for all y G T\ 


(e 9.14) 


implies that, for all x € T, 

k(x) 

\\^m(x)*qf(x)qyi{x)q-q\\ < cr/16 and \\f(qxq) - qf(x)q\\ < a/16. (e9.15) 

i= 1 

Now, since A has property (Lp), there is a projection p € A and a C *-subalgebra C € D with 
1 c = P such that 

\\py — yp\\ <min{e/2,d} and dist (pyp,C)<£ for all y € T\. (e9.16) 

Therefore, by the choice of 5 and 

k(x) 

\\'^2pyi(x)pf(x)py i (x)p\\ > 1 - cr/16 and 
i= 1 

|| f(pxp) —pf(x)p\\ < a/16 for all x € T. 
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(e 9.17) 
(e 9.18) 







Therefore 


\\pf( x )p\\ > 15(t/ 16 for all x G JL 

It follows that 


Therefore 


||/(P*P)|| > 14ct/16. 

||pxp|| > 1 — e for all x G P. 


(e 9.19) 


(e 9.20) 


□ 


Theorem 9.6. Let A be a unital separable simple C*-algebra in B\ (or in Bo). Then either A 
is an inductive limit of unital C*-algebras A n G C (or A n G Cq) with A = (J^i A n , or A has 
the property (SP). 

Proof. This follows from Definition 19.11 immediately. Let Pi, Pi ,..., P n , ■■■ be a sequence of 
increasing finite subsets of the unit ball of A whose union is dense in the unit ball. If A does 
not have property (SP), then there is a non-zero positive element a G A such that aAa ^ A and 
aAa has no non-zero projection. Then, for each n > 1, there is a projection L 4 — p n a and a 
C* -subalgebra C n G C (or Co) such that 1 c n = Pn and 

\\p n x — xp n \\ < l/2 n and dist {p n xp n ,C n ) < l/2 n for all x G P n . (e9.21) 

Since aAa does not have any non-zero projection, one has 1 a~ Pn = 0. In other words, 1,4 = p n 
and 


dist(x,C' n ) < l/2 n for all x G P n , n = 1,2,.... (e9.22) 

It follows that U“ 1 Cn = A. Since each C*-algebra C n is semiprojective fsee l3.ll also Theorem 
6.22 of [21] ). A is in fact an inductive limit of C**-algebras in Co (or Co). □ 

Theorem 9.7. Let A G B\. Then A has stable rank one. 

Proof. This follows from (13.311 and 4.3 of [30] (or a similar result in [33])- □ 

Lemma 9.8. Let V be a family of unital separable C*-algebras which are residually finite 
dimensional. Any unital separable simple C*-algebra with property Lp can be embedded in 
M r ( n )/ 0 M r ( n ) for some sequence of integers {r(n)}. 

Proof. Let A be a unital separable simple C*-algebra with property (Lx>). Let Li C Tj C ■ ■ ■ C 
Pi C ■ ■ ■ be an increasing sequence of finite subsets of A with the union being dense in A. Since 
A has property (L-p), for each n, there is a projection p n £ A and C n C A with 1 c n = p n and 
C n G V such that 

II Pnf ~ fPn\\ < l/2 n+2 , WpnfPnW > \\f\\ - l/2 n+2 and p n fPn €i/ 2 n +2 C n for all / € Pfe 9.23) 

For each a € P n , there exists c(a) G C n such that \\p n ap n — c(a)|| < l/2 n+1 . There are unital 
homomorphisms ir' n : C n —>• B n , where B n is a finite dimensional C*-subalgebra such that 

|| 7 r^(c(a))|| = ||c(a))|| > ||a|| — l/2 n+1 for all G P n , n = 1,2,.... (e9.24) 

There is an integer r(n) > 1 such that B n is unitally embedded into M r / n y Denote by ir n : C n —>• 
the composition of n' n and the embedding. Note C n C p n Ap n . Then there is contractive 
completely positive linear map <&' n : p n Ap n —>• such that 

K\c n =*n. (e 9.25) 
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Define <h n : A —>• M r / n ^ by <fr n (a) = < ^ l n (Pn a Pn) for all a G A It is a unital contractive completely 
positive linear map. Moreover, 


II $n{p n ap n ) ~ ^n(c(a))|| < l/2 n+1 for all a G P n , (e9.26) 

n = 1,2,oo. Combining with (le 9.23|) . we obtain that 

\\$n(f )|| > ||/||-1/2” for all /£j n , n = l,2,.... (e9.27) 

Dehne $ : A —>• n^=i M r ( n ) by 3>(a) = { 71 ^ o <f> n (a)} for all a € A. Let 

OO OO OO 

n : M r[n) -> JJ M r(n) / © Af r(n) 

n=l n= 1 7i— 1 

be the quotient map. Put 'L = Llo<l>. One easily checks that is in fact a unital homomorphism. 
Moreover, by (je 9.24p . 'L is not zero. Since A is simple, it is a unital monomorphism. □ 

Lemma 9.9. Let T> be the family of unital separable residually finite dimensional C*-algebras 
and let A be a unital simple separable C*-algebra which has property (Lx>) and property (SP). 
Then A satisfies the following Popa condition: Let e > 0 and let F C A be a finite subset. There 
exists a finite dimensional C*-subalgebra F C A with P = Ip such that 

||[P, x]|| < e, PxP e £ F and ||PxP|| > ||x|| — £ (e9.28) 

for all x € F. In particular, if A e B\, then A satisfies the Popa condition. 

Proof. We may assume that T C A 1 and 0 < e < 1/2. Without loss of generality, we may 

assume that 

d = min{||x'| : x € P} > 0. 

Since A has property (L-p), there is a projection p € A and a (P-subalgebra D C A with DgP 
and p = Id such that 


|| px — xp || < de/ 16, pxp Gd e /i6 D and \\pxp\\ > (1 — e/16)||x|| (e9.29) 

for all x € F (see 19.51) . 

Let F' C D be a finite subset such that, for each x € P, there exists x' € F' such that 
|| pxp — a/1| < de/16. Since D € T>, there is a unital surjective homomorphism n : D —>• P/ker7r 
such that Pi := P/ker7r is a finite dimensional C*-algebra and 

||'?r(^ , )ll ^ (1 — e/16)||x , || for all x' G F'. (e9.30) 

Let B = ker7iMker7r. B is a hereditary C* -subalgebra of A. Let C be the closure of D + B. Note 
that lc = lp = P- As in the proof of 5.2 of [ST], B is an ideal of C and C/B = D/kerrr = F\. The 
lemma then follows from Lemma 2.1 of [81]. In fact, since pAp has property (SP), by Lemma 
2.1 of [81], there a projection P G pAp and a mononrorphism h : F\ PAP such that 

h(lp) = P, \\Px' — x'P\\ < e/16 (e9.31) 

and \\h o tt(x') — Px'P\\ < e ■ d/16 (e9.32) 


for all x' G F'. 
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Put F = h(Fi). Then, one estimates that, for all x € P, 


||Px — xP || < ||Ppx — Px'W + || Px' + x'P || + || x'P — xpP || (e9.33) 

< e/16 + e/16 + e/16 < e, (e9.34) 

PxP ~ e /i6 Px'P € e /i6 F\ and (e9.35) 

||P3;P|| = \\PpxpP\\ > \\Px'P\\ — de/16 > \\h o 7r(a/)|| — de/8 (e9.36) 

= ||7r(x , )|| — de/8 > ||a/|| — de/16 — de/8 > ||pxp|| — de/4 (e9.37) 

> (1 — e/16)||x|| — de/4 > ||x|| — e. (e9.38) 

□ 


Theorem 9.10. Let A € B\ (or A € Bo). Then, for any projection p € A, one has that 
pAp € £> i (or pAp s Bo). 

Proof. Let 1/4 > e > 0, let a € ( pAp) + \ {0} and let P C pAp be a finite subset. Since A is 
unital and simple, there are xi,X 2 , ■■■,x m € A such that 

m 

^2 x iP x i = ^A- (e9.39) 

i— 1 

Put T\ = {p, x\,X2 ,..., x m , x\, x\, ..., U T . Let K = m 2 max{||a;|| : x € Pi}. Since A € B i, 

there is a projection e € A and a unital C'*-subalgebra C\ € C (or C\ € Co) with 1 c 1 = e such 
that 


||a;e — ea;|| < e/64(7C + 1) for all x € Pi, (e9.40) 

dist(exe, Ci) < e/64(7C + 1) for all x € Pi and (e9.41) 

1 — e < a. (e 9.42) 

Since p € Pi, there is a projection q e Ci such that 

||epe — g|| < e/64(A" + 1). (e9.43) 


It follows that 

11pep - qj| < e/32 (K + 1). 

Moreover, there are y\,ij 2 , ■■■, y m € Ci such that 

m 

\\^2y*qyi-e\\ < e. (e9.44) 

i=1 

It follows that q is full in Ci. It follows from 13.191 that qC±q € C(or qC\q G Co). There is a 
unitary u G A such that 

||it — 1|| < e/16(A + 1) and u*qu < p. 

Put q\ = u*qu and C = u*qC\qu. Then C G C (or C G Co) and lc = 9i- We also have 

||epe — gi|| < e/64(A + 1) + e/8(K + 1) = 9e/64(A" + 1). (e9.45) 

If x € P, then 

||< 7 ix — xqi\\ < 2\\{qi — epe)x\\ + \\epex — xepe\\ (e9.46) 

< 18e/64 + e/16(A + 1) < e for all x € P. (e9.47) 
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Similarly, we estimate that 


dist (qxq, C) < e for all x € T. 


(e 9.48) 


We also have 

|| (p - < 21 ) - (p - pep) || = ||<2i - pep 11 < e/32 (if + 1) + e /8 (K + 1) = 5e/32(AT + 1). (e9.49) 

Put rj = 5e/32(/L + 1) < 1/16. Let f v / 2 {t ) € Co((0, oo) be as in 12.51 Then, by 2.2 of [92], 

P- <2i = f n (p~q l) < p-pep < 1 - e < a. (e9.50) 

This shows that pAp £ Si. □ 

Theorem 9.11. Let D be a class of until C*-algebras which is closed under tensor products with 
a finite dimensional C*-algebra and which satisfies the strict comparison property for positive 
elements (see IP) . Let A be a unital simple C*-algebra in the class TAD, then A has strict 
comparison for positive elements. In particular, if A £ B\, then A has strictly comparison for 
positive elements and Kq(A) is weakly unperforated. 

Proof. By a result of R0dram (see, for example, Corollary 4.6 of [95]), to show that A has strict 
comparison for positive elements, it is enough to show that W{A) is almost unperforated, i.e., 
for any positive elements a, b in a matrix algebra over A, if (n + l)[a] < n[b] for some n £ N, 
then [a] < [b]. 

Let a, b be such positive elements. Since any matrix algebra over A is still in TAD, let us 
assume that a,b £ A. 

First we consider the case that A does not have (SP) property. In this case, by the proof of 
19.61 A = U^ =1 A n , where A n £ D ({ A n } be not be increasing). 

Without loss of generality, we may assume that 0 < a, b < 1. Let e > 0. It follows from an 
argument of Rordam (see Lemma 5.6 of [85]) that there exists an integer m > 1, a',b' £ A m 
such that 


\\a' — a|| < e/2, ||6 / — 6|| < e/2, b' <b and (e9.51) 

n+1 n 

^ag(fe/ 2 {a'),f £ / 2 (a'),...,f e/ 2 (a'))<diag(b',b',...,b') in A m . (e9.52) 

Since A m has strict comparison (see part (b) of I3.18p . one has 

fs/ 2 {a')<b' in A m . (e9.53) 

It follows, using 2.1 of [92], that 

fe(a) < fe/2{fe/2{{a)) < fe/2(a') < b' < b (e9.54) 

for every e > 0. It follows that a < b. 

Now we assume that A has (SP). Let 1/4 > e > 0. We may further assume that ||5|| = 1. 
Since A has (SP) and simple, there are mutually orthogonal and mutually equivalent non-zero 
projections ei, e 2 , e n+ i £ f 3 / 4 (b)Af 3 / 4 (b). Put E = e i + e 2 + • • • + e n +i. By 2.4 of [92], we also 
have that 


(n + l)[f e / 2 (a)] < n[f s (b)] 


(e 9.55) 
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for some e > 8 > 0. Put 7 / = min{e/4, <5/4,1/8}. It follows from the definition 19.11 that there is 
a (7*-subalgebra C = pAp © S with S G V and a',b',E ', € C (i = 1,2+ 1) such that 

0 < a', b' < 1 and E', e\ are projections in C , 

||a - a' || <rj, b' < f s (b), \\f l/2 (b')E' - E’\\ < 77 , (e9.56) 

n+1 

£ ,/ = ll e * ~ e ill < V and ||E — E '|| < 7 / < 1, (e9.57) 


<Hag{f £/ 2 (a')J E / 2 {a'),...,f £ / 2 {a')) < diag+, + and (ti + 1) [E 1 ] < [b 1 ] in C (e9.58) 

(see Lemma 5.6 of [55]). Moreover, the projection p can be chosen so that p < e From (le 9.561) . 
there is a projection ef, E" G fi/ 2 (b')Cfi/ 2 (b') ( i = 1,2, ...,n + 1) such that || E' — E"\\ < 2p, 
\\e'[ — e(|| < 277 , i = 1,2,..., n + 1 and E" = Y^l=i e 'l ( we al so assume that e'{, e 2l ..., c'f +l are 
mutually orthogonal). Note that e( and e" are equivalent. Choose a function g G Co((0, 1]) + with 
g < 1 such that g{b')f\/ 2 (b') = fi/ 2 (b r ) and [ 5 ( 6 ')] = [^] hr I / F(C). In particular, g(b')E" = E". 
Write 

a' = a(j © a}, <?({/) = 6g © bi,e'l = e^o © e^i and E" = E' 0 ® E[ 

with a' 0 , E' 0 , e^o G and a}, 6}, e^i, E[ G 5, i = 1, 2,..., n + 1. Note that E\b\ = E\b\ = E[. 

This, in particular, implies that 

r(6 / i) > (n + l)r(ei i i) for all r G T(S). (e9.59) 

It follows from (|c 9.581) that 
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dr(fe/2(ai)) < —rrdrib'J, for all r G T(S'). 

Since (6) — ei,i)ei,i = 0 and 6} = (6} — egi) + egi, for all r G T(S), 

+(+1 - ei,i)) = d T (bi) - r(ei 1 ) > ct+'i)-^-+ r (&'i) > d T {f £ / 2 {a , 1 ))). 

n+1 ' 

Since S' has the strict comparison, one has 

fe/ 2 + 1 )+ +1 - ei), 

and therefore 


/e(o) £ fe/ 2 ( 0 ') P© /e/2(“l) £ P © 01 ~ e l,l) (e9.60) 

< ei © (6} - e u ) < ei © (6} - e^i) + (6' 0 - ei j0 ) (e9.61) 

~ e" © (#(&') - e") ~ 5 ( 6 ') ~b’ <b. (e 9.62) 

Since e is arbitrary, one has that a < b. 

Hence one always has that a <b, and therefore W (. A ) is almost unperforated. □ 


Lemma 9.12. Let V be a class of unital amenable C*-algebras, let A be a separable unital 
C*-algebra which is TAV and let C be a unital ( amenable) C*-algebra. 

Let E,Q C C be finite subsets, let e > 0 and 6 > 0 be positive. Let hi C C\ be a finite subset, 
and let T : C + \ {0} -+ M + \ {0} and N : C + \ {0} —>• N be maps. Let A : Cf) 1 \ {0} -+ (0,1) 
be an order preserving map. Let Ai\ C C\ \ {0}, T-i 2 Q C s . a . and U C U(C)/CU(C) be finite 
subsets. Let a\ > 0 and a 2 > 0 be constants. Let : C —>• A be two unital Q-5-multiplicative 
linear maps such that 
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(1) p and if are T x N -H-full (see the definition \2.20\) . 


(2) t o p(c) > A(c) and t o if(c) > A(c) for any c G Hi, 

(3) |r o <p(c) — to -0(c)| < <ti for any t G T(7l) and any c G "% 2 ; 

(4) dist(<p*(n) , i/}*(u)) < <72 /or any u £U. 

Then, for any finite subset F' C A and e' > 0, there exists a C*-subalgebra D C A with 
D G D such that if p = Id, then, for any a G F', 

(a) ||pa - ap\\ < e', 

(b) pap G e ' D, 

(c) r(l — p) < e', for any t G T{A). 

There are also (completely positive) linear map jo : A —>• (1 — p)A(l — p) and a unital 
contractive completely positive linear map j\ : A —»• D such that 

j o(a) = (1 — p)a{ 1 — p) for all a G A and 
||ji(a) — pap11 < 3e^ for all a G J 7 . 


Moreover, define 

To = jo °T, V’o = Jo ji ° T and ifi = j 1 o if. 

With a sufficiently large F' and small enough e', one has that po, ifo, Ti and V’l are £?-2d- 
multiplicative and 

(5) ||<p(c) - (p 0 (c) ffi <pi(c))|| < e and ||^(c) - (V’o(c) 0 t/>i(c))|| < e, /or any c G F, 

(6) po,ifo and pi,ifi are 2 T x N-'H-full, 

(7) r o <pi(c) > A(c)/2 and r o ^(c) > A(c)/2 /or any c £ Hi, 

(8) |r o (p 1 (c) — r o ^i(c)| < 2 <ti /or any r G T(D) and any c G % 2 > 

(9) dist(cpf(n),?/ ; |(w)) < 2 o2 for any u G U, i = 0,1. 


Proof. Without loss of generality, one may assume that each element of F, Q, H 2 , or F' has 
norm at most one and 1a G F'. 


Since and if are T x iV-77-full, for each h G H, there are ai^, 
in A with ||a*,*, ||, < T(/i) such that 

■, a N(h),h an d 61 ,ft, • 

bN(h),h 

N(h) 

E a* ih p(h)a i>h = 1 a and 

i=l 

N(h) 

E = 

i= 1 

U- 

(e 9.63) 


Put do = min{ A(7() : h G Hi}. By (J3J), there are, for each c G H 2 , xi, c ,X 2 }C , ■■■,x t t c \ c G A such 
that 


t(c) t(c) 

E x ic x i,c - <p(c) II < 0-1 and || E Xi jC x* c - if(c) || < 01 . (e 9.64) 

i=l i —1 


Let 


t(H. 2 ) = max{||xj jC || : 1 < i < t(c ) : c G 
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For the given finite subset F' C A and given e 7 > 0, since A can be tracially approximated by 
the (7*-algebras in the class T>, there exists a C*-subalgebra D C A with D £ T> such that if 
p = Id, then, for any a £ F ', 

(i) ||pa - ap\\ < e 7 , 

(ii) pap £ e i D, 

(iii) r( 1 — p) < e 7 , for any r € T(A). 

To make J 7 ' large and e 7 small, we may assume that J 7 ' also contains J 7 , Q, "H, 99(0 U J 7 ), 
0(f?UJj, 99 (H), 0(H), %i, ^ 2 , x i>c ,x* ic , i = 1, 2, t(c) and c € H 2 , as well as a ith ,a* h ,b i}h ,b* h , 
i = 1,2, ...,N(h) and h£'H, and 

c! < ruin{min{1 /64(T(h) + l)(N(h) + 1) : h £ H}, s, 5 , do, <^ 2 }/64(t( 7 -^ 2 ) + l) 2 - 

For each a £ J 77 , choose d a £ D such that ||pap — d a \\ < e 7 (choose d\ A = Id)- Consider the 
finite subset {d a db : a,b £ J 77 } C D. Since D is an amenable C*-subalgebra of pAp, there is 
unital completely positive linear map L : pAp —>• D such that 

\\L{d a d b ) - d a d b \\ < e', a,b £ F'. 

Define ji : A —> D by j\ (a) = L{pap). Then, for any a £ F ', one has 

\\ji{a) - pap\\ = \\L(pap) - pap\\ = \\L(d a ) - d a \\ + 2e = 2s'. (e9.65) 

Note that jo and j\ are F'-7e' -multiplicative, and 

11° — jo (a) © ji(a)|| < 4e 7 for all a £ F'. 


Define 

9?o = jo ° <P, ' 00 = jo o 0 , 991 = ji o 99 and 0i = ji o 0. 

Then (by the choices of J 77 and e 7 ), maps po, 0o, 991 , and 991 are 0-2<5-multiplicative, and for 
any c £ F, 


lk(c) - (^o(c) © <£i(c))|| < e and ||0(c) - (0 o (c) © 0i(c))|| < e. (e9.66) 

Apply j 1 on both sides of both equations in (1c 9.6311 . One obtains two invertible elements 
e h ■= ji{al)^>i{h)ji{ai) and f h := Ji(^) 0 i(^)ji(^) such that 

\\\ e h 2 II ~ l \ < 1 and 1114 2 II — !| < !• 


Note that 

N(h) N(h) 

Y e h a 3i( a i) ( Pi(h)ji(a i )e h a = 1 D , Y fh 4i(^)0i(4ji(&i)4 2 = 1 d, 

i =1 i= 1 

\\ji( a i) e h 2 II < 2T (4 and \\h(bi)f h 2 II < 2T(h). 

Therefore, <^1 and 0i are 2 T x IV-H-full, and this proves ©. The same calculation also shows 
that 990 and 0 0 are 2T x IV-H-full. Note that we have shown Q and ([2]) hold. Since s' < do/16, 
it is also easy to check that (JTj) holds. 

To see (jHJ), one notes that 

t(c) t(c) 

II Y d Y dx hd -^i( c )H < 2cJ i and \\Y dx ^ d *x iA -0i( c )ll < 2cr i (e 9.67) 

i =1 i =1 
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for all c G % 2 . Then (J 8 ]) also holds. 

Let us show that ((9|) holds with sufficiently large T' and sufficiently small e'. 

Choose unitaries u\, rx 2 , ..., u n G C such that U = {uT, U 2 , -,Un}- Pick unitaries w \, W 2 , ■ ■■■w n G 
A such that each Wi is a commutator and 

dist((</?Oi)) (i/j{u*)} ,Wi) < cr 2 . 

Choose J-' sufficiently large and e' sufficiently small such that there are commutators w\ , w -2 , G 

CU(D) and commutators w '{. w'f ...., w" G (1 — p)A(l — p) satisfying 

||ji(^i) - w'i\\ < £t 2 /2 and || jo(wi) - w "|| < cr 2 / 2 , 1 < i < n, 

(see Appendix of [73]) and 

|| ( <Pk(ui )) (ipk{u *)) - jk((v(ui)) (rp(u*)))\\ < cr 2 /2, 1 < i < n and k = 0,1. 


Then 


II (Vk(ui)} (i’kiu*)) - w [|| (e 9.68) 

< || (<Pk(ui)) (V’fcK*)) -jk{wi)\\ + \\jk(m) - Will (e 9.69) 

< II {<Pk(ui)) (V’fcK*)) (^(«*)))|| + (e 9.70) 

II jk((<p(ui)) i^{u*))) - j k (wi )|| +<t 2 /2 (e 9.71) 

< 2 ct 2 , A: = 0,1. (e 9.72) 

This proves ©. □ 


10 ^-stability 

Lemma 10.1. Let A G B\ (or Bo) be a unital infinite dimensional simple C*-algebra. Then, 
for any e > 0, any a G A + \ {0}, any finite subset T C A and any integer N > 1, there exists a 
projection p G A and a C*-subalgebra C G C (or Co) with 1 c = P satisfies the following: 

( 1 ) dim( 7 r(C)) > N 2 for every irreducible representation n of C; 

(2) ||px — xp\\ < e for all x G J 7 ; 

(3) dist (pxp, C) < e for all x G T and 

(4 1 - P < a. 

Proof. Since A is an infinite dimensional simple C*-algebra, there are N+ 1 mutually orthogonal 
non-zero positive elements ai, a 2 ,..., ajv+i in A. Since A is simple, there are Xjj G A, j = 
1, 2,..., k(i), i = 1,2,..., iV + 1, such that 

k(i) 

x i . j a i x , j — 1 a - 

3 = 1 

Let 

K = (N + 1) max{||xjj|| + 1:1 < j < k(i), 1 < i < N + 1}. 

Let ao G A + \ {0} be such that ao < a* for all 1 < i < N + 1. Since aoAao is also an infinite 
dimensional simple C*-algebra, one obtains 001,002 € aoAao which are mutually orthogonal and 
nonzero. One then obtains a non-zero element a G aoi^aoi such that a < ao 2 . 

Let 

T = {at :l<i<A' + l}U {xij : 1 < j < k(i), l<i<A r + l}U {a}. 
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Now since A € B\, there is a projection p € A and C € C with 1 c = P such that 

( 1 ) \\xp — px\\ < min{l/ 2 ,e }/2 K for all x £ T, 

( 2 ) dist (pxp,C) < min{l/ 2 ,e }/2 K for all x € T, and 

(3) 1 ~P < a. 

Thus, with a standard computation, we obtain mutually orthogonal non-zero positive ele¬ 
ments &i, 62 , &/V +1 € C and y % ^. € C (1 < j < &;(*)), * = 1 , 2 ,IV + 1, such that 

k(i) 

II ~P\\ < min{l/2,e/2}. (elO.l) 

3 =1 

For each i, we find another element Z{ £ C such that 

k{i) 

T, z*yijbiyijZi = p. (e 10 . 2 ) 

3= 1 

Let 7 r be an irreducible representation of C. Then by (Ic 10.21) . 

k(i) 

= tt(p). (e 10.3) 

3 = 1 

Therefore 7 r(i>i), ^( 62 ),..., 7t(6jv-(-i) are mutually orthogonal non-zero positive elements in 7 r(X). 
Then (je 10.31) implies that 7 r(C) = M n with n > IV + 1. This proves the lemma. 

□ 

Corollary 10.2. Let A € B\ be a unital simple C*-algebra. Then, for any e > 0 and f € 
Aff(T(A))++, there exists a C*-subalgebra C E Co in A , an element c £ C+ such that 

dim 7 r(C') > (4/e ) 2 /or each irreducible representation n of C , (el0.4) 

0 < r(/) — r(c) < e /2 for all r € T(A). (el0.5) 


The following is known. 

Lemma 10.3. Let C = M n ([ 0,1]) and g E LAff/(T(C'))+. Then there exists a E C + with 
0 < a < 1 such that 

0 < g(t) — dt(a) < 1/n /or all t E [0,1], 
where dt(a) = limfc _ > , 00 a 1 //fc (t) /or all t E [0,1]. 

Proof. We will use the proof of Lemma 5.2 of [9]. For each 0 < i < n — 1, define 

Xj = {t € [0,1] : g(t) > i/n}. 

Since g is lower semi-continuous, X* is open in [0,1]. There is a continuous function gi £ C([0,1])+ 
with 0 < gt < 1 such that 

{t € [0,1] : gi(t) 7 ^ 0} = X, ; , i = 0,1,..., n - 1. 

Let ei, e 2 ,..., e n be n mutually orthogonal rank one projections in C = M n (C([0,1]). Define 

n— 1 

a = y 9 i^i e c. (e 10.6) 

2=1 
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Then 0 < a < 1. Put Yj = {t £ [0,1] : (i+l)/n > gfit) > i/n } = -W\Uj>j Xj, i = 0,1, 2, n— 1. 
These are mutually disjoint sets. Note that 


n— 1 

[0,l] = ([0,l]\X o )U [jYi. 

i=0 

If x £ ([0,1] \ Xq) U Yq, dt(a ) = 0. So 0 < g(t) — dt(a)(t) < 1/n for all such t. If t £ Yj, 

d t (a)=j/n. (e 10.7) 


Then 


0 < g(t) — dt(a) < 1/n for all t G Ij. (e 10.8) 

It follows that 

0 < <?(f) — dt(a) < 1/n for all t € [0,1]. (e 10.9) 

□ 


Lemma 10.4. Let T\ and F 2 be two finite dimensional C*-algebras such that each simple sum¬ 
mand of F\ and F 2 has rank at least k, where k > 1 is an integer. Let <po,tpi : F\ —> F 2 be unital 
homomorphisms. Let C = A(po, Ti, F\, F 2 ). Then, for any f £ LAffb(T(C'))_ t _ with 0 < / < 1, 
there exists a positive element a € M 2 (C) such that 

max | d T (a) — /(r)| < 2/k. 

Proof. Let I = {g £ C : g( 0) = g( 1) = 0}. Note that C/I is a finite dimensional C*-algebra. Let 

T = {t £ T(C) : kerr D /}. 

Then T may be identified with T(C/I). Let / £ LASb(T(C)) + with 0 < / < 1. It is easy to see 
that there exists b £ ((7//)+ for some integer rn\ > 1 such that 

0 < /(t) — d T (b) for all r £ T and max{/(r) — d T (b) ■ r € T} < 1/k, (e 10.10) 

and furthermore, if /(r) > 0, then f(r)—d T (b) > 0. As matter of fact, we can choose b to be rank 
r projection in i th block Mm s -\ of Tj and < f(T q / s )) < where r 9 ( s ) is the normalized trace 
of MfUs) regarded as an element in T(C/I ) (since m > k). For such a choice, we have d T (b) = r(b) 
for all r. Note that b = (6 g (i), 6 9 ( 2 ), •••, Vo) £ C/I = = Mr ( i) © Mr (2 ) 0 ■ ■ ■ 0 M R gy Let 

bo = To(b) € F 2 and 61 = (pi(b) € F 2 . Write F 2 = M ri 0 M r2 0 0 M rrn . Write bo = 

bo,i © b 0 ,2 0 • • • 0 bo,r m and bi = 61,1 © 61,2 0 ■ ■ ■ 0 h, rrn , where b 0 j, b x , 3 £ M r ., j = 1 , 2 ,..., m. 
Let Tt,j = trj o Tj o Tr t , where trj is the normalized trace on M r . , 'k j : F 2 —>• M rj is the quotient 
map and nt : A —>• F 2 is the evaluation at f £ (0,1). Since / is lower semi-continuous on T(C), 

liminf f(rt,j) > trj(bo,j ) and liminf f(rtj) > trj(b\,j). 

Note that trj (bo,j) = Yl l s=i a s^ r q(s)(b q ( s )) for some a s > 0 with = 1- Therefore, if 

trj(bo,j) > 0, then 

1 1 

/(£ <Xstr q ( s )) >^2^str q ^ s) (b q{s) ) = trj(b 0 ,j). 

S=1 S=1 
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Hence, if trj(boj ) > 0 (or trj(bij ) > 0), then liminf^o f( T t,j ) > t r j(bo,j) (or liminf^i ffaj) > 


t r j{b\,j))- Therefore, there exists 1/8 > <5 > 0, such that 

f(, T t,j) > tr-jibo.j) for all t E (0,25) and (e 10.11) 

f{r t ,j) > trj(bij) for all t E (1 - 25,1), j = 1,2,..., Z. (e 10.12) 

Let 

c(t) = (~r~)bo if t E [0,5) (e 10.13) 

5 

c(Z) = 0 if t E [5,1 — 5] and (e 10.14) 

c(t) = (- )b\ for all t € (1 — 5,1] (e 10.15) 

5 

Note that c € A. Define 

gj (0) = 0 (e 10.16) 

~ trj(boj) for all t € (0,5] (e 10.17) 

3j(i) = for all t E (5,1 - 5) (e 10.18) 

gj(t ) = fijtj) — trj{b\j) for all t E [1 — 5,1) and (e 10.19) 

gj(l) = 0. (e 10.20) 

One verifies that gj is lower semi-continuous on [0,1]. It follows 110.31 that there exists a± E 
C([0,1], F 2 )+ such that 

0 < Qj(t) — dtrt j ( a i) < 1 /'fj < 1/k for all t E [0,1]. (e 10.21) 


Note that ai(0) = 0 and ai(l) = 0. Therefore oi € I C C. Now let a = c © a\ E A^C'). Note 
that 

d T (a) = d T (c) + cZ T (ai) = d r (6) if t E T, 
dtr t j (a ) = dtr tij (c ) + dtr t>j (ai) = d t ,j(bo ) + dt rtJ (ai) for all t E (0,5), 

dtr t j (a) = ^trtj(ai) for all ZE [5,1-5] and 

dtrt, j (a) = dtr ttj (c ) + d trt j (oi) = dfj(&i) + tZtr t>i («i) for a11 i G (1 - 5,1). 

Then, combining with fie 10.101) . (1c 10.13)1 . ()e 10.14[) . (1c 10.15)) . fie 10.161) . He 10,17)1 . ()e 10.18[) . 
(1c 10.191) and (Ic 10.211) . we have 

0 < /(r) — cZ T (a) < 2/Zc for all r G T and r = trt,j,j = 1,2,..., Z, t £ (0,1). (e 10.22) 

Since T U {Zr^j : 1 < j < Z, and t € (0,1)} contains all extremal points of T(C), we conclude 
that 

0 < /(r) — d T (a) < 2/k for all r G T(C). (e 10.23) 

□ 

Theorem 10.5. Let H G Hi be a unital simple C*-algebra. Then the map W(A) —» V(A) U 
LAff{,(H) ++ is surjective. 
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Proof. The proof follows the same lines of Theorem 5.2 of [9]. It suffices to show that the map 
a i->- d T (a ) is surjective from W(A) onto LAffo(T(A)). Let / € LAff&(M) + with /(r) > 0 for all 
r G T(A). We may assume that /(r) < 1 for all r G T(A). As in the proof of 5.2 of [9], it suffices 
to find a sequence of a* G M 2 (A) + such that a, < aj+i, [a n ] / [a n +i] (in W(A)) and 

lim d T {a n ) = /(r) for all r € T(A). 

n—>-oo 

Using the semi-continuity of /, we find a sequence f n G Aff(T(A)) ++ such that 

/nW</n+iW for all tGT(A), n=l,2,.... (e 10.24) 

lim / n (r) = /(r) for all r € T(A). (e 10.25) 

n—>-oo 

Since f n +i ~ fn is continuous and strictly positive on the compact set T, there is e n > 0 such 
that (f n — / n +i)(r) > E n for all t G T(A), n = 1,2,.... It follows from 110.21 for each n, there is 
a C *-subalgebra C n of A with C n G C and an element b n G (C n )+ such that 

dim7r(C' n ) > (16/e n ) 2 for each irreducible representation n of C n , (e 10.26) 

0 < r(/„) - T(b n ) < e„/4 for all r G T(A). (e 10.27) 

Applying 110.41 one obtains an element a n G M 2 (C n ) + such that 

0 < t(b n ) — dt(a n ) < e n /4 for all t G T(C n ). (e 10.28) 

It follows that 

0 < T (fn) _ d T (a n ) < e n /2 for all r G T(A). (e 10.29) 

One then checks that lin^^oo d T (a n ) = /(r) for all t G T(A). Moreover, d T (a n ) < d T (a n+ 1 ) for 
all t G T(A), n = 1,2,.... It follows from 19.Ill that a n < a n +i, [a n ] / [a n +i], n = 1,2,.... This 
ends the proof. □ 


Theorem 10.6. Let A G B\ be a unital simple C*-algebra. Then W(A) has 0 -almost divisible 
property. 

Proof. Let a G M n (A) + \ {0} and k > 1 be an integer. We need to show that there exists an 
element x G M rn i(A) + for some m' > 1 such that 

k[x\ < [a] < (k + l)[x] (e 10.30) 

in W(A). It follows from 110.51 that, since kd T (a)/(k 2 + 1) G LAffo(T(A)), there is x G M 2 n (A)+ 
such that 


d T (x) = kd T (a)/(k 2 + 1) for all r G T(A). 

Then, 

kd r (x) < d T (a ) < (k + 1 )d T (x) for all r G T(A). 
It follows from 19.Ill that 

k[x\ < [a] < (A: + l)[x]. 


(e 10.31) 
(e 10.32) 

(e 10.33) 

□ 


Theorem 10.7. Let A G £>i be a unital separable simple amenable C*-algebra. Then A®Z = A. 

Proof. Since A G Bi, A has finite weak tracial nuclear dimension (see 8.1 of [73]). By 19.111 A 
has the strict comparison property for positive elements. Note, bv l9.10l every unital hereditary 
C* -subalgebra of A is in B\. Thus, bv 110.61 its Cuntz semigroup also has 0-almost divisibility. 
It follows from 8.3 of [73] that A is ^-stable. □ 
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11 The unitary groups 


Theorem 11.1. (cf. Theorem 6.5 of [63]) Let K G N be an integer and let B be a class of unital 
C*-algebras which has the property that cer (B) < K for all B € B. Let A be a unital simple 
C*-algebra which is tracially in B and let u G Uq{A). Then, for any e > 0, there exists a unitary 
U\,U 2 € A such that u\ has exponential length no more than 2n, U 2 has exponential rank K and 

||lt — U1U2H < £. 

Moreover, cer(7l) < K + 2 + e. 

Proof. The proof is exactly the same as that of Theorem 6.5 of |63j . □ 

Corollary 11.2. Any C*-algebra in the class B\ has exponential rank at most 5 + e. 

Proof. By Theorem 13.161 C*-algebras in Co has exponential rank at most 3 + e. Therefore, by 
Theorem lll.il any C*-algebra in B\ has exponential rank at most 5 + e. □ 

Theorem 11.3. Let L > 0 be a positive number and let B be a class of unital C*-algebras 
such that cel(u) < L for every unitary v in their closure of commutator subgroups. Let A be 
a unital simple C*-algebra which is tracially in B and let u € CU(A). Then u € Uq{A) and 
cel(u) < 37 t + L. 

Proof. Let 1 > e > 0. There are v\,V 2 , £ U(A) such that 

\\u — V 1 V 2 ■ ■ ■ Vk\\ < e/16 (ell.l) 

and Vi = aibia*b*, where cij, bi G U(A). Let N be an integer in Lemma 6.4 of [63] (for L = 87r+e). 
Since A is tracially in B, there is a projection p € A a unital C* -subalgebra in B with 1 b = V 
such that 


||aj — (a( © a'/)|| < e/32/c, ||6j — (&( © 6' / )|| < e/32fc, i = l,2,...,k (ell.2) 

k 

||u - n(a' 6 '(a')*( 6 ')* © a'M (a")*$)*|| < e/8, (e 11.3) 

i=1 

where a(, b’ t € C/((l — p)A{\ —p)), a", b” € Uq{B) and 6 iV[l — p\ < \p\. Put 

k k 

W = n a 'i b 'i(a'i)*(b'i)* and 2 = JJ (a")(#■)*. (e 11.4) 

i= 1 i =1 

Then 2 € CU(B). Therefore cel b(z) < L in B C pAp. It is standard to show that 

a'ib'M* (bi)* 0 (1 — p) 0 (1 - p) 

is in Uq(M 4 i ({1 — p)A(—lp))) and it has exponential length no more than 4(27r) + 2e/16k. This 
implies 

cel(u> 0 (1 — p) 0 (1 — p)) < 87 xk + e/A 
in — p)A{ 1 —p))). It follows from Lemma 6.4 of [63] that 

cel(u; 0 p) < 2 -k + e/4. (ell.5) 

It follows that 

cel((u> 0p)((l — p) 0 z)) < 2n + e/4 + L + e/16. 

Therefore cel(u) < 27 t + L + e. □ 
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Corollary 11.4. Let A £ Bi, and let u € CU(A). Then u £Uq an d cel(tt) < 7ir. 
Proof. This follows from Lemma 13.121 and Theorem 111.31 


□ 


Lemma 11.5. Let A be a unital C*-algebra, let U be an infinite dimensional JJHF-algebra and 
let B = A®U. Then Uq(B)/CU(B ) is torsion free and divisible. 

Proof. Since B = A <S>U, and U is a UHF-algebra with infinite type, for any projection p in a 
matrix algebra over B , there are projections e\,e 2 , ...,e m € B for some m such that 

p = e i © e 2 © ■ • • © e m . 

Therefore pb(Kq(B)) is spanned by the image of the projections in B, and by Theorem 3.2 
of [98], the group Uq(B)/CU(B) is isomorphic to AS(T(B))/pb{K 0 (B)). Since AS(T(B)) is 
divisible (it is a vector space), so is its quotient. 

We will show that AS(T(B)) / pb(Kq(B)) is torsion free. Suppose that a € Aff (T(B)) so 
that no S pb(Kq(B )) for some integer n > 1. Let e > 0. There exists a pair of projections 
p,q £ M n (B ) such that 

|no(r) - r(p) - r(q)\ < e/2 

for all r € T(B), regarded as unnormalized trace on M n (B). Since B = A (g) U, there are 
mutually orthogonal projections pi,p 2 , ■■■,Pn,Pn+ 1 , qi, q 2 , ■■■, qn,qn+ 1 such that 

Pi + P 2 H-1 -Pn+ Pn+ 1 = P and q 1 + q 2 H-h q n + Qn+i = q 

[pi] = \Pj], [?i] = [qj], j = 1,2,...,n and r(p n+ 1 ), T(q n+1 ) < e/2 for all r € T(B). (ell.6) 
It follows that 

|a(r) — (r(pi) — r(q , i))| < e for all r € T(B). 

This implies that a € pb{Kq(B)). Therefore AS(T(B))/pb(Kq(B)) is torsion free and the lemma 
follows. □ 

Theorem 11.6. Let A be a unital C*-algebra such that there is an integer K > 0 such that 
cel(u) < K for all u € CU(A). Suppose that Uq(A)/CU(A) is torsion free and suppose that 
u, v € U(A) such that u*v € Uq(A). Suppose also that there is k & N such that cel ((u k )*v k ) < L 
for some L > 0. Then 


cel (u*v)<K + L/k. (ell.7) 

Proof. It follows from [9D] that, for any e > 0, there are ai,a 2 , ...,ajv € A s _ a _ such that 

N N 

(u k )*v k = exp(\/—loj) and ^ [ | a,y 11 < L + e/2. (ell.8) 

i = 1 i =1 

Choose w = nf = iexp(-v^Ia,-A). Then ( u*vw) k € CU(A). Since Uq{A)/CU{A) is assumed 
to be torsion free, it follows that 


u*vw € CU(A). (e 11.9) 

Thus, cel [u*vw) < K. Note that cel(iy) < L/k + e/2 k, It follows that 

cel(n*u) < K + L/k + ejTk. 


□ 











Corollary 11.7. Let A be a unital simple C*-algebra in B i, B = A®U, where U is a UHF- 
algebra of infinite type. Then 

(1) Uo(B)/CU(B) is torsion free and divisible; and 

(2) ifu,v€. U(B ) with cel ((u*) k v k ) < L for some integer k > 0, then 

cel (u*v) <77r + L/k. 

Proof. The lemma follows from Lemma 111.51 Corollary 111.41 and Theorem 111.61 □ 

Corollary 11.8. Let A n be a sequence of unital separable simple C*-algebras in B\ and let 
B n = A n <S> U. Then the kernel of the map 

b 

Ki(UBn)^UKdBn)^0 (ell.10) 

n n 


is a divisible and torsion free. 

Proof. By Corollary 111.21 the exponential rank of each B n is bounded by 6. Since each B n has 
stable rank one, by (2) of Proposition 2.1 of [57], the kernel of the map in (jc ll.lOp is divisible. 
Cor 111.81 implies that {A n } has exponential length divisible rank 77r + L/k (see Definition 2.1 
of [57] )• It follows Lemma 2.2 of [37] that the kernel is also torsion free. 

□ 

Lemma 11.9. Let K >1 be an integer. Let A be a unital simple C*-algebra in B\. Let e£l 
be a projection and let u € Uo(eAe). Suppose that w = u+ (1 — e) and suppose rj € (0,2]. Suppose 
also that 


[1 — e] < K[e] in Kq{A) and dist(w, 1) < 77 . (e 11.11) 

Then, if r/ < 2, one has 

Ktt 

ce\ e Ae(u) < (——h 1 / 16)77 + 67 t and dist( 12 , e) < (K + 1 / 8 ) 77 , 
and if tj = 2, one has 

cel e Ae(u) < -^-cel(u;) + 1/16 + 67 r. 

Proof. We assume that (le 11. lip holds. Note that rj < 2. Put L = cel(u>). We first consider the 
case that r) < 2. There is a projection e' € M 2 (A) such that 

[(1 - e) + e 1 ) = K[e\. 

To simplify notation, bv 19.101 and by replacing A by (I 4 + e 1 )M 2 (A) (1a + e') and w by w + e', 
without loss of generality, we may now assume that 

[1 — e] = K[e] and dist(u), 1) < rj. (e 11.12) 

There is R\ > 1 such that max{L/Ri, 2/Ri, rjir/Ri } < min{ 77 / 64 , l/ 167 r}. 

For any 3 2 K{K+i)ir > e > 0 with e + 77 < 2, since TR(A) < 1, there exists a projection p S A 
and a C*-subalgebra D G C with 1 d = P such that 

(!) II[P, x]\\ < £ for x <E {u,w,e, (1 - e)}, 


89 



















(2) pwp,pup,pep,p{ 1 — e)p £ e D, 

(3) there is a projection q € D and a unitary z\ € qDq such that ||g—pep|| < e, ||zi — quq\\ < e, 
ll-^i © (p ~ q) ~ pwp\\ < e and \\z\ © (p — q) — ci|| < e + ry, 

(4) there is a projection qo € (1 — p)A(l — p) and a unitary zo € qoAqo such that 
\\q 0 -(l-p)e(l-p)\\ < e, \\z 0 -(l-p)u(l-p)\\ < e, \\z 0 ®(l-p-q 0 )-(l-p)w(l-p)\\ < s, 
ho © (1 -P- Qo) - coll <£ + ry 

(5) [p-q}= K[q\ in K 0 (D), [(1 - p) - q 0 } = K[q 0 ] in K 0 (A ); 

(6) 2 (K + l)i2i[l -p}< [p] in K 0 (A)- 

(7) cel ( i_ p)yl( i_p)(zo © (1 - p - qo)) <L + e, 

where c\ € CU(D) and Co € CU(( 1 — p)^4(l — p)). 

By Lemma [3771 one has that det£>(ci) = 1. Since e + p < 2, there is h € D SM with ||/i|| < 
2arcsin(^r 2 ) such that (by (3) above) 

(zi © (p — q)) exp(ih) = c\. (e 11.13) 

It follows that 

det£>((zi © (p - q)) exp(ih)) = 1, (e 11.14) 

or 

Dd{z\ © (p — q) exp (ih))(t) = 0 for all t € T(D). (e 11.15) 

It follows that 

\Dd(z\ © (jp — q))(t) | < 2arcsin( g + ^ ) for all r € T(D). (e 11.16) 

By (5) above, one obtains that 

\B q Dq(zi)(t)\ < iL2arcsin( ° + ) for all t£T(qDq). (ell.17) 

If 2 K arcsin(^y^) > n, then 2K(^4P-)^ > it. It follows that 

K(e + rj) > 2 > dist(zT, q). (e 11.18) 

Since those unitaries in D with det(u) = 1 (for all points) are in CU(D) (see Lemma 1,3.711 . from 
(Ic 11.171) . one computes that, when 2 K arcsin( £ -y a j < ^ 

dist(zT, q) < 2 sin( K arcsin( ° + ^ )) < K(e + rj). (e 11.19) 

By combining both (le 11.181) and (le 11.191) . one obtains that 

dist (zi,q) <K(e + r])<Kri+ . (e 11.20) 

By (Ic 11.171) , it follows from Lemma 13.121 that 

celq Dq (zi) < 2 K arcsin + 47r < K(e + rj)^ + 4tt < (K^ + ^ + ^ )p + 47t. (e 11.21) 
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By (5) and (6) above, 


(K + l)[q] = [p-q} + [q] = [p] > 2(K + - p). 


Since Ko(A ) is weakly unperforated, one has 

2R 1 [1 - p] < [q]. (e 11 . 22 ) 

There is a unitary v € A such that v*(l — p — qo)v < q. Put v\ = qo © (1 — p — qo)v. Then 
v*(zo © (1 ~P - Qo))vi = z 0 0 u*(l -p-q 0 )v. (e 11.23) 

Note that 

11(^0 0 v*{l -p- qo)v)vlclvi - q 0 ® v*(l-p- q 0 )v\\ <£ + p. (e 11.24) 

Moreover, by (7) above, 

cel(zo 0 u*(l — p — qo)v) < L + e, (e 11.25) 

It follows from (Ic 11.221) and Lemma 6.4 of [63] that 

ce\ qo+q)A ( qo+q) (z 0 ® q) < 2ir + (L + e)/R 1 . (e 11.26) 

Therefore, combining (Ic 11.211) . 

ce \qo+q)A{q 0 +q){ z o + zi) < 27t + (L + e)/ R\ + (K— + )v + 6 vr. (e 11.27) 

By (|c 11.25p . (Ic 11 . 221 ) and Lemma 3.1 of [67], in Uo((qo + q)A(qo + q))/CU((qo + q)A(q 0 + q)), 

dist(z 0 + q, qo + q) < ^ ^ • (e 11.28) 

Therefore, by (le 11.191) and (Ic 11.281) . 

dist(z 0 ® zi,qo + q) < ^^ + Kr l + 32 ^ < ( K + 1/16 )rj. (e 11.29) 

We note that 

ll e — (qo + q)\\ < 2e and ||« — (^o + ~i)|| < 2e. (e 11.30) 

It follows that 


dist(u, e) < 4e + (K + 1/16)?? < ( K + 1 / 8 ) 77 . (e 11.31) 

Similarly, by (|c 11.271) . 

celeAe(u) < 4£7T + 2tt + (L + e) / R\ + (K^ + 64 ^ )v + 4vr (e 11.32) 

< (77—+ 1 / 16)77 + 67 T. (e 11.33) 

This proves the case that 77 < 2. 
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Now suppose that r] = 2. Define R = [cel(u;) + 1]. Note that ccl ^ < 1. There is a projection 
e' € M r+1 (.A) such that 

[(1 — e) + e'] = (K + RK)[e\. 

It follows from Lemma 3.1 of m that 

dist(u> 0 e', 1a + e') < . (e 11.34) 

R -f- 1 

Put Ki = K(R +1). To simplify notation, without loss of generality, we may now assume that 


[1 — e] = K\[e] and dist(u;, 1) < 
It follows from the first part of the lemma that 


cel(w;) 

R + 1 


, , . ,K\tt 1 . celfu;) „ „ Kircel(w) 1 

cew«(») < (— + T —r-- + is +6 '- 


(e 11.35) 


(e 11.36) 


□ 


Theorem 11.10. Let A be a unital simple C*-algebra of stable rank one and let e € A be a non¬ 
zero projection. Then the map u >->■ u + (l — e) induces an isomorphism j from U(eAe) / CU(eAe) 
onto U(A)/CU(A). 

Proof. This was originally proved here following II 1.91 (with additional assumption that A S £>i). 
However, bv 13.31 A has stable rank one. Thus this follows from Theorem 4.6 of [38]. □ 

Corollary 11.11. Let A be a unital simple C*-algebra of stable rank one. Then the map 

m 

/-^-V 

j : a —>• diag(a, 1,1,..., 1) from A to M n (A) induces an isomorphism from U(A)/CU(A) onto 
U{M n {A)) / CU(M n (A)) for any integer n > 1. 

Proof. This follows from 111.101 but also follows from 3.11 of [38]. □ 


12 A Uniqueness Theorem for C*-algebras in Bq 

The following follows from Theorem 7.1 of m- 

Theorem 12.1. (cf. Theorem Theorem 7.1 of [67]) Let A be a unital separable amenable C*- 
algebra which satisfies the UCT, let T x N : A + \ {0} —>• R_|_ \ {0} x N be a map and let 
L : L r (M 00 (A)) —>• M + be another map. For any e > 0 and any finite subset Jci, there exists 
5 > 0, a finite subset Q C A, a finite subset TL C A + \ {0}, a finite subset U C U m= i U(M m (A)), 
a finite subset V C K(A) and an integer n > 0 satisfying the following: for any unital separable 
simple C*-algebra C in B i, if : A — >• B = C ® U, where U is a UHF-algebra of infinite 

type, are three Q-5-multiplicative contractive completely positive linear maps and a is unital and 
T x N-TL-full (see \2.2&) with the properties that 

[ip]\v = ['i/’JI'p and ce\({ijj(u))*(ip(v))) < L(u) (el2.1) 

for all v GU and a is unital, there exists a unitary u € M n+ \{B) such that 

||u*diag(</?(a), a(a))u — diag(V’(a),o r (a))|| < e 

for all a £ F, where 

n 

_ ,--^-- 

a(a) = diag(cr(a), a (a ),..., <r(a)) for all a G A. 
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Proof. Note that B has stable rank one, cer (M m (B)) < 6 (see lll.21) . exponential length divisible 
rank E(L,k ) = 77r + L/k ((2) of 111.71) and Kq(B) are weakly imperforated (in particular, it 
has -Ko-divisible rank T(L,k ) = L + 1). The class of unital C*-algebras have just mentioned 
properties will be denoted by C. We sketch the proof below. Suppose that the theorem is false. 
Then there exists eo > 0 and a finite subset J- C A such that there are a sequence of positive 
numbers {<5 n } with 5 n \ 0, an increasing sequence {G n } C A of finite subsets such that U n Q n 
is dense in A, an increasing sequence {V n } C K(A) of finite subsets with U n= i V n = K_(A ), an 
increasing sequence of finite subsets {U n } C U(M 00 (A)) such that U n= iU n r\U (M m (A)) is dense in 
U (M m (A)) for each integer m > 1, an increasing sequence of finite subsets {77 n } C 7®\{0} such 
that if a € Pi n and f 1 / 2 ( 0 *) 7 ^ 0, then f 1 / 2 ( 0 ) G PLn+i and U n= i77 n is dense in A\, a sequences of 
integers {k(n)} with lim^^oo k(n) = 00 , a sequence of unital C'*-algebras B n G C, two sequences 
of f/ n -5 n -multiplicative contractive completely positive linear maps ip n ,ip n '■ A —>• B n , such that 

[<Pn]\v n = [i>n]\v n and cel ({ip n (u)){if n (u*))) < L(n) (e 12.2) 

for all u G U n and a sequence of unital Q n - 5 n - multiplicative contractive completely positive linear 
map a n : A —>■ B n which is also F-H n - full satisfying 

inf {sup ||u*diag(v? n (a), S n (a))v n - diag(^ n (a), <S n (a))|| : a G J 7 !!} > e 0 , (e 12.3) 

where the infimum is taken among all unitaries v n G Mk( n )l(n)+\ (B n ) and where 

k{n ) 

,- A -s 

S n (a) = di&g(cr n (a),cr n (a),...,a n (a)) for all a G A. 

Let Co = ®“ = i B n: C = Un=i Bn, Q(C) = C/Cq and 7r : C —>• Q(C) is the quotient map. 
Define ( 3?, T, S : A —>• C by <h(a) = (</? n (a)}, T(a) = {/ip n (a)} and S(a) = {cr n (a)} all a G A. 
Note that 7r o <h, 7r o T and tt o S are homomorphisms. 

As in the proof of 7.1 of m, since B n G C, one computes that 

\tt o $] = [7r o T] in KL(A,Q(C)). (e 12.4) 

One can also check that 7ro S is a full homomorphism. It follows from 14.131 that there exists an 
integer K > 1 and a unitary U G Mk+i(Q(C)) such that 

||t/*diag(7r o 4>(o), T,(a))U — diag(7r o T(a))|| < eo/4 for all a G T. (el2.5) 

It follows that there exists a V = {v n } G C and an integer N > 1 such that, for any n > N, 
k(n) > K such that 


v* n diag(</? n (a), o n (a))v n - diag(ijj n (a),a n (a))\\ < e 0 /2 


(e 12.6) 


for all a G J-, where 


K 

* - * - . 

cr n (a) = di&g(cr n (a),<j n (a),...,a n (a)) for all a € A. 

This contradicts with (Ic 12.31) . □ 

Remark 12.2. (1) The assumption that B = C (g) U where CgFi and U is an infinite UHF- 
algebra is just for our purpose in this paper. The same theorem holds for a much more general 
setting. Let R, r : N —>• N, T : N 2 —>• N, E : R + xNg M + be fixed maps. Let Cr^t.e be the 
class of unital C*-algebras which have iv,;-r-cancellation, LQ-divisible rank T and exponential 
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length divisible length E, and cer (M m (B)) < R for all B E Cr^t.e- Then Theorem 1 12. II holds 
for B E Cr^t.e just as 7.1 of [67]. One should also note that the proof is not new. It is just the 
same as the combination of those of Theorem 5.9 of m and Theorem 4.8 of [56]. One should 
also note that <p and if are not assumed to be unital. Thus Theorem 14.141 can also viewed as a 
special case of Theorem 112.11 

(2) Suppose that there exists an integer no > 1 such that U(M no (A))/Uo(M no (A)) —>• 
U(M no+ f.(A))/Uo(M no+ f c (A)) is an isomorphism for all k > 1. Then L may be replaced by a 
map from U(M no (A )) to M+, and U can be chosen in U(M no (A)). 

Moreover, the condition that cel((p(u))(ip(u)*) < L(u) may, in practice, be replaced by a 
stronger condition that, for all u E U, 

dist(</?*(u), V^(u)) < L (el2.7) 

where U C U^ =1 U(M m (A))/CU(M m (A)) is a finite subset and where L < 2 is a given constant. 

To see this, let U be a finite subset of U(M m (A)) for some large m whose image in the group 
U(M m (A)) / CU(M m (A)) is U. Then (Ic 12. 7p implies that 

\\(ip(u))(ip{u*))-v\\ <2 (e 12.8) 

for some v E CU(M m (A)), provided that 5 is sufficiently small and Q is sufficiently large. Since 
cel(u) < 77r, we conclude that 

cel ({(p(u)){ijj(u*))) < 7T + 77r + 1 (e 12.9) 

for all u E LA, and take L : 1100 (A) —>• M + to be constant 87r + 1. Furthermore, we may assume 

U C U(M no (A))/CU(M no (C)), 
if Ki(C) = U(M no (C))/U 0 (M no (C)). 

Lemma 12.3. Let A be a unital separable simple C*-algebra with T(A) 7 ^ 0. There exists a 
map Ao : A q +~ \ {0} —>• (0,1) satisfying the following: For any finite subset Ti C A\ \ {0}, there 
exits 6 > 0 and a finite subset Q C A such that, for any unital C*-algebra B with T(B) 7 ^ 0 and 
any unital Q-5-multiplicative contractive completely positive linear map ip : A —» B, one has 

t o <p(h) > Ao(/t)/2 for all h E "H (e 12.10) 

for all t E T(B). Moreover, one may assume that Ao(1a) = 3/4. 

Proof. Define, for each h E A\ \ {0}, 

Ao (h) = min{3/4, inf{r(/i) : r E T(^4)}}. (e 12.11) 

Let TL C A\ \ {0} be a finite subset. Define 

d = min{Ao(/t)/4 : h E TL} > 0. (e 12.12) 

Let 5 > 0 and let Q C A be a finite subset as required by 15.81 for e = d and F = TL. 

Suppose that p : A —>• B is a unital t/-<5-multiplicative contractive completely positive linear 
map. Then, bv 15.81 for each t E T(B ), there exists r E T(^4) such that 

\t o ip(h) — r(h )| < d for all h E TL. (e 12.13) 

It follows that t o p(h) > r(h) — d for all h E TL. Thus 

t o ip(h) > Ao(h) — d > Ao(h)/2 for all h E TL and for all t£T(B). (e 12.14) 

□ 
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Lemma 12.4. LetC be a unital C*-algebra, and let A : C'i.’ 1 \{0} — >• (0, 1) be an order preserving 
map. There exists a map T x N : C+ \ {0} —>• M+ \ {0} x N satisfying the following: For any 
finite subset TL C C\ \ {0} and any unital C*-algebra A with the strict comparison of positive 
elements, if ip : C A is a unital contractive completely positive linear map satisfying 

t o ip(h) > A (h) for all h £ "H for all r £ T(7l), (e 12.15) 

then ip is (T x N)-'H-full. 

Proof. For each d £ (0,1), let gs : [0,1] —>• [0, +oo) be the continuous function defined by 


1° if t € [0, |], 

g&( ) { otherwise, 

where fs/ 2 is as defined in 12.51 Note that 

9s{t)t = fs/ 2 (t) for all t £ [0,1]. 

Let h £ C\ \ {0}. Then define 

T(h) = 


(e 12.16) 


JA(h) 


)*ll= t and N ( h ) = I"ttft" 

A (h) 


Then the function T x N satisfies the lemma. 

Indeed, let TL C \ {0} be a finite subset. Let A be a unital C*-algebra with the strict 
comparison for positive elements, and let ip : C —>• A be a unital positive linear map satisfying 


r o ip(h) > A (h) for all h £PL for all r £ T(7l). 

Put f{h)~ = (ip(h) — ^^)_|_. Then, by (le 12.17p . one has that, since 0 < h < 1, 


(e 12.17) 


d T (f(h)~) = d T ((ip{h) - ^P)+) > T((f(h) - ^P)+) > ^ for all r £ T (A). 


The above also shows that ip(h) 0. Since A has the strict comparison for positive elements, 
one has K ((tp(h)~) > (1a) , where K = f-ryrr] and wh ere ( x ) denotes the class of x in W{A). 
Therefore there is a partial isometry v = (vij)KxK € Mj<-(A) such that 


vv* = 1 a and v*v € (ip(h) <8> Ik)Mk(A)(ip(K) (g) l/c)■ 


Note that c(f 5 / 2 {ip{h))®l K ) = c{f 5 / 2 (ip{h))®l K ) = c for all c € (<p(h)~ <8> l K )M K (A)(ip(h)~ ® 1 K ), 
where 6 = A(/i), and therefore 

v{fs/ 2 (p(h)) <g> l K )v* = vv* = 1 A - 
Consider the upper-left corner of Mk(A ), one has that 

I< 


= l A, 


i=l 


and therefore, by ()c 12.16p . one has 

K 


X] u h*(5 , A(/)(7 3 (^)))^(h)(5- A(/ - ) (^(h)))2^ = U- 


i= 1 
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Since v is a partial isometry, one has that ||ujj|| < 1, i,j = 1 and therefore 

II v m( 5 A (/)M/)))*II ^ ll(5 A (;)(^(/)))^ll - ll(fi , A(/))^ll = T (/)- 

Hence the map p is T x A r -H-full, as desired. 

□ 

Theorem 12.5. Let C be a unital C*-algebra in T> s (see 14. 8|) . Let J- C C be a finite subset, 
let e > 0 be a positive number and let A : Cf 1 \ {0} — > (0,1) be an order preserving map. 
There exists a finite subset Hi C C\ \ {0}, there exists 71 > 0, 1 > 72 > 0, 6 > 0, a finite 
subset G C C and a finite subset V C KfC), a finite subset H 2 C C s . a . and a finite subset 
U C U™ =1 U(M m (C))/CU(M m {C)) for which \U\ C V satisfying the following: For any unital 
Q-5-multiplicative contractive completely positive linear maps p,if : C —>• A, where A = A\®U 


for some A\ £ B\ and a UHF-algebra U of infinite type satisfying 

Mv = Mv, (e 12.18) 

r{p{a)) > A(a), r('i/i(a)) > A(a) (e 12.19) 

for all t £ T(A) and for all a £ Hi, 

\t o p(cl) — to ip[a)\ < 71 for all a € FL 2 and (e 12 . 20 ) 

dist < 72 for all u^U, (el 2 . 21 ) 

there exists a unitary W £ A such that 

II W*p{f)W - il>{f )|| < £ for all f £ T. (e 12 . 22 ) 


Proof. Let T' x N : C + \ {0} —> M + {0} x N be the map of Lemma 112.41 with respect to C and 
A/4. Let T = 2T'. 

Define L = 1. Let <5o > 0 (in place of 6), Go C C (in place of G), 'Ho A C+ \ {0} (in place of 
H), Uq C U(M no (C))/CU(M no (C)) (in place of IX), Vo C K(C ) (in place of V) be finite subsets 
and n\ (in place of n) be an integer as required by Theorem 1 12 . II with respect to C (in place of 
A), T x N, L, T and e/2 —-(see (2) of 112.21) . 

Let H 17 C C\ \ {0} (in place of Hi), Hi ,2 C A (in place of H 2 ), 71,1 > 0 (in place of 71 ), 
71,2 > 0 (in place of 72 ), <5i > 0 (in place of 5), Gi C C (in place of G), V 1 C K(C) (in place of 
V),Uv C J c (K\(Cf) (in place of 11) and 712 (in place of N ) be the finite subsets and constants 
of Theorem 18.41 with respect to C (in place of A), A/4, T and e/4. 

Put g = g Q \jg u S = min{<5o/4, hi/4}, V = Ho u P,, Hi = H u , H 2 = Hi )2> U=U 0 UU 1 , 
71 = 7 i,i/ 2 , 72 = 71 , 2 / 2 . One asserts these are desired finite subsets and constants (for V and 
e). We may assume that 72 < 1/4. 

In fact, let A = A\ (g) U , where A £ B\ and U is a UHF-algebra of infinite type. Let 
ip, if : C —>• A be ^-^-multiplicative maps satisfying (le 12.181) to (le 12 . 211 ) for the above chosen 
G, Hi, V, H 2 , U , 71 and 72 . 

Since A = A\®U,A = A®U. Moreover, j o 1 : A —> A is approximately inner, where 
1 : A —>• A ( 8 ) U is defined by a >—> a 1(7 and j : A <S> U —>• H is an isomorphism. Thus, we may 
assume that A = A\ ® U ® U = A-i <g) U, where H 2 = A\ <g) U. Moreover, without loss of generality, 
we may assume that the images of p and are in A 2 . Since H 2 € Hi, for a finite subset f/ ,/ C A 2 
and S' > 0, there is a projection p £ A 2 , a C*-subalgebra D £ C\ with p = I /5 such that 

(1) II P9 ~ 9P\\ < S' for any g £ G" , 

(2) pgp £ 5 / D, 
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(3) r( 1 — p) < min{(5 '.71 /4.1/8 m} for any r e T(7l). 

Define jo : A 2 —> (1 — — p) by jo(a) = (1 — p)a( 1 — p) for all a € ©. For any e" > 0 

and any finite subset F" C A 2 , there is also a unital contractive completely positive linear map 
ji : A —>• D such that ||ji(o) — pap || < e" for all a € F" , provided that Q" is sufficiently large 
and 5' is sufficiently small. Therefore, in particular, we may assume that 

|| <p(c) - (jo o 99 (c) © ji o v?(c)) || < e/16 and (e 12.23) 

IIV’(c) - (jo 0 V’(c) © ji 0 "0(c)) || < e/16 (e 12.24) 


for all c € F. 

Choose an integer m > 2(ni + 1 ) 77.2 and mutually orthogonal and mutually equivalent pro¬ 
jections ei, 62 ..., e m € U with YaLi e * = It/- Define , t// : C —> A © U by +((c) = <^(c) © e* and 
t/((c) = t/>(c) © e* for all c € C, 7 = 1, 2,..., 777. Note that 

Wi\\v = WiWv = Wi]\v = (e 12.25) 

i = 1 , 2 ,..., 777. Note also that 99 ), 7 // : C —>• e^ej are (/-(^-multiplicative. 

Write ?77 = /c 772 + r, where k > n± + 1 and r < 772 are integers. Define 
: C ->• (1 - p)A 2 (l - p) © ©rifcn 2+ i A 2 © e* by 

m 

+ (c) = jo 0 +(c) © E ji o 99 (c) © ej and (e 12.26) 

i=kn 2 ~\~l 

m 

i’ic) = jo ° i/j(c) © ^ ji o -0(c) © e* (e 12.27) 

2=fcri2+l 


for all c € C. With sufficiently large Q" and small 5’ , we may assume that 99 and 7 / are Q-25- 
multiplicative and, by (le 12.25|> . 

Mv = mv- (e 12.28) 

Moreover, bv 19.121 we may further assume that 

dist(+l(u), < 72 < L (e 12.29) 

for all v € U. Define 99 /, 7 /d : C D © e* by <pj(c) = j\ o 99 (c) © e* and ipj(c) = ji o t/(c) © e*. 
By 19.121 and by choosing even larger £/" and smaller 5', we may assume that 

r o (p}(h) > A(h)/2 and T(ipl(h)) > A(h)/2 for all h^Tii (e 12.30) 

and for all r € T(pAp © e© 

|t o yjl(c) — i o -01(c) | < 71,1 for all c € ^2 and (e 12.31) 

dist((^ J 1 )l(?;), (ipj )*(t/)) < 71,2 for all v£U. (e 12.32) 

By applying 112.41 99 ) and 7 /d are T x WHi-full. Moreover, we may also assume that 99 ) and 7 /d 
are (/-2<5-multiplicative contractive completely positive linear maps and 

k 1 ]|p = [V’ l 1 ]b- (e 12.33) 
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Define <f>, Vk : C —> D 0 e; by 


fcri2 /C7l2 

$ (c) = © <p\ (c) and T(c) = ®^(c) 


(e 12.34) 


2=1 


2=1 


for all c 6 C. By (le 12.331) , (le 12.301) , (le 12.311) , (|e 12.321) and by 18.41 there exits a unitary W\ £ 
(s!'=i P ® e i )(^2 0 U)(J2i=i P ® e i ) such that 


Note that 


- T(c)|| < e/4 for all c £ 7. 


t( 1 -p)+ I] r(e;) < ( 1 /m) + (r/m) < n 2 / 

/C722 + 1 


m 


(e 12.35) 


(e 12.36) 


for all r £ T(A). Note also that k > n\. By (|e 12.281) . (Ic 12.291) . since tpj is T x N-'Hi- 
multiplicative, by applying 112.11 there exists a unitary W 2 € A such that 


Set 


| WZ(<p(c) © ¥(c))Wi - ($(c) 0 (c))|| < e /2 for all c £ T. 

W = (diag(l - p,e kn2+1 ,e kn2 + 2 ,-,e m ) 0 IDi)^- 


(e 12.37) 


Then we compute that 

\\W*{y(c)®<S>{c))W - (^(c) 0 T(c))|| < e/2 + e/4 
for all c £ F. By (Ic 12.231) , we have 

\\W*<p(c)W - ^(c)|| < e for all c £ F, 

as desired. 


(e 12.38) 


(e 12.39) 


□ 


Remark 12.6. First we note that, given (Ic 12.20|) and with an arrangement at the beginning 
of the proof, we only need one inequality in (|c 12.19p . Note also that the condition that U C 
U% =1 U(M m (C))/CU(M m (C)) can be replaced by U C J C {K\ (C)). To see this, we note that we 
may write, by 12.151 

OO 

U U(M m {C))/CU(M m (C)) = Aff (T(C))/pc(K 0 (C)) 0 J c (/G(C)). (e 12.40) 

m= 1 


So, without loss of generality, we may assume that U = U 0 UU 1 , whereto C AS(T(C))/ pc(Ko(C)) 
and U\ C J c {K\{C)). Using the de La Harpe and Skandalis determinant (see again I2T51) . with 
sufficiently small 6, 71 and sufficiently large Q and Hi, the condition (|c 12 . 201 ) implies that 

dist(^(u), %lfi{u)) < 72 for all u^Uq. (el2.41) 

This particularly implies that, when K\{C) = 0, U and 72 are not needed in the statement of 
112.51 When K\ (C) is torsion, <P^\jjk 1 (C)) = 0, since AS{T{A)) / pa{pa{Kq{A)) is torsion free 
(see 111.51) . 

In general, we can further assume that U C J c {K\(C)) generates a free group. Let G(U) be 
the subgroup generated by U. Write G(U) = G 1 0 Gt, where Go is free and Gt is torsion. Let 
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g\ i g 2 , ■■■, ,9fc] be the generators of G\ and fi, f2, ■■■, fk 2 be the generators of Gt■ As in the proof, 
we may assume that [x] G V for all x G 11', where 11' is a finite subset of unitaries such that 
[7T] = U. By choosing even larger V and 11, we may assume that gt, fj &1A. There is an integer 
rri(j) > 1 such that m(j)fj = 0. It follows that m(j)ip^(fj ) = m(j)ip*(fj) = 0. With sufficiently 
small <5, 71 and sufficiently large Q, condition (|c 12.18P implies that 

7T = vro <p X (fj), 

where n : Um=i U(M m (A))/CU(M m (A)) K\(A) is the quotient map. Therefore 

J c ono ipt(fj) = J c o 7 r o <p*(fj). (e 12.42) 

Note m(j)J c o 7 ro = 0. It follows that 

~ J c o7ro <£*(/,-)) = 0 . 

However, 

-Jcono G AS(T(A))/ Pa (K 0 (A)). 

Since A\ G B\, bv lll.71 PAt{T{A))/ pa{Kq(A)) is torsion free. Therefore 

^(fj) ~ </ C 0 7 TO <p X (fj) =0 

Similarly, — J c o n o = 0. Thus, by (je 12.42p . 

^(fj) (e 12.43) 

In other words, with sufficiently small 5 , 71 and sufficiently large Q, (le 12.181) implies (|e 12.431) . 

So Gt can be dropped. Therefore in the statement in 112.51 we may assume that 11 generates a 
free subgroup of J c {Ki{C)). 

Furthermore, if C has stable rank k, then J c {K\{C)) may be replaced by J c (U(Mk(C))/Uo(Mk(C))), 
see (le 2.231) . In the case that C has stable rank one, then 11 may be assumed to be a sub¬ 
set of J c (U(C)/Uo(C)). In the case that C = C' ® C'(T) for some C' with stable rank one, 
then stable rank of C is no more than 2 . Therefore, in this case, 11 may be assumed to be in 
J c (U(M 2 (C))/U 0 (M 2 (C)), or U(M 2 (C))/CU(M 2 (C)). 

The introduction of A and condition (Ic 12.19p are for convenience which can be replaced by 
original fullness condition. A can be replaced by a map T x N : C+ \ {0} and condition (le 12.191) 
is replaced by ip and ip are T x lV-%i-full as indicated in the proof. 

Corollary 12.7. Let e > 0 be a positive number and let A : C'(T )^ 1 \ {0} —>■ (0,1) be an order 
preserving map. There exists a finite subset TLi C C(T)^ \ {0}, there exists 71 > 0, 1 > 72 > 0 
and any finite subset TL 2 C (7(T) s . a . satisfying the following: For any two unitaries u\ and u 2 in 
a unital separable simple C*-algebra A G B\ such that 

M = M € Ki{A) and t(/(ui)), r(/(rt 2 )) > A(/) (e 12.44) 

for all t G T(C) and for all f G TL\, 

\r(g(ui)) — r(g)(u 2 )\ < 71 for all g G "H 2 and dist(wi, w 2 ) < 72 , (e 12.45) 

there exists a unitary W G C such that 

\\W*u\W — u 2 \\ < e. (e 12.46) 


99 





















Lemma 12.8. Let A be a C*-algebra and X be a compact metric space. Suppose that y G 
(A (8> C(X)) + \ {0}. Then exists a{y) G A + \ {0}, f(y) G C(X) + \ {0} and r y G A (8 C{X) such 
that ||a(y)|| < ||y||, ||/(y)|| < 1, \\r y \\ < ||a|| and r* y yr y = a{y) (8 f(y). 

Proof. Identify A (8 C(X) with C(X,A). Let xo G X such that ||y(xo)|| = ||y||. There is 6 > 0 
such that \\y(x) - y(x 0 )\\ < ||y||/16 for x G B(x 0 ,25). Let Y = B(x 0 ,5). Let z(x) = f\\ y \\/fiy( x o)) 
for all x G Y. Note z 0. By 2.2 of [92], there exist r G C(Y,A) with ||r|| < ||y|| such that 
r*(y\ Y )r = z. Choose g G C(X)+ \ {0} such that 0 < g < 1, g(x) = 0 if dist(x, xq) > 5 
and g(x) = 1 if dist(x,xo) < 5/2. Then one may view rg x ! 2 ,zg G C(X,A). Put r y = rg 1//2 , 
a{y) = /|M|/ 4 ( 2 /Oo)) and f{y) = g. Then 

r* y yr y = zg = a(y) (8 /. 

□ 


Theorem 12.9. Let A\ € B\ be a unital simple C*-algebra which satisfies the UCT, A = 
A\ (8 C(X), where X be a point or X = T. For any s > 0, any finite subset T C A and any 
order preserving map A : C(X)\ \ {0} —>• (0,1), there exists 5 > 0, a finite subset Q C A, 
cti,<72 > 0, a finite subset V C K(A ), a finite subset Tii C C(X)\ \ {0}, a finite subset U C 
U(M 2 (A))/CU(M 2 (A)) ( — see \12.1(J{) and a finite subset TI 2 € A s . a satisfying the following: 

Let B' G let B = B' for some UHF-algebra U of infinite type and let ip, ip : A —>• B 
be two unital Q -5-multiplicative contractive completely positive linear maps such that 


Yp\\v = [<P]\p, (e 12.47) 

r o ip( 1 <8 h) > A (h) for all h 6 TLi and r € T(B), (e 12.48) 

|t o ip(a) — t o ip(a)\ < 0 i for all a € TI 2 and (e 12.49) 

dist (ip^{u),ip^(u)) < 02 for all u£lL. (el2.50) 

Then there exists a unitary u £ U(B) such that 

II Ad u o ip(f) - ip(f) || < e for all f € F. (e 12.51) 


Proof. Let e > 0 and let T C A be a finite subset. Without loss of generality, we may assume 
that 

J={a®/:aGJi and / € X 2 }, 

where F\ C A is a finite subset and T 2 C C(X) is also a finite subset. We further assume that 
F\ and F 2 are in the unit ball of A and C(X), respectively. 

Let L = 1. Let A : C{X)\ \ {0} — > (0,1) be an order preserving map. Let T' x N' : 
C(X)+ \ {0} —> M + \ {0} x N be a map given by 112.41 with respect to 3A/16. Since A\ is a 
unital separable simple C*-algebra, the identity map on A\ is T" x A r// -fnll for some T" x N" : 

W+\{ 0}^M + \{0}xN. 

Define a map T x N : A + \ {0} —>■ M + \ {0} x N as follows: For any y € A + \ {0}, bv !12.8l 
there exist a(y) G (7li)+ \ {0}, f(y) G C(X) + \ {0} and r y £ A( 8 C(X) with \\r y \\ < ||y|| such 
that r* y yr y = a{y) (8 f(y), ||a(y)|| < ||y|| and ||/(y)|| < 1. 

There are x a(y)i i, x a(y)i2 ,..., £a(y),jV"(a( y )) € A 1 with max{||x a(2/)ji || : 1 < i < N"(a{y))} = 
T"(a(y)) such that 

N"(a(y)) 

^ ] X a(y),i a (y) X a(y),i ~ 1-A 1 - 

i=l 

Then define 

(T x N)(y) = (1 + max{T"(a(i/)), T\f{y))} • max{l, ||y||}, N"(a(y)) • N\f(y))). (e 12.52) 
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Let e/16 > <5i > 0 (in place of (5), Q\ C A (in place of Q), Ho C A + \ {0} (in place of H), 

U\ C U(M 2 (A))/CU(M 2 (A)) (in place of U —see (2) of 112.2(1 . V\ C K_{A) (in place of V) and 

n > 1 be the finite subsets and constants as required by 112.11 for A, L, e/16 (in place of e), T 
and T x N. Without loss of generality, we may assume that 5\ < e and 

Qi = {a <8> g : a £ Q[ and g £ Q'[ }, (e 12.53) 

where Q[ C A\ and Q'{ C C(X) are finite subsets. We may further assume that C Q\ and 
J ~2 C G\ ■ and both are in the unit ball. In particular, J C 5i. We may also assume that 

Ho = {a <g> f : a £ H' 0 and / € H%}, (e 12.54) 

where H' 0 C (^4i)+ \ {0} and Hq C C(X) + \ {0} be finite subsets. For convenience, we may 
further assume that, for the above integer n > 1, 

l/n < inf{A(h) : h £ 7-^q}/ 16. (e 12.55) 

Let U\ — {hi, V2 ,..., v~k}, where V\,V2,...,vk £ U(M2(A)). Put Uq = {v±,V2 Choose a 
finite subset Q' u C A such that 

Vj £ {(uij)i<i,j< 2 : a>i,j G G ' u } for all Vj £ U 0 . (e 12.56) 

Choose 5^ > 0 and a sufficiently large finite subset Q v C A\ which satisfying the following: If 
p £ A\ is a projection such that 


||px — xp\\ < 5\ for all x £ G v , 

then there are unitaries Wj £ (diag (p,p) <8> lc(x))Al 2 {A)(diag(p,p) <8> 1 c(X)) such that 

\\diag(p,p)vjdiag(p,p) — Wj\\ < di/ldn for all Vj £Uq and j = 1,2(e 12.57) 
Let 

Q' 2 = Ti U Q[ U H'o UG U U {a(y),x a ( y)J ,x* a{y) j : y £ H' 0 }, and 
Mi = 64(max{||x a(2/ )j|| : y £ H' 0 } + 1) • max{/V(y) : y £ H' 0 }. (e 12.58) 

Put S'{ = min{(5i, <5i}/(64(n+l)Mi). Since A\ £ Bi, there exists mutually orthogonal projections 
p' 0 ,p'i £ A \, a C*-subalgebra C £ C and 1 c = Pi, unital 5i/16-^2- m ultiplicative contractive 
completely positive linear maps i[ i{) : A\ —> p' 0 Aip' 0 and i' m : A\ —>• C such that 

71+1 

diag(Po,Po, -.,+) < Pi and ||x - z' 00 (x) © *qi(x)|| < 6" (e 12.59) 

for all x £ Q[ U Q' 2 , where «o 0 ( a ) = Poo-Po for all a £ A\. Define po = p' Q © 1 c(x), Pi = Pi <8> 1 c(x)- 
Without loss of generality, we may assume that p' 0 / 0. Since + is simple, there is an integer 
No > 1 such that 

Nolp'o] > bi] in W(A 1 ). (e 12.60) 

This also implies that 

No\po] > M- (e 12.61) 
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Define *oo : A — > poApo by *oo(a <£>/) = *g 0 (a) © / an d *oi : A —>• C <g> C(X) by *oi (a <g> f) = 
*01 (a) <S> f for all a € A\ and / € C(X). Define Lq : A —>• A by 

Lq(o) = *oo(a) © *01 (a) for all a G -A. 


For each Vj € Wo, there exists a unitary Wj € M 2 (poApo ) such that 

11 diag (p 0 , po) Vj diag (p 0 , Po) - Wj|| < <^i/16ra, j = 1 , 2 ,.... (e 12.62) 

Note that C\ = C ® C(X)c A. 

Let *o : C 1 —>■ A be the natural embedding as C is a unital C*-subalgebra of p\Aip\. Let 
*q : C q —>• be defined by *q(c) = c for c € C. Let Ao : ,:L \{0} —»• (0,1) be the map given by 

112.31 and define 

Ai (h) = sup{A 0 (*|(hi))A(/* 2 )/4 : h > hi <g) h 2 , hi e C\ {0} and h 2 € C(X) + \ {0}} 
for all h € (Ci) + \ { 0 }. 

Let C /3 = *Q ;1 (fq Uf / 2 )■ Let C /3 = {a®/ : a € G 3 and / € £"}. Let ^3 C (C'i)+\{0} (in place 
of 7ii), l'i > 0 (in place of 71 ), 7 2 > 0 (in place of 7 2 ), 5 2 > 0 (in place of 5), Ga C C 1 (in place 
of G), V 2 C K(Ci) (in place oiV), Ti' A C (C'i) s . a . (in place of U 2 ), Th C U(M 2 {C 1 ))/Uo(M 2 {C 1 )) 
(in place of U —see 112.61) be the finite subsets and constants as required bv 112.51 for di/16 (in 
place of e) and G 3 (in place of J 7 ), Ai/2 (in place of A) and for C\ (in place of A). 

Let U 2 C U(M 2 (C 1 )) be a finite subset which has an one-to-one correspondence to its image 
in U(M 2 (Ci))/CU{M 2 {C\)) which is exactly U 2 . We also assume that {[**] : u € W 2 } C V 2 . 

Without loss of generality, we may assume that 


TL:i = {h\ <g> h 2 : hi G Ti ' 3 and h 2 € Ti"}, 
where Ti ' 3 C C + \ {0} and Ti" C C(X) + \ {0} are finite subsets, and 

Ga = {a <S> f : a G G'a and / € G’l}, 


(e 12.63) 


(e 12.64) 


where G\ C C and G" C C(X) are finite subsets. 

Let 83 > 0 (in place of 5) and let G 5 C Ai (in place of G) be the finite subset as required by 
112.31 for Ao and Ti ' 0 U Ti 3 . 

Set 


5 = 


min{l/16, e/16, Ji,<5 2 , <5 3 } 

128No(n + 1 ){T(Ti 4 ) + N(Ti,i)) ’ 


(e 12.65) 


and set 


n— 1 

Go = { G 2 u Lq(G' 2 ) u * 01 ( 1 * 2 ) u IJ {Ad Uj o *' 01 (^ 2 )} U G'l u Go and 

3 =1 

G = {a <8> / : a € Go and f & G" U Ti" U G"} U {pj : 0 < j < 1} U {vj,Wj : 1 < j < K}. 

To simplify notation, without loss of generality, we may assume that G C A 1 . Let V = Vi U {pj : 
0 < j < 1} U [*] (V 2 ), where * : Ci —>• A is the embedding. Let Tii = TLq U Ti". 

Let U' 2 = {diag(l—pi, \—pi) + w : w € W 2 } and let Wq = {wj +diag(pi,pi) : 1 < j < K}. Let 
U = {u : v € Ui VJU' 2 ) and let Ti 2 = H'l Let 01 = min{i, and cr 2 = min{ T g©^, j^}. 

Now we assume that B is as in the statement, ip, */> : A —>• B are two unital l*-(5-multiplicative 
contractive completely positive linear maps satisfying the assumption for the above defined <5, 
G, V , Tii, U, TL 2 , ci and a 2 . 
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Note that B' is in B\ and B = B' ®U. We may also write B = B\ ® U, where B\ = B' ® U, 
since U is strongly self absorbing. Without loss of generality, by the fact that U is strongly self 
absorbing, we may assume that the image of both p and if) are in B\. By replacing ijj by Ad uo 
for some unitary uq £ U(B\) if necessary, we may assume that 

= poi' m {l A ) = q- (e 12 . 66 ) 

There is an integer m > n and mutually orthogonal and mutually unitarily equivalent projections 
e±, ..., e m € U such that e i = 1 u■ Define ipt Q , ip ' 0 : A —>■ qB±q (g) ljj (see (le 12.661) 1 by 

<// 0 (a) = <p o ioo(a) <S> 1(7 and V’o(°) = 4> ° h)o(°) < 8 > 1 u (e 12.67) 

for all a € A. Define <£', T : A —>• (1 — q)B\{l — q) ® 1 jj by 

^(a) = ip o *oi(o) ® 1(7 and T 7 (a) = <p o z 0 i(a) < 8 > 1(7 (e 12 . 68 ) 

for all a € A. Define <&, T : C\ —>• (1 — q)B]_{ 1 — q) by 

= p o i and $ = ^ 01 . (e 12.69) 

Define i\)\ : A —>• (1 — g)7?i(l — q) <g> e* by 

^[{a) = 'h , (a)ej for all a € A. (e 12.70) 

Note, by the choice of 5 and Q, and T are 1/ - 4- rnu 1 1 i p 1 i c a t i ve. By (the proof of) 112.31 

r(<h(/i)) > A\(h )/2 for all /1 £ 773 - (e 12.71) 

By assumptions, for all r £ T{B\), 

|r(d>(c)) — r(T(c))| < 07 for all c £ 77 4 . (e 12.72) 

Therefore, for all t € T((l — q)Bi(l — q)), 

|7($(c)) — t(^(c))| < for all c € 77 4 . (e 12.73) 

Since [*]( V 2 ) C T 5 , by assumptions, one also has 

mv 2 = mv 2 . (e 12.74) 

One also computes that (as elements in — q)B\)(\ — q))) 

dist( ( h^(i;)T : f(i;*)) < 72 for all v (e 12.75) 

By the choices of 5, G 4 , 7 j, 72 , V 2 , 773 , 77" and 772 , and by applying 112.51 there exists u\ € 
(1 — q)B\{l — q) such that 

||u*$(c)rti — ^(c)|| < 5i/16 for all c G < 73 . (e 12.76) 

Thus, by (le 12.591b 

||rtj^ / (a)iti — ^(a)!! < 5\/\§ + 5" for all a S ft. (e 12.77) 

We check that, by assumption (le 12.4811 and (le 12.551) . 

r('k / (h)) > 15A(7,)/16 for all h € 77g and for all r £ T{B\). (e 12.78) 
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Bv ll2.4l it follows that 'h / is T' x A 1 '-T-L^-hill. Note that 


N"{a{y)) 

II E ^K{y),i)^Hy))^^v),i) - (1 - 9)11 < ±N"(a{y))T"{a(y))5 (e 12.79) 

i =1 

for all a € T~L' 0 . We conclude that is T x A r -77o-full. It follows that is T x A r -77o-full, 
i = 1,2, ...,m. It is easy to see that 


Mbi = Klk- (e 12.80) 

Assumptions also imply that 

dist+diag(pi,pi)),'^ t (^ + diag(pi,pi))) < a 2 (e 12.81) 

j = 1,2,..., AT. Bv le 12.6T1 applying (111.91) and then (Ic 12.621) . we compute that 

dist^o)*^), < 72 , j = l,2,...,K. (e 12.82) 

It follows from 112.11 and its remark 112.21 that there exists a unitary u 2 € B such that 

\\u* 2 {ip'(a) © ^ 4 (a) © • • • © tp' n (a))u 2 - (ip' 0 (a) © V’i( a ) © • • • © ip' n (a))\\ < e /16 (e 12.83) 
for all a £ T. In other words, 

\\u 2 (<Pq (o) © ^'(a))u 2 — i/j o(a) © 1 F / (a)|| < e/16 for all a € J 7 . (e 12.84) 

Thus, by (jc 12.771) . 

II w 2 (t , o(°) © uX&(a)u\)u 2 — V’o(a) © ^(a)|| < e/16 + <5i/16 + 5" for all a € J 7 . (e 12.85) 

Let u = (q + u\)u 2 € U(B). Then, by (Ic 12.591) . one has 

\\u* ip(a)u — V'(o-)|| <£ for all a € J 7 , (e 12 . 86 ) 

as desired. □ 

Remark 12.10. As in remark Pi 2.61 the condition that U C U(M 2 (A))/CU(M 2 (A)) can be 
replaced by U C J c (U(M 2 (A))/Uo(M 2 (A))). Moreover, if A is a point, or equivalently, A € B\, 
we may take U C J C (U (A) /Uq(A)), since A has stable rank one. Furthermore, in this case , we do 
not need A and (le 12.481) . Let G be the subgroup generated by the finite subset U C J C (K\(A)) 
and G = G\ ®Tor(G \), where G\ is free. Since AS(T(B))/pb(Ko(B)) is torsion free (by I11.5D . 
we may further assume that G is free. 

In the case that A = (J^=i A n , in the theorem above, one may choose U to be in A n for some 
sufficiently large n. 

13 The range of invariant 

Notation 13.1. Let A be a unital subhomogeneous C*-algebra, that is, the maximal dimension 
of irreducible representations of A is finite. Let us use RF{A) to denote the set of equivalence 
classes of all (not necessarily irreducible) finite dimensional representations. In this section, by 
{y} = {xi, x 2 , ...,Xk}, we mean that the representation corresponding to y is direct sum of the 
representations x\,x 2 ,..., Xk- If some of x repeats k times, then we use x~ k to denote this. That 
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is, { y } may be written as {z^ kl , z^ k2 , where for each j, Zj = Xi for some i. Note that 

we do not insist that each Zi should be irreducible. 

Let us use Sp(A ) to denote the set of equivalence classes of all irreducible representations 
of A, which may be viewed as a subset of RF(A). Since A is of type I, the set Sp(A ) has an 
one-to-one correspondence to the set of primitive ideals of A. Let X C Sp{A) be a closed subset, 
then X corresponds to the idea lx = fl^ex ker ij}. In this section, let us use A\x to denote the 
quotient algebra A/Ix • If ip : B —>• A is a homomorphism, then we will use ip\x '■ B —>• A\x 
to denote the composition it o </?, where n : A —>• A\x is the quotient map. As usual, if B\ is a 
subset of B, we will also use <p\bi to denote the restriction of ip on B\. These two notation will 
not be confused, since it will be clear from content which notation we refer to. 

If ip : A —>• B is a homomorphism, then we write Sp(ip) = {x € Sp(A) : ker ip C kerx}. 

Notation 13.2. In this section we will use the concept of sets with multiplicity. There¬ 
fore X\ = {x,x,x,y} is different from X 2 = {x, y}. We will also use x~ k for a simplified 
notation for {x,x, ...,x} (see 1.1.7 of [35]). For example, {x~ 2 ,y~ 3 } = {x,x,y,y,y}. Let 

k 

X = {x^ 1 ,^* 2 , ...,x~* n } and Y = {x^ 1 , x^ 2 ,■■■■, Xn^ 71 } (some of the ik s (or jk s) may be 
zero which means the element Xk does not appear in the set X (or Y)). If ik < jk for all 
fc = 1,2,..., n, then we say that X C Y (see 3.21 of [35] 1. We define 

X U Y = {x~ maX ^ 1,J " 1 ) X ~ max (* 2 d2) X ~max(i„,j n )y 
By X~ k we mean the set {x^ kn , x ^ 12 , 

If ip : A —>• M m ( C) is a homomorphism, let us use SP{ip) to denote the corresponding 
equivalent class of ip in RF(A). Any finite subset of RF(A) also defines an element in RF(A) 
which is the equivalent class of the direct sum of all corresponding representations in the set 
with correct multiplicities. If both X and Y are finite subsets of RF(A) with multiplicities, we 
say X C Y if the representation corresponding to X is equivalent to a sub-representation of 
that corresponding to Y. That is, if we rewrite X and Y as X = {x^ n , x^ 12 , • • • ,x~ ln } and 
Y = {x ^ n , , • • • ,Xn Jri }, with Xi being irreducible representation, then ik < jk for each k € 

{1, 2, ■ ■ ■ , n}. It is clear that for two homomorphisms ip\ : A —>• M mi (C) and ip 2 ■ A —>• M m2 (C), 
we have SP(ipi) C SP(ip 2 ) if and only if ip\ is equivalent to sub-representation of p> 2 - Strictly 
speaking, an element in RF(A) is regarded as a set with multiplicity whose elements are in 
Sp(A). But when we write X = {z± kl , z^ 2 , • ■ ■ ,z~ fcm }, we do not insist that z % itself in Sp(A). 
It may be a list of several elements in Sp(A )—that is, we do not insists z t to be irreducible (but 
as we know, it can always be decomposed into irreducible ones). So in this notation, we do not 
differentiate {x} and x, both give same element in RF(A) and same set with multiplicity whose 
elements in Sp(A). 

Comparing with notation in 113.11 if tp : A —>■ M m (C) is a homomorphism and if SP(tp) = 
{xjj kl , x ^ k2 1 x~ ki }, with xi, X 2 ,..., Xi being irreducible representations, then 
Sp(ip) = {xi,X 2 , ■■■jXi} C Sp(A). So Sp(ip) is an ordinary set which is a subset of Sp(A), while 
SP(ip) is a set with multiplicity, whose elements are also elements in Sp(A). 

Notation 13.3. Let us recall some notations from 14.81 Suppose that A = A m € T> m constructed 
in the following sequence 

A) = Fo, A = A ®Q 1 C(Z 1 ,F 1 )Q l P\C(X\ .F\)P\, 

A = A ®Q 2 C(Z 2 ,F 2 )Q 2 AC'(A 2 , F 2 )P 2 , ■■■ (e 13.1) 

is as in l4.8l Let A : A —>• 0'^_ o BkC(Xk, Fk)Pk, be the inclusion homomorphism as 14.81 Let F( x j), 
where x £ Xk and j the positive integer represented j-th block of Ak = 0^ =1 Pk,jC(Xk , Fk)Pk,j, 
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be the finite dimensional representation of A as in 14.81 According to 113.11 one has that 7 rr x ,j) € 
RF(A). 

Suppose all Xk are metric spaces. Let ip : A —> M,(C) be a homomorphism. We say 
that SP(<p) is (5-dense in Sp(A ) if for each irreducible representation 6 of A, there are two 
points x,y,£ Xk and j (same k and j) such that dist(x,y) < 5, and such that 9 C TT(y,j) and 
TT(x,j) C <S ’P(<p). This will be used in this section and next. 

If Xk = [0,1], then we use the ordinary metric of interval [0,1]. 

13.4. Let A = \\m{A n , (p n , m ) be an inductive limit with all A n £ Di^ for some l(n). The 
limit C* algebra is simple if the inductive system satisfy the following condition: for any n 
and 6 > 0, there is an integer m > n such that for any y £ Sp(A m ), SP{p n)m \ y ) is d-dense— 
consequently, for any m! > m and any y £ Sp(A m /), SP(<p nm i\ y ) is 5-dense. The proof of 
this claim is standard. Indeed, for any nonzero element / £ A n , it must be nonzero on a open 
ball of radius 5 (for some 5 > 0) of a certain Xk (a space appears in the construction of A n ). 
Then, by the given condition, there is an m, such that for any m! > m and any irreducible 
representation 8 of A m t, one has 8(ipn,m'(f)) / 0- It follows that the ideal I generated by 
in A m i equals A m / —otherwise, any irreducible representation 8 of A m i/I / 0 (which 
is also a irreducible representation of A m i) satisfies 9(ip n>m i(f)) = 0, and this contradicts with 
the fact that #(^n,m'(/)) 7^ 0 for all irreducible representation 8. It is well known that an 
ideal I of the limit C*-algebra lim(A n , p nyrn ) is always the limit of ideals lim(/ n , <p n ,m\i n ), where 
I n = ipn'oo(l)- Consequently, the C*-algebra of the given inductive system is simple. 

Definition 13.5. Denote by A/"o the class of those unital simple C*-algebras A in M for which 
A®U € Af fl Bo, for any UHF-algebra U of infinite type (see 12.91 for definition of class AT). 

Denote by A/"i the class of those unital C'*-algebras A in A f for which A®U £ J\f n B\, for 
any UHF-algebra of infinite type. In section 19, we will show that Af\ = Afo- 

Also denoted by Af { f (respectively Aff) the class of all ^-stable C*-algebras in Afo (respec¬ 
tively Afi). 

13.6. Let (G,G+,u) be a scaled ordered abelian group (G,G+) with order unit u £ G + \ {0}. 

The scale is given by {g £ G + : g < u}. Sometimes we will also call u the scale of the group. 

Let S(G ) := S U (G) be the state space of G. Suppose that ((G,G + ,u), K, A,r) is a weakly 
unperforated Elliott invariant—that is, (G,G+,u) is a simple scaled ordered countable group, 

K is a countable abelian group, A is a metrizable Choquet simplex, and r : A —>• S(G) is a 
surjective affine map such that for any x £ G, 

x £ G + \ {0} if and only if r(r)(x) > 0 for all r £ A. (e 13.2) 

The above condition (le 13.21) is also called weakly unperforated for the simple ordered group. 

(Note that this condition is equivalent to that x £ G + \ {0} if and only if for any / £ S(G), 
fix) > 0. The latter condition does not mention Choquet simplex A.) In this paper, we only 
consider the Elliott invariant for stably finite simple C*-algebras and therefore A is not empty. 

The above weakly unperforated condition is also equivalent to that x > 0 if nx > 0 for some 
positive integer n. 

In this section, we will show that for any weakly unperforated Elliott invariant ((G, G+,u),K, A, r), 
there is a unital simple C*-algebra A in the class Af f f such that 

((K 0 (A), Ko{A) + , [1 A ]), K x (A), T{A), r A ) ((G, G+, u), K, A, r). 

In [25], Elliott constructed an inductive limit A with Ell(A) = ((G, G+, u), K, A, r). In this 
section, we will use modified building blocks to construct a simple C*-algebra A such that 
Ell(A) is as described, and, in addition, as a direct consequence of the construction, one has 
that A £ A[q . 
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13.7. Our construction will be a modification of the Elliott construction mentioned above. As 
matter of fact, for the case that K = {0} and G torsion free, our construction uses the same 
building blocks in Co, as in [25]. We will repeat a part of the construction of Elliott for this case. 
There are two steps in Elliott construction: 

Step 1. Construct an inductive limit 

Ci —> C 2 —>-> C 


with inductive limit of ideals 

h —> h —>- > I 

such that the non-simple limit C has the described Elliott invariant and the quotient C // is a 
simple AF algebra. For the case of K = {0} and G torsion free, we will use the notation C n and 
C for the construction, and reserve A n and A for the general case. 

Step 2. Modify the above inductive limit to make C (or A in the general case) simple without 
changing the Elliott invariant of C (or A). 

For reader’s convenience, we will repeat Step 1 of Elliott construction with minimum modi¬ 
fication. For Step 2, we will use a slightly different way to modify the inductive limit which will 
be more suitable for our purpose—that is, to construct an inductive limit A € Mq with possible 
nontrivial K\ and nontrivial Tor(/<o(A)). 

13.8. Let p : G —>• Aff(A) be the dual map of r : A —> S(G). That is, for every g £ G, r € A, 

p{g){r) = r(r)(g) € R. 

Since G is weakly unperforated, one has that g £ G + \ {0} if and only if p(g)(r) > 0 for all 
r € A. Note that Aff (A) is an ordered vector space with the strict order, i.e., / € Aff(A) + \ {0} 
if and only if f(r) > 0 for all r € A. Since A is a metrizable compact convex set, there is 
a countable dense subgroup G 1 C Aff (A). Put H = G © G 1 and define p : H —>• Aff (A) by 
p((g, f))(r) = p{g){r) + f(r) for all ( g,f ) € G © G 1 and r £ A. Define H + \ {0} to be the 
set of elements ( g,f ) £ G © G 1 with p{{g,f)){r) > 0 for all r £ A. The order unit (or scale) 
u € G + could be regarded as (it, 0) € G © G 1 = H as the order unit of H + (still denote it 
by u ). Then ( H,H + ,u ) is a simple ordered group. Using the fact that p(H) is dense and 
therefore has the Riesz interpolation property, it is straight forward to prove that ( H,H + ,u) is 
a Riesz group. We give a brief proof of this fact as below. Let 01 , 02 , 61,62 € H with ^ 
for i,j £ {1,2}, then for each r £ A, max{p(oi)(r),/ 5 (o 2 )(t)} < min{p( 6 i)(r), p(b 2 )(r)}. Let 
d = min re A (min{p( 6 i)(r), / 5 (& 2 )(t)} — max{ / o(ai)(r),/ 5 (o 2 )(t)}) > 0. Since p(H) is dense in A, 
there is a c £ H such that max{p(ai)(r), p(o 2 )(r)} < p(c)(r ) < min{p( 6 i)(r), p( 62 )(r)} for all 
r £ A. Consequently, a* < c < bj for i, j £ {1, 2}. As a direct summand of H, the subgroup G 
is relatively divisible subgroup of H, i.e., if g € G, m £ N \ {0}, and h £ H such that g = mh, 
then there is g' £ G such that g = mg'. Note that G ^ H. 

Now we assume, until I13.~2T1 that G is torsion free and K = 0. Then H is also torsion free. 
Therefore H is a dimension group. 

13.9. In ll3.8l we can choose the dense subgroup G 1 C Aff(A) to contain at least three elements 
x,y,z £ Aff (A) such that x,y and z are Q-linearly independent. With this choice, when we 
write H as inductive limit 

H\ —> H 2 —> • • • 

of finite direct sums of copies of ordered group (Z,) + ) as in Theorem 2.2 of |20] , we can assume 
all H n have at lease three copies of Z. 
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Note that the homomorphism 


'~fn,n +1 • n 


Hr, = Z P " 


H n+ 1 = Z** 1 


is given by a p n +i x Pn matrix c = (Cy) of nonnegative integers, where i = 1,2, ...,p n+ i; j = 
1,2, ...,p n and Cy €)+ := {0,1,2,...}. For M > 0, if all Cy > M, then we will say 7 n!n +i is at 
least M-large or has multiplicity at least M. Note that since H is a simple group, passing to 
subsequences, we may assume that at each step 7 n )n +i is at least M n -large for arbitrary choice 
of M n depending on our construction up to step n. 


13.10. As in 113.81 and 113.91 we have G C H with G+ = H + n G and both G and H share the 
same order unit u € G C H. As in 113.91 write H as inductive limit of H n —finite direct sum 
of ordered groups (Z,Z + ). Let G n = 7 ^^ 0 ( 7 n,oo(^n.) FI G), where 7 nj0O : H n —>• H is induced 
map to the limit. We may assume u € G n C H n for each n and ( G n ) + = (H n ) + PI G n . Since 
G is a relatively divisible subgroup of H and H is torsion free, the quotient H n /G n is torsion 
free group and therefor a direct sum of copies of Z, denoted by Z ,n . Then we have the following 
commutative diagram 


0i 7Al_ 02 



H 1 /G 1 H 2 /G 2 


H/G 


Let H n = (Z Pn ,Zwhere u n = ([n, 1], [n,2],..., [ n,p n ]) € (Z + \ {0}) Pn . Then H n can be 
realized as the K 0 group of F n = M[ n i ](C)—that is, 


(K 0 (F n ),K 0 (Fn) + ,l F J = (H n ,(H n ) + ,u n ). 


If there are infinitely many n such that the inclusions G n H n are isomorphisms, then, by 
passing to subsequence, we have that G n —>• H n is also an isomorphism which contradict with 
G ^ H i dl3.81 Hence, without lose of generality, we can assume that for all n, G n ^ H n , and 
therefore H n /G n / 0. 

To construct the C*-algebra with Kq being ( G n , (G n ) + , u n ), we consider the map ir : H n —>• 
H n /G n being identified as a map (still denoted by) 

7 r : Z Pn —Z /n . 


as in 
maps 


[25] . We emphasis that l n > 0 for all n. Such a map can be realized as 

b 0 , bi : Z p " —► Z ln 


difference of two 


corresponding to two l n x p n matrices of strictly positive integers bo = (bo.ij) and bi = 
That is, 


( tl \ 


( tl \ 

t2 

= (bi - b 0 ) 

t2 

\ tp / 


V tp ) 


for any 


ft 1 \ 

t'2 


€ TL Vn . 


\ t p / 
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Note that u n = ([n, 1], [n, 2], • • • , [ n,p n ]) € G n and hence tt( u n ) = 0. Consequently, 


( M \ 


f M] \ 


( {",!} \ 

[n,2] 


[n,2] 


{n,2} 


= bo 




\ [n,Pn] / 


\ [n,Pn] / 


\ {n,Pn} / 


i.e., denote that 

Pn Pn 

{n,i} = ^2bi,ij[ n ij] =^2b 0 ,ij[n,j]. 
j = 1 i =1 

Let E n = 0|=iMr n a(C). We can choose any two homomorphisms ,Bq , f3\ : F n —>• E n such 
that (/3o)*o = bo and (/3i)*o = bi. Then dehne 

C n = {(f,a)eC([0,l},E n )®F n] /(0)=/3 0 (a),/(l) =/?!(«)}, 

which is A(F n , E n , /?o, /3i) as in the definition of l3.ll Using the following six-term exact sequence 

A- 0 (C 0 ((0,1 ),E n )-- K 0 (CJ-- K 0 (F n ) 

K\ (F n ) - K x (C n ) -- K x (C 0 ((0,1), E n ), 


and the fact that n is surjective, we have K\(C n ) = 0 and 

(K 0 (C n ),K 0 (C n ) + ,l Cn ) = (G n ,(G n )+,u n y 

Note that in the above diagram the map Ko(F n ) = Z Pn —> K\ (C'o((0,1), E n )) = j} n is given by 
(bi — bo) € Mi riXpn ( Z), which is surjective, as quotient map H n ( = Z Pn ) —» H n /G n ( = Z in ). 

As observed in [25], in the construction of C n , we have the freedom to choose the pair of 
the Kq map (/3o)*o = bo and (/3i)*o = bi as long as the difference is the same map n : H n (= 
Z Pn ) —s- H n /G n (= l} n ). For example, if (m^) € Mi nXpn (Z_|_ \ {0}) is any l n x p n matrix of 
positive integer, then we can replace 6 o,«j by bo^j + and, at the same time, replace bijj by 
bi ij + rriij. That is, we can assume that each entry of bo (and of bi) is larger than any fixed 
integer M which depends on C n -\ and VVi-i,™ : F n _i —>• F n . Also, we can make all the entries of 
one column (say, the third column) of both bo and bi much larger than all the entries of another 
column (say, the second), by choosing m ;3 >> rrij 2 for all i, j. 


13.11. For later use, we will also deal with the case that G n = Z* © G' n and H n = Z* © H' n , 
with the inclusion map being identity for the first • copies of Z. In this case, the quotient 
map H n {= 7j Pn ) —>• H n /G n (= 7} n ) given by the matrix bi — bo maps the first • copies of Z to 
zero. For this case, it will be much more convenient to assume that the first •-columns of both 
matrices bo and bi are zero and each entry of the last ( p n — •)-column of them are larger than 
any previously given integer M. Now we have that the entries of the matrices bo, bi are strictly 
positive integers except the ones in the first •-columns which are zero. 

Consider the following diagram 
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Z Pi © G\ — 'i - Z p 2 © G' 2 --- G 

^ pi f' 

Z p ° © H[ Z p ° 0 H' 2 ---- H 

H\/G\ 712 » if 2 /G 2 ---- H/G. 

That is G n = Z p ° 0 G' n and H n = Z p ° 0 H' n , with the inclusion map being identity for the first 
Pn copies of Z. Write ph = p n ~ Pn- Then we assume that the entries of the matrices bo, bi are 
strictly positive integers for last p^-columns and are zeros for the first p^-columns. Note that 
since l n > 0 fsee 113.101) . we have p\ > 0. 

The inductive limits H = \in^(H n , 7 n ,n+i) and G = liiq(G n , 7 n.n+ilG 7 ) (with G n C H n ) 
constructed in 113.101 are in fact special cases of the current construction when we assume that 
Pn = 0. One notices that, for the case G n = Z Pn 0 G' n and H n = Z Pri 0 H' n , with the inclusion 
map being identity for the first copies of Z, one can still use the construction of ll3.10l to make 
all the entries of bo and bi (not only the entries of last p^) to be strictly positive (of course with 
first column of matrices bo and bi equal to each others). However, for the case that / 0 
for all n, we will get better decomposition as we will discuss in the next section. In fact, for the 
case that p^ ^ 0 for all n, the construction is much simpler than the case that p^ = 0 for all n. 

If we write F n (in| 13.10p ) as ®^ M [rM] (C) 0 F' n , where = ®f^ p o + i ^f[n,i](C), then the 

maps /3q and /3i are zero on the part ®^ > " 1 Moreover, the algebra C n = j (/, a) € 

C([0, l],E n ) 0 F n ; /(0) =/3 0 (a),/( 1) = /3i(a)| in 113.101 can be written as M [riji ](C) 0 C', 

where C' = { (f,a) <E C([0,1], E n )®F^; /(0) = A)(a),/( 1) = /3i(a)|, which is A{F' n , E n , Pq\ f ^ Pi\ f A) 
as in the notation of [3TT1 

13.12. Let us emphasis that once 

(H n , (H n ) + ,u n ) = (Z Pn , (Z+) p ", ([n, 1], [n,2],..., [n,p n ])), b 0 , bi : Z p " -> Z l ", 

are fixed, then the algebras F n = ®f " 1 M^( C), = ®J p 1 C), where 

{n,i} = = Ej=i and C n = A(F n , E n , /3 0 , P l), with K 0 (3i = b* (i = 0 , 1 ), 

are determined up to isomorphism. 

To construct the inductive limit, we not only need to construct Cn s (later on H n ’s for the 
general case) but also need to construct <p n ,n +1 which realizes the corresponding K-theory map— 
that is (ip n ,n+ i)*o = 7 nn+il G n - additional, we need to make the limit algebras to have the 
desired tracial state space. In order to do all these, we need some extra conditions for bo, bi 
for C n+ 1 (or for A n+ 1 ) depending on C n (or A n ). We will divide the construction into several 
steps with gradually stronger conditions for bo, bi (for C n+ 1)— of course depending on C n and 
the map 7 n,n+i : H n —>• H n+ 1 , to guarantee the construction can go through. 

Let G n C H n = Z Pn , G n+ i C H n+1 = Z Pn +\ and 7 n>n+1 : H n -> H n+1 . with 7 njn+ 1 (G n ) C 
G n + 1 be as in 113.91 and 113.101 ("also see 113.111) . Then 7 +1 induces a map 7 n _ ri+1 : H n /G n (= 

% ln ) ->• H n+ i/G n+ i = (Z^ 1 ). Let 7 n _ n+1 : H n (= Z p ") ->• iL„+i (= Z^ 1 ) be given by a matrix 
c = (c® € M Pn+iXpn (Z+\{0}) and 7 n>n+1 : -)• Z '^ 1 (as a map from H n /G n -)• iL„ + i/G n+ i) 

be given by matrix 0 = (dij). Let 7 r n+ i : i? n +l(= Z Pn+1 ) —>• H n+ \/G n+ \ (= Z^ n+1 ) be the quotient 
map. 


110 

































Let us use bg, b( ■ Z Pn+1 —>• T, ln+1 to denote the maps required for the construction of C n+ \, 
and reserve bo, bi for C n - Of course 7r n+ i = b) — bg. 

We will prove that if bg, b{ satisfy: 


In 

(0) bo,ji, bi : ji > YA\djk\ + 2 ) max(b 0[ fci, bi jki ) (e 13.3) 

k =1 

for all i € {1,2, ...,p n } and for all j € {1,2, ...,l n + 1 }, where bo = bg • c = (&oji) and bi = b) • c = 
(bi,ji), then one can construct the homomorphism ip ntU+ i : C n —> C n+ \ to realized the desired 
K-theory map (see 113.131 below). If bg, b\ satisfy stronger condition: 


( 00 ) 


bo,ji, h,ji > 2 2n ^2(\d jk | + 2 ){n, k} 


(e 13.4) 


\fc=i / 

for all i £ {1,2 ,...,p n } and for all j € {1,2,..., l n +i}, then we can prove the limit algebra 
constructed has the desired tracial state space (see 113.151 113.1911 . (It follows from that {n, k} = 
Yh= i bi, k i[n,i\ = Ya= i bo,ki[n,i\, we have that (00) is stronger than (0).) 

If we want to make the limit algebra to be simple, then we need to modify the connecting 
homomorphisms ip n ,n+i (bat not the algebras C n and C n+ 1 ), and we need even stronger condition 
for b' 0 = {b' 0ij ) and b( = (b' hij ) below: 


bo,u > 2 2n ( Y2(\d ik \ + 2) • {n, k} + ((n - 1) ^ b 0M ) ■ b' 0 il j 

Vfe=l k=l ) 

/In In \ 

and bi } u > 2 2n ^(|d ifc | + 2) • {n, k} + ((n - 1) ^ 6 0 ,fcz) ■ , 


\k =i 


fe=i 


(e 13.5) 
(e 13.6) 


for each l £ {1,2, ...,p n } and z £ {1,2,..., Z n +i}. But we will not do the modification for this 
special case since it only covers the case that the algebras have trivial K\ group and torsion free 
Kq group. Later on, we will deal with general case involving general K\ group and ILo-group; 
the conditions will be (<0<00)i and (<0<C >< 0 > )2 specified in 113.291 below. 

Let us emphasis that when we modify inductive limit system to make it simple, we never 
change the algebras C n (or A n in the general case), what will be changed are the connecting 
homomorphisms. 

Let A and B be two C* -algebras, (p : A —)• B be a homomorphism and n £ RF(B). For the 
rest of this section, we will use ip\ n for the composition ir o ip, in particular, in the following 
statement and its proof. This notation is consistent with \13.T[ 

In the following lemma we will give the construction of ip n ,n+ 1 if b{ and b{ satisfy the 
condition (<0) in 113.121 of course, the condition depends on the previous step. So this lemma 
provides the n + 1-step of the construction. Again, we first have G, then obtains iL, H n and G n 
as constructed in 113.81 and 113.91 


Lemma 13.13. Let 

(H n ,(H n ) + ,u n ) = (ZP",(Z+r*,([n, 1], [n, 2],..., [n,p n \j ), 

Pn In 

Fn = © M m (C), bo, bi : ZP" ->• Z*», E n = 0 M {n>i} (C), ft, ft : F n ^ E n (e 13.7) 
2—1 2—1 
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with (/3 0 )*o = b 0 , (/3i)*o = *>i, and C n = A(F n , E n ,/3 0 ,/3 1 ) with K 0 (C n ) = G n be as in 113.101 or 
more generally as in ll3.1ll Let 

(H n+1 ,H+ +1 ,u n+1 ) = (Z p " +1 ,(Z+) Pri+1 , ([n + 1,1], [n + 1,2 ],[n + l,p„+i])), 

iei 7n,n+i : H n —>• id n+ i 6e an ordered homomorphism with p n ,n+i( u n) = n n+ i (as in 
113.101 or 113.111 ), let G n+ i<zH n+ i be a subgroup containing u n+ \ (as in 113.91) and satisfying 
7n,n+i(G„)cG n+ i. Let 7T n+ i : H n+1 (= Z^ 1 ) ->• H n+1 /G n+ i(= Z ln + 1 ) denote the quotient 
map. 

Suppose that the matrices b' 0 = (b' 0i j), b{ = (6^0 : Z p " +1 —» Z in+1 satisfy b( — b' 0 = 7r n+ i 
and satisfy the condition (<0) in 113.121 (34s a convention, we assume that the entries of first 
Pn+i columns of the matrices bg and b{ are zeros and the entries of the last p^ +1 = p n + 1 ~ Pn+ i 
columns are strictly positive. Note that p^ +1 might be zero as in the special case 113. 10L ) 

Put F n+ 1 = 00Y M[ n+lji] (C) and E n+1 = 0-0 1 M {n+M} (C) with 

Pn -\-1 Pn+1 

{n + 1, i} = b 'i,ijl n + !»i] = X] + hj\, 

j =i i=i 

and pick unital homomorphisms /3' 0 ,/3[ : F n+ \ —>• F n+ i with 

(Po)*o = b' 0 and (/?i)* 0 = b'i- 


Sei 


Cn+i — A(F n+ i, E n+ i, (3' 0 , f3[). 


Then there is a homomorphism <p n ,n+ 1 : C n —>• Cn+i satisfying the following conditions: 


(1) dCo(C'„_|_i) = G n . |_i as a scaled ordered group (as already verified in \13.1(A) . 

(2) (ip n ,n+ l)*0 • P-oiC'n) — G n $ -?Q)(C3i+l) — Cr n +1 Satisfies (Tn,n+l)*0 — 7Vi,n+l |Gn • 

(3) <^ n ,n+l(C' 0 ((0, 1), S n ))cC 0 ((0, 1) , Ljn+ 1) • 

(4) Let Cp n ^ n +1 : F n —>• F n+ i 6e ide quotient map induced by p n ,n+ 1 (note /rom (3), we know 
that this quotient map exists), then (fi n , n + i)*o = 7n,n+i : Ko(F n ) = id n —> A'o(-d’n+i) = 
Hn+1 ■ 

(5) For each y € Sp(C n+ 1 ), Sp(F n ) C S'pOfti.ra+ilj/)- 

(6) For each jo G {1,2, ...,( n+ i}, ig G {1,2, one of the following holds: 

(i) for each t € (0, l) jo cSp(L n+1 ) = U^i( 0 > l)jCSp(C n+ i), Sp(p n ,ti+iU) n (0,1)* 0 con¬ 
tains t € (0, l)i 0 cSp(C n ); or 

(ii) for each t G (0, l) jo cSp(I n+1 ) = l)jCSp(C n+1 ), Sp(p n , n+ i\ t ) n (0, l) io con¬ 

tains 1 — t G (0, l)i 0 CS’p(C n ). 


Consequently (as l n+ 1 > 0, that is E n+ \ / 0 or tdere is at least one interval in Sp(C n+ \)), 
the following is true: if XcSp(C n+ i) is 5-dense, then Sp(p n , n +i\x) is 5-dense in Sp(C n ) 
(see \13.3\) . (In general, p n ,n+i Is injective.) 
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Remark 13.14. Let I n = C 0 ((0,1 ),E n ) and I n+ 1 = Co((0, l),E n+1 ). If </? n , n+ i : C n ->■ C n+ i 
is as described in 113.131 then we have the following exact sequences: 


K 0 (C n 


%i,n+l I Gn 


~K 0 (C n /I n 

^ 71 , 71+1 


K\ (I n 


'n,n -\-1 


0->■ K 0 (C n+ 1)->■ K 0 (C n+ i/I n+ i) - K\ (J n _|_i)- 5 - 0 


where K${C n ) and A'’o(C' n +i) are identified with G n and G n+ i, Ko(,C n /I n )(= Ko(F n )) and 
Ao(C' n _|_i// n _|_i)(= Ao(l ? ri +i)) are identified with H n and iL n+ i, K\{I n ) is identified with H n /G n , 
and Ai) is identified with H n+{ /G n+ \. Moreover, 7 nn+1 is induced by 7„ !n+1 : H n -y R n+ i. 

Consider the matrix c = (c y ) € M p ^ iXpn Jj + \ {0}) which is induced by the map 7„ „ +1 : 
H n {=ZP n ) —y iL n+ i (= Z Pri+1 ) and consider the matrix t> = (d^) which is induced by the 
map 7 n n+1 : Z Zn —>■ Z Zri+1 (as a map from H n /G n —y R n _|_i/G n _|_i). Note that 7r n : H n (= 
1P n ) —> H n /G n (= Z ; ") is given by bi — bo € Mi nXpri ( Z). Here, in the situation of 113.111 we 
assume the first columns of both bo and bi are zero and last p* columns are strictly positive. 
Let 7r n+ i : H n+ \{= Z p " +1 ) —» H n+ i/G n+ i(= Z Zn+1 ) be the quotient map. Write G n+ \ = 

Z p °+i 0 G' n+1 , H n+ 1 = Z p °+! © , then we can choose both b' 0 and b\. with the first p° +1 

columns being zero and the last p* +1 = p n +1 — Pn+i columns being strictly positive, such that 
7T n+ i = b'l - bg and 


In 

(0) b 0 ,ji, biji > y; (|d ? -fc| + 2) max.(b 0>ki , (e 13.8) 

fc=i 

for all i € {1,2, ...,p n } and for all j € {1,2, ...,l n + 1 }, where bo = bg • c = (&o,ji) and bi = b) • c = 
(&l,ji)- 

Note that l n+ i > 0 and p* +1 > 0. So we can make (<0>) hold by only increasing the last p ] n+ 1 
columns of the the matrices bg and b) -that is the first p^ +1 column of the matrices are still 
kept to be zero, since all the entries in c are strictly positive. Note that, even though the first 
Pn+i column of b' 0 and b) (as l n +\ x p n +i matrices) are zero, but all entries of bo and b\ (as 
l n +\ x Pn matrix) has been made strictly positive. Again note that the case of ll3.10l is a special 
case of 113.111 for p° +1 = 0, so one does not need to deal with this case separately. 

Proof of \1 3.1 Si Suppose that b' 0 , b{ satisfy b{ — b' 0 = n n+ i and (Ic 13.3)1 (and the first p° +1 
columns to be zero). Now let E n+l , /3' 0 ,/3[ : F n+ 1 -y E n+1 , and C n+ 1 = A(F n+1 , E n+1 , /3' 0 , /3[) 
be as constructed in 113.101 We will define p n ,n+ 1 : C n —y C n+ \ to satisfy Conditions (2)-(6) of 
[1343] (Condition (1) is a property for C n+ \ which is verified in ll3.10l) . 

As usual, let us use Ff (or E l n ) to denote the i- th block of F n (or E n ). 

There exists a unital homomorphism <p n ,n+i '■ E n —y F n+ \ such that 

(Pn,n+ l)*0 — 7n,n+1 • Aq( F n ) — H n y Ag(l p n _|_i) — Ara+li 

where 7 n ,n+i is defined in 113.91 Note that Sp(C n+ 1 ) = {J^ A] 1 (0,1 )j (JSp(A n _|_i) (see §3). Write 
Sp(F n+ ij = (9 , 1 ,e , 2 ,...,9 , pn+1 ) and Sp(F n ) = (9i,9 2 , ...,9 Pn ). To define ip n ,n+i ■ C n -y C n+1 , we 
need to specify (p n>n+1 \ y = e y o <p nri+1 below, where for each y G Sp(C n+ 1 ), 

e y 

Pn,n + l\y '• Cn C n +\ >~C n -\-\\y , 

and e y is the point-evaluation at y. 
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To actually construct tp n ,n+i, we first construct a homomorphism ip : C([0,1], E n ) —>• 

C([0, l],E n+ i). This can be done by define, for each j. the map 


ip j : C([0,1 ],E n ) ->• C([0,1 ],E{ +1 ) for each j — 1)2,..., l n + 1 • 

Let (/i,/ 2 , -Ji n ) G C([0, !],£„). For any A: € {1,2, if d jk > 0, then let 


F k (t) = diag( /fc(t), fk{t), ■■■, f k (t) ) ec([0, 1], M djk . {nM (cf) ; 


if dj k < 0, then let 

F k (t) = diag( / fc (l - f), /fc(l - t), ..., / fc (l - t)J € C ^[0,1], M\ d . h |.{ nifc }(C)) ; 

I dj k | 


if djk = 0, then let 


F k (t) = diag(/ fc (t),/*(1 — £)) G C ([0,1], M 2 . {n>k} (C)) . 
With the above notation, define 


'P j (fi,f2,-,fi n )(t) = diag(F 1 (t),F 2 (t),...,Fi n 


W)ec([o,i],M | 


(EfcL id' k -{n,k} 


(e 13.9) 


where 


Note that 



if djk / 0, 
if dj k = 0. 


Pn -\-1 Pn -\-1 Pn Pn 

{n + l,j} = Y b' 0jl [n + l,l] = Y Y b o ,jl c ui n ’ i } = Y~ h °di[ n P\- (e 13.10) 

1=1 1=1 i =1 i =1 

Recall that bo = b' 0 • c = (boji) • From (Ic 13. 3p . Ic 13.101 d' k < \d k j\ + 2 and {n, k} = bo,kiln, i\, 
we have 


Pn 


Pn 


{n + l,j} = Y Y (£ (l d i fc l + 2 )bo,ki)l n P] ^ Y d' k {n,k}. 


i= 1 


i=l k =1 


k =1 


Hence the C*-algebra (7 (JO,1], M^i n d , ^ fc ^(C)J can be regarded as a corner of the C*- 

algebra C([0, 1], & n+1 ) = C ([0,1], M { n+ lj}(C)), and consequently, ipi can be regarded as map¬ 
ping into <I7([0,1], E J n+1 ). Put all ipi together we get ip : C([0,1], E n ) —> C([0,1], E n+ 1 ). 

Define ipo,ipi : C n —>• E n+ \ to be 


V’o(/) = V’(/)( 0) and A(f) = ip(f){P 

for any / € C' n cC'([0, 1],-E„). Since y>o(Co((0, l),F7 n )) = 0 and ipi(C 0 ((0, l),E n )) = 0, this de¬ 
fines maps ao, ai : F n —> F? n+ i. Note that for each j € {1, 2,..., Z n +i}, the maps a J 0 , : F n —>• 
E'n+i —»• .Ej +1 have spectra 


SiVo) = {C 1 , C 2 , -, C Pn } and SP(a{) = ..., C?" } 


114 











respectively fsee 113.21 for the notation used here), where 


M ^ \djk\bi,kl + ^ \djk\bo,ki + ^ {bo,ki + b\ y ki) 

djk <0 djk> 0 djk= 0 

and i[ = E |<+|&i,m + ^ \djk\bo t ki + ^ {bo,ki+ bi,ki)- 

dj fc ^ 0 dj fc 0 dj fc—0 

Note that i[ — ii = Y^k=\djk{bi,ki ~ F^i), and note that if l < p ^ in the case 113.111 then 
6 o,m = &i,fcz = 0 and consequently, %i = i[ = 0. Put 


a 0 = /3 qO (p. 


n,n -\-1 


F n 


to, n+1 


ft 

F n +i —^ K+i and dr = /3{ o (^ n 7i+1 


K n,n+1 




n+1 


■P 


n+1 


Then for each j G {1,2,Z n +i}, the maps dj), d{ : F n —>• P n+ i —>• FF , have spectra 




where 


Pn+1 

i l = b 0,jk c kl = bo,jl 
k =1 


and 


and 


5P(+) = {C' 1 ,^,...,+>}, 

Pn+1 

h = y, b'i,jk c ki = biji- 

k =1 


From (jc 13. 3p . we have that i; > ii and i\ > z^. Furthermore i[ — ii = JFh=i ( b 'i jk ~ b o jk) c kl- 
Since (b{ — b' 0 )c = D(bi ~ bo), we have that i[ — ii = i[ — ii , and hence i[ — i[ = ii — i\ = ri > 0. 
Note that these numbers are defined for the homomorphisms +, c+dQ,d{ : P ra —>• EF { . So 
strictly speaking, 77 should be denoted as rj > 0 . 

Define a unital homomorphism <f> : C n —>• C([0,1], P n +i) = ©^+([0,1], P^ +1 ) by 


^(/i,/2,--- Jin,a i,a 2 > • • ■ J a Pn ) 


diag(+(/i,/ 2 ,- 


) Jin), a i , a 2 , a : 


Pn 



Again, dehne the maps ‘ho, ^1 : C n —>■ by 


$o(F) = ^(P)(0) and $i(F) = $(F)(1), 

for F = (/ 1 , / 2 ,..., fi n , ai, a 2 ,..., a Pn ) € (Pn. These two maps induce two quotient maps 

do, di, : F n ^ Fn+i- 

From our calculation, for each j G {1,2, ...,l n + 1 }, the map dj) (d{ resp.) has same spectrum 
as dg (d{ resp.) does. That is, (dj))*o = (dg)*o and (d{)*o = (d{)*o- There are unitaries Uo, U\ G 
P n+ i such that Adf7o°dQ = «q and AdC/iod{ = d{. Choose a unitary path U G C([0,1], P n +i) 
such that U( 0) = Uo and U( 1) = U\. Finally, set p nn+1 ■ C n —> C([0,1], P n +i) to be defined 
as <£> +1 = Ad U o <h. From the construction, we have that +Co((0, 1), P n ))cC'o((0,1), P n +i) 

and consequently, <h(Co((0,1), P n ))cC' 0 ((0,1), E n+ i). 

We conclude that ip n n+1 (I n )<Zl n +i- Since Adf/(0) o dj) = dj) = /3' 0 <p n n+1 and Adt/(1) o 
d{ = d{ = Fjn^+i we have that ip + 1 (C n ) C C n+ i and furthermore, the quotient map from 
C n Jn —>• C n+ i/ I n+ \ induced by <p nn+1 is the same as <p nn+1 (see definition of dj) and d{). Note 
that Condition (2)-(4) hold evidently. Condition (6) follows from (jc 13. 91) and the the definition 
of F k (t). If x G Sp(F n+ 1 ) C Sp(C n+ i), then Sp(F n ) C Sp((p n>n+ i\ x )(= Sp(<p n , n+ i| x )), by the 
fact that all entries of c are strictly positive. If x G (0,1 )j = 5p(Co((0,1),P^, + then each 6{, 
as the only element in Sp(Fj (C Sp(F n )), appears rj > 0 times in Sp(ip ntn+ +). Consequently, 
we also have Sp(F n ) C Sp+n^+ilz). Hence Condition (5) holds. This finishes the proof. □ 
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13.15. Let <p : C n —> C n +i be as in the proof above. We will calculate the map 


= Aff(T(C n )) Aff(T(C n+1 )). 

Recall from 13.171 that 

In 

Aff (T(C n ))c © C([0,1 \i,R) © R Pn 

1=1 

consisting of (/i, f 2 , fi n , hi, h 2 ,..., h Pn ) which satisfies the conditions 


(*) 

Mo) = 

r ■ i Y^t^0,ijhj 
{n, i) ^ 

[n,j] 

(e 13.11) 

(**) 

M i) = 

r • i YKijhj 
{n,i} ^ 

[n,j], 

(e 13.12) 


and Aff(T(C' ri +i))c ® Yi C([0, 1]*, M)©M P " +1 consisting of (/(, f 2 , ..., f' ln+1 ,K,h ! 2 ,..., h' Pn+1 ) which 
satisfies 


m = 


1 


{n + l,i} 


E b 'm h ', 


[n + l,j] and /■(!) = 


1 


{n + 1,1} 


E 


b 'l,ij h 'j ■i n + 1 d\- 


Let 


Then 


V^n+iih, h, -Jln, h i,h 2 , ...,h Pn ) = (f[, ...,ti pn+1 ). 


Pn 


ti = 




Recall that ( Cij) Pri+lXPri is the matrix corresponding to (<£„ in+1 )*o = 7„,«+i for <£„,„+1 : F n 
F n + 1 , and note that since ^ nn+1 is unital, one has 


Pn 


^2cij[n,j\ = [n + l,j]. 

l=i 


Also note that 


m = 


1 


{n + 1 ,i} 


Y dikfk(t){n,k} + Y \dik\fk(l ~ t){n,k}+ 


dik ^*0 


dik *^0 


+ Y Uk(t) + fk(^ - t)){n,k}+ Y r \ h A n i l ] f > 

dik — 0 ^ — 1 


where 


(e 13.13) 


Pn+l 


r, = 


22 b'o,ik Ckl - ( Y, \dik\bl,kl + Yi \dik\bo,kl + Y, (^o M + b 

dik^Q dik^O dn~ 0 


1 M) 


k =1 
Pn +1 


Y, b'i,ik c kl ~ ( Y, \dik\bi,kl + Y, \dik\bo,kl + ^ (&o,fcZ + &i,fcz) ) • (e 13.14) 

dik^Q dik^O d^k —0 


k =1 


It follows from the last paragraph of 113.101 and 1 13. Ill that, when we define C n +i, we can always 
increase the entries of the last p* +1 = (p n + 1 — Pn+i) columns of the matrices bg = (b' 0ik ) and 
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b\ = (b\ ik ) by adding an arbitrarily (but same for and b \) matrix , ■ with 

each m,ik > 0 sufficiently large, to the last p* +1 columns of the matrices. In particular we can 
strengthen the requirement (<C>) (see (Ic 13.31) ) to 

Pn +1 / Pn +1 \ / In \ 

(00) b 0t u = ^2 ft o,ifc c Ml an d b h u = ^ b\ lk c k \ > 2 2n I ^(|d ifc | + 2){n, fe}|(c 13.15) 

k =l V k =l / \fc=i / 

for all i€ {1,..., l n + 1 }. This condition and le 13.141 (and note that &o,fcZ < {n, /c}, bgfcz < {ro, A:} for 
any k <l n ) imply 

2 2n - 1 ~ ~ 1 ~ 
r\ > 22n bo,zz and equivalently 0 < 6 0 ,iz - r\ < (e 13.16) 

Recall that <^ n+1 : Aff(T ((?„)) ->• Aff(T(C n+ i)), and 0^„ +1 : Aff(T(F n )) ->• Aff(T(F„ + i)) are 
the maps induced by corresponding homomorphisms (i.e., by the homomorphisms <p n ,n+i and 
0 n ,n+1 ! and same for 7r| : Aff(T(C n )) ->• Aff(T(F n )) and 7r* +1 : Aff(T(C n+ i)) ->• Aff(T(F n+ i)), 
which are the maps induced by quotient maps n n : C n —>■ F n and 7r„ + i : C n+ i —>• F n+ i, 
respectively. Since 0„,„+i ° 7r n = vTn+i o ip n n+1 , we have 


4+i» 4,»+. = 4,„+i 0 4 : Aft(r(c n+1 )) -+ Aff(r(F„ +1 )). 

13.16. For each n, we will define a map T n : Aff (T(F n )) —> AS(T(C n )) which is a right inverse 
of 74 : Aff (T(C'n)) ->• Aff(T(F n ))—that is, 4°r n = id | Aff(T(Fn)) as below. 

Recall that C n = A(F n , E n , /3o, /?i) with unital homomorphisms /3o,/?i : F n ^ E n whose 
K-theory maps satisfy (/3 0 )*o = &o = (bo,ij) and (/3i)* 0 = bi = (h ,ij). For (hi, h 2 , ..., h Pn ) <E M p ", 
the linear maps : Aff(T(F n )) = M Pn —> AS(T(E n )) = are given by the matrices 

( b °{nJ\ ] ) and ( bl {n*if ] ) ’ where * € {!, 2,j € {1,2, ...,p n }—that is, 


$ 


( hi \ 

h 2 


l hpn ) 



{F 2 \H %i\ 2 j[n,j]-hj 

V RXT ££l j] • hj J 


(For /3[, one replaces hnj by bi^j in the construction above). For h = (hi, hi ,..., h Pn ), set 

T' n (h)(t) = t-p\(h) + (l-t)-pl(h), 

which is an element in C([0, l],M Zn ) = ®-T 1 C([0, l]j,M). Finally, define the map 

In 

r n : Aff(T(F n )) = Aff(T(C n ))c © C([0, %R) © by 

j =i 

In 

r„(A) = (r' n (h),h) e 0 C([O,l] y ,M)0M P71 . (e 13.17) 

3 =1 


Note that T n (h) € Aff(T(C n )) (see (Ic 13.111) and (|c 13.1211 in 113.151) . Evidently, -Kn o r n = 

I AfffTCFVp) * 
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Lemma 13.17. If condition (C’O) (see (le 13.15D ) holds, then for any f € AS(T(C n )) with 
ll/ll < 1, and f = <p[ >n+ 1 (f) € Aff (T{C n+ 1 j), we have 

l|r„+io4 +1 (/')-/'||< A. 

Proof. Write 


/ = {fi,f 2 ,-,fi n ,hi,h 2 ,..., h Pn ) € Aff(r(C n )) and 
/' = (/(, f' 2 , fi +1 , K, h ' 2 ,..., ^ n+1 ) € Aff (T(C n+1 )). (e 13.18) 

Since vr“ +1 o r n+1 = id | Aff(T(J?n+l)) , one has 

r n+ io^ +1 (/') : =gf := (ffi,52 ; - ) 5L +1 > /l i^2>- ; /! p n+1 ); 

that is, f and g' have the same boundary value (h\, h' 2 , ■ ■ ■ , h' p ). 

Note that the evaluations of f at zero, (/{(0), /^(O),..., f[ 1 (0)), and the evaluation at at 
one, (/{(0),/^(0),...,// n+1 (0)) are completely determined by h\, h 2 , ..., h ' Pn+1 . From (je 13.13P of 
113.151 we also have 

= s 1 ., ( XI d ikfk(t){n,k} + X l^fe|/fc(l -t){n,fc} + 

In + 1,*1 l 

\dik> 0 d ifc <0 

Pn \ 

+ X (/*(*) + / fc ( 1 ~ - X(*m~ ’DMM] ) • 

d ifc =0 1=1 ) 

And from (le 13.151) . one has 


X d ikfk(t){n, k} + X \ d ik\fk 0 - ~ t){n, k} + ^ (f k (t) + f k (l - t)){n, k} 


< Xd^l + 2 K n ’ fc } 

fc=i 


1 ~ 1 

— 22n °’ il < 


{n + l,i}. 


Note that 60,< {n + 1, *}, since X^f=i ^o,^[ n ; = { n + 1> *} and [n, 1- Combining this with 

(je 13.161) . we have 

l/((‘)-/((0)l<^- 

Similarly, we have 

i/(w - /(Ml < fk' 

But, by the definition of r n +i, we have 

9 i{t) = tg[{l) + (1 — t)^(0). 

Combining with g'(0) = f( (0) and g[{l) = /'(1), we have 


ItfiW -/,'(*) I < for a11 *» 


as desired. 


□ 
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Remark 13.18. In the proof of Lemma 113.171 the key point is that for any f = ¥^„ +1 (/) E 
Aff(T(C n+ i)), we have that all components of /', as M^ +1 -valued functions on (0,1), are close 
to a constant function. In the definition of (p n n+1 of the proof of 113.131 we know that each 
component /j = <^ n+1 (/i, f 2 , fi n , ai, a 2 ,..., a Pn ) is written as 


diag(^(/i, / 2 ,..., fi n ), a± ri , 


*Pn 


') 


up to unitary equivalence. The major part of diag(a 1 1 , a 2 2 , a Pn Pn ) is constant (of course up 
to unitary equivalence)—that is, each ai appeared above is a fixed matrix as in F n and does not 
depend on t E (0, l)j C SpCo((0, 1 ),E n+ 1) as a function. In fact, Condition (le 13.151) implies 
that this part occupies more than of the whole size {n + 1, j} of Mr n+lj \(C[0,1]) = 

C([0,1], A 2 +1 ). In the rest of this section, we will use this argument several times. That is, 
some condition similar to (<0><0>) (see (le 13.151) 1 will imply that the map Fn n +i ^ ias the property 

that for any /, the image f = Fnn+iif) i s cl° se to constant (on certain connected subsets of 
spectrum), and therefore it “almost only” depends on its value at finitely many points (in the 
above case, it depend on its values on the spectrum of F n ). Then pass to the inductive limit 
and use the approximately intertwining argument, one can prove that the tracial state space of 
the limit algebra is as desired—in the case above, lim (AffTC n , tpt, n+i) = hm(A//TA n , </5jf n+1 ) 
(see 113.191 below). 


Theorem 13.19. If C n and +1 : C n —> C n+ \ are as w ll3.13l and 113. 131 with condition (<0>) 
(see (le 13. 3|) ) being replaced by the stronger condition (<0x0) (see (|e 13.151) ), then the inductive 
limit C = lim (C n ,ip n ) has the Elliott invariants (A'o(C), Kq(C)+ ,l c ,T(C),r c ) = (G,G + ,A,r) 
(here we assume G is torsion free and K\ (C) = {0}J. 


Proof. From the construction, we have the following infinite commutative diagram: 


h - ~l-2 --- •/ 


Cl-- C,-- c 3 -c 


Cl/ll — - C 2 /I 2 —- C 3 /I 3 —- ■■■c/I , 


where C n /I n = F n . Also from the construction, we have the following diagram: 

0-- 0-^ 0-- 


Ao(Ci) = Gi-- K 0 (C 2 ) = C 2 -- Ao(C 3 ) = C 3 - 

K 0 (Ci/h ) = Ai-- K 0 (C 2 /I 2 ) = H 2 -- KoiCs/h) = H 3 

Ai(Ii)-- AT (I 2 )-- A, (A)- 

0 - 0 -^ 0 - 
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So Kq{C) = lim(G„, 7 nn+1 | Gn ) = G. 

The inductive limits also induce the following diagram: 


Aff(T(Ci))-- Aff(T(C 2 ))-- Aff(T(C 3 ))-- ■ ■ • Aff(T(C)))) 

•xf 7 r f w xf" 

Aff(T(Fi))-- Aff (T(F 2 ))-- Aff(T(F 3 ))-- • • • Aff(T((C/I))) . 

By the construction of T n and 113.171 we have the following diagram approximately intertwining: 

Aff (T(C'i)) Aff (T(C 2 )) Aff (T(C 3 ))-- ■ • • Aff (T{C)) 

4 ih nf {h -* 4 {h 

A ff(T(F 1 )) Aff(T(F 2 )) Aff(T(F 3 ))-- • • • Aff(T(C//)) . 

Hence by (2.2)-(2.4) of [23], it induces unital ordered isomorphism between unital ordered real 

n 

Banach spaces Aff(T(C)) and Aff(T((C'//))) = Aff(A). This isomorphism 7 t5o and its inverse 
Too are continuous with respect to the weak * topology of Aff(T(C)) and Aff (T((C'/I)))—that 
is, for any net l a € Aff(T(C)) and l € Aff(T(C')), if l a (r ) —> l(r) for all r € T(C ), then 
(vr^,(/ a ))(ri) —> (vr^,(^))(ri) for all n € T(C/I). Furthermore, T(C) (or T{C/I )) is the set 
of all positive linear maps r from Aff(T(C)) (or Aff (T(C/I))) to M with t ( 1 ) = 1, which 
is continuous with respect to weak * topology on Aff (TC) (or Aff(T(C/I))). Consequently 
T(C) = T(C/I) = A, as they can be recovered from Aff(T(C)) = AE(T(C/I)) = Aff(A) 
and as they are the sets of all positive unital linear weak * continuous map from the same set 
Aff (T(C')) = Aff(r(Cyj)) = Aff (A) to R. 

Furthermore, the homomorphisms 7r* : Cj —>■ Ci/Ii,i = 1,2,..., induce the inclusion map 
/, : K 0 (C) = G -> K 0 (C/I) = H and the isomorphism Aff(T(C)) -)• AE(T{C/I)) = Aff(A) by 
the above two approximately intertwining diagram, and therefore it is compatible with the map 

U 

r c and j— that is ir£c(r c (x)) = r(A'o(7r)(x)) for any x € Kq(C). (Here, we use the facts that 
r : G —>• Aff(A) factors through H and Kq(it)(x) € G C H for x € Kq(C).) □ 

13.20. From the construction, the algebra C in 113.191 has an ideal I = lim(/ n , Lp n ,m\i n ) and 
therefore is not a simple C*-algebra. However, one can modify the homomorphism p n n+1 to a 
map ip n n+1 to have the following properties: 

(1) VTi.n+l (p n ,n+l ' 

( 2 ) ll^,„ + l -V’i.n+lll ^ h- 

(3) Sp^nn+ilfl') is ^-dense in Sp(C n ), where 9\ is the first point in 

Sp(F n+1 ) = K, e' 2 , ■ ■ •, e' Pn+i }C Sp{c n+l ) 

(see 113.31 for concept of <5-dense). 

(4) Like ip n , n +i, for any x € Sp(C n+1 ), we have Sp(F n ) C Sp(ip n , n+1 \ x ). 

(5) Again like +1 , the homomorphism +1 is injective and furthermore, if XcSp(C n+ i ) 
is 5-dense in Sp(C n+ 1 ), then \J x& xSp{^ nri+1 \ x ) is <5-dense in Sp(C n ). 
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(See the end of 113.11113.21 and 113.31 for the notation used here.) 

For each n and x € Sp(C n + 2), combining (3) (for ip n ,n+i) and (4) (for if n+ i,n+2), we have 
that 


Sp(jp n ,n+ 2 \x) — Sp(ljj nj n +1 |j/) © ^P(dPn,n-\- l|$') (e 13.19) 

yeSp(l/l n + l : n+2\x) 

is 1/n-dense in Sp(C n ) 

Combining with (5), for any n and m > n + 2, and any x G Sp(C m ), Sp(ip nm | x ) is dense 
in Sp(C n ). Consequently, the new inductive limit B = lim {C n ,ip n n+1 ) is simple bv 113.41 By (1) 
and (2), 

(K 0 (C),K 0 (C)+, 1 c, T(C),r c ) = (K 0 (B),K 0 {B) + , 1 B , T(B),r B ). 

Since we will construct the algebra C € J\Tq with general weakly unperforated Kq group (without 
the torsion free condition) and general K\ group, we will not give detailed construction of the 
above special case. 

The following theorem is in §3 of [25] (see Lemma 3.21 and Corollary 3.22 there). 

Proposition 13.21. Let X andY be path connected finite CW complexes of dimension at most 
three, with base point xo £ X and yo € Y, such that the cohomology groups H 3 (X) and H i (Y) 
are finite. Let ao : Kq(C(X)) —>• Kq(C(Y)) be a homomorphism satisfying that ao is at least 
12-large and that a 0 {K 0 {C{X)) + \ {0})cA" 0 (C(y))+ \ {0}, and let at : K\(C{X)) -»• KfiCfY)) 
be any homomorphism. Let P e M 00 (C{X)) be any non-zero projection and Q £ M^CiY)) 
be a projection with ao([-P]) = [Q] (such projections always exist.) Then there exists a unital 
homomorphism ip : PAL oc (C(X))P —>• QM 00 (C(Y))Q such that </?*0 = “o and <p*i = cei, and 
such that 

ifiPMMiX \ {xq}))P)cQM 0 O (Cq(Y \ {y 0 }))Q 
That is, if f € PM 00 (C{X))P satisfies f(x 0 ) = 0, then p(f)(yo) = 0. 


Remark 13.22. In the proof of the above proposition in [26], one reduced the general case to 
the case that P is rank one trivial projection ( PM 00 (C(X))P = C(X)). If one further assumes 
that «o is at least 13-large and Y {pt}, then the homomorphism p in the proposition can 
be chosen to be injective. To prove this we choose a surjective homotopy trivial continuous 
map g : Y —» X, which induces an injective homomorphism g* : C(X) —>• C(Y). Then 
apply the theorem to the new map (still denoted by ao) ao := ao — (g*)*o ■ Kq(C(X)) —>• 
Kq(C(Y)) which is at least 12-large and a\ to obtain p>\ : C(X ) —> QM 00 C(Y)Q. Then 
ip = diag(</?i ,g*) : C(X) —>• (Q © 1 )M 00 C(Y)(Q © 1) has the desired property. 

The following is perhaps known. 

Lemma 13.23. Let 0 —>• E —>• H —>• H/E —>• 0 be a short exact sequence of countable abelian 
groups with H/E torsion free. And let 


H 1 


H 2 


H, 


3,4 


H/E 


be an inductive system with limit H/E such that each H, is finitely generated free abelian group. 
Then there are an increasing sequence of finitely generated subgroups E\ C E 2 C ■ ■ ■ C E n C 
• • • C E with E = USu Ei> an d an inductive system 

Ei © Hi E 2 © H 2 E 3 © -- H 
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with limit H with the following properties: 

(i) 'y n ,n+i(E n ) C E n+ 1 and 7n,n+i| E n is the inclusion from E n to E n+ \. 

(ii) Let n n+ i : E n+ \ © H n+ \ -+ H n+ 1 be the canonical projection, then ir n+ i o 'f n ,n+i\H n = 

Tn,n+1' 

(Here, we do not assume 7^ n+1 to be injective.) 

Proof. Let E = {ej}?^. We will construct the system (E n © H n , 7 n,n+i)> inductively. Let us 
assume we already have E n C E with {e\, e 2 , • • • , e n } C E n and the map 7 n;0O : E n © H n —>• H 
such that is the inclusion and ir o ^ n> 00 \h„ = 7n oo> where ir : H —)• H/E is the quotient 

map. Note that 7n+i oo(LGi+i) is a finitely generated free abelian subgroup of H/E, one has 
a lifting map 7 n +i,oo : H n+ \ -+ H such that it o 7 n +i,oo = 7n+i oo- For each h € H n , we have 
7 (h) ■= 7 n,oo (h) - 7n+i,oo(7n,n+i(h)) € E. Let E n+ 1 cLbe the finitely generated subgroup 
generated by E n U {e n+ i} U 7 (iL n ) and extend the map 7n+i,oo on -Evi+i © H n+ \ by defining 
it to be inclusion on E n+ \. And finally let 7 n ;n +i : E n © H n -+ E n+ \ © H n+ 1 be defined by 
7 n,n+i {e,h) = (e + 7 (/i), 7 ^ n+ 1 (/t)) € E n+l © H n+1 for each (e,h) € E n © H n . Evidently, 
7n,oo — 7 >t.+1,oo 0 7fi,ra+l- I—I 

13.24. Now let ((G, G_|_, it), AT, A, r ) be the one given in ll3.6l in general, i.e., G may have torsion 
and K may not be zero. Let G 1 C Aff(A) be a dense subgroup with at least three Q-linearly 
independent elements and H = G © G 1 be as in 113.81 The order unit u € G+ could be regarded 
as (u, 0) € G © G 1 = H as the order unit of H + . Note that H has torsion Tor(G) = Tor(iL) 
here. 

Then we have splitting short exact sequence 

0 —*■ G —> H —> H/G(= G') —> 0 

with H/Tor(H) dimension group. By applying 1 13.23 1 to the short exact sequence 0 -+ Tor(iL) -+ 
H —>• H /Tor(iL) —> 0, we can write H as inductive limit of finitely generated abelian groups 


H 1 


'll,2 


H 2 


12,3 


LG 


7 3,4 


iL, 


where H n = ffi^iLn with = Z©Tor(Lf n ) and Hf = Z for all i > 2. Presumingly the positive 
cone should be given by (H n )+ \ {0} = (Z+ 1 \ {0,..., 0}) ©Tor(iL n ). But we change it to a smaller 


Pn 


cone with 

(H n )+ = ((Z+ \ {0} © Tor (H n ) U {0, 0}) © Z^" 1 

with the order unit u n = (([n, 1], r n ), [n, 2],..., [n,p n ]) , where r n € Tor(LL n ) and [n, i] are positive 
integers. Evidently, by simplicity of ordered group H, this modification will not change the 
positive cone of the limit — in fact, since all the entries of the map c : Z Pn -+ Z Pn+1 are strictly 
positive, any element in (ZG 1 \ {0,..., 0}) © Tor(H n ) will be sent into (Z+ \ {0} © Tor(iL n+ i) © 


Pn 

(Z + \ {0}) Pri + 1_1 which is a subset of H+ +1 , by 'y^n+i- The map 7 nn+1 : H n -+ H n+ 1 could be 
represented by the p n +i x Pn matrix of homomorphism c = (c^), where : Hf -+ iL* +1 . If 
i > 1, j > 1, then each c*j = Cy is a positive integer which defines a map Z(= Lfn) —>• Z(= iL^ +1 ) 
by sending m to c^m (for j > 1) or a map Z © Tor(iL„) -+ Z by sending (m,t) €E Z © Tor(LL n ) 
to Cy-m (note that the i-th component of 7 n> „ + i(Tor(iL n )) is 0 if i > 1). If i = 1, then 5y = 
c\j +Tj, where Tj : Hf — > Tor(iL n+ i)ciL* +1 and c\j is a positive integer. Since 7„ jn+1 satisfies 
7n ,„ +1 (Tor(LL n ))cTor(LL„ +1 ), it induces the map 


y nn+1 : H n /Tor(H n ) = Z p " —► H n+ 1 /Tor(H n+1 ) = Z p "+ J 
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Then 7 ^ is given by the matrix c = (c,j) of all entries positive integers. By passing to a sub¬ 
sequence, we can require to be larger than any previously given number which only depends 
on the construction up to n th step—we will specify how large Cy should be in 113.291 below (see 
( 000 )i there) 


13.25. Let G n = H n n 7 with (G n ) + = [H n ) + n G n . Then the unit u n € (H n ) + is also 
the unit for (G n )+, since u € G C H. 

From Tor(G) = Tor (H) we have Tor(G ra ) = Tor (H n ). Furthermore we have the following 
commutative diagram: 


0 0 0 


//,- Ho -.-- H 

Hi/G\ H 2 /G 2 ---- H/G 

0 0 0 

where 7 ri _ n+1 is induced by 7 +1 . Note that the inductive limit of quotient groups H\/G\ —>• 

H 2 /G 2 —>■ • • • —>• H/G has no apparent order structure. 

Also write the group K (in 113.24]) as inductive limit 

Kl J^K 2 *^K 3 J^ -a- K , 

where each K n is finitely generated. 


13.26. Recall from [26] that the finite CW complexes T 2j k (or is defined to be a 2- 
dimensional connected finite CW complex with H 2 (T 2 ,k) = Z/A; and H 1 (T 2 k) = 0 (or 3- 
dimensional finite CW complex with H^{T^^) = Z /k and H l {T , 3) &) = 0 = FA 2 (T 3 i fc)). (In 
[26] the spaces are denoted by T /77 and Tjjjk) For each n, there is a space which is of form 

X' n = S 1 V S 1 V • • • V S 1 V T 2M v T 2M V • • • V T 2;fci V T 3 , mi V T 3 , m2 V • • • V T 3 , m . 

with iLo(C(^l)) = H l n = Z ® Tor(if n ) and iFi(C'(A'])) = /\ n . Let x n be the base point of X' n 
which is a common point of all spaces S 1 , T 2 k, Ts,k appeared above in the wedge V. And there 
is a projection P n € M 00 (C(X n )) such that 

[Pn] = ([n, 1 ],r n ) € iLo(C(A n )) = Z © Tor(K 0 (C(X n ))) 

where ([ro, 1], r n ) is the first component of unit u n € H n . We may assume that P n (x n ) = 1m [ti ,| • 
Note that rank(P n ) = [n, 1]. Assume P n (x n ) = 1 m me)? where M[ n ^(C) is identified with 
upper left corner of Moo(C). Dehne X n = [0,1] V X' n with 1 G [0,1] identified with the base 
point x n € X' n . We name 0 € [0,1], by the symbol 6 \. So [0,1] is identified with [ 61,61 + 1]. 
Under this identification, we have X n = [ 6 \, 6\ + 1] V X' n . P n € M 00 {C{X' n )) can be extended to 
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a projection, still called P n £ M 00 (C(X n )) by P n {9\ +1) = l[ n .i](C) for each t £ (0,1). Now we 
will also call 0i the base point of X n . The old base point of X' n is 6\ + 1. 

Let 


Pn 

F n = P n M 00 (C(X„))P n © © M m (C) and let (e 13.20) 

i =2 

Jn = {/ € P n M 00 (C(X n ))P n : /(0i) = O}. (e 13.21) 

Then J n is an ideal of F n with F n = F n /J n = ®^ 1 M[ riii ](C). 

Let us denote the spectral of F n = ©f"i-Lj( by 6 1 , 02 , 0 Pn - Then the map n : F n —>• F n is 

given by ir(g,a 2 ,a 3 , ...,a Pn ) = (g(e 1 ),a 2 ,a 3 , ...,a Pn ) where g € P n M ao (C{X n ))P n . 


13.27. The map 

H n /Toi{H n ) ( = ZP") —► HnfGn ( = Z z ") 

(induced by the quotient map H n —>• H n /G n ; here we use the fact that Tor(iL n ) = Tor(G n )) can 
be realized as a difference of two maps 


b 0 , bi : -> Z^ 

corresponding to two xp„ matrices of strictly positive integer entries bo = (bo©), bi = 

Exactly as in 113.101 (in which we did the special case of torsion free Kq and trivial K i), we 
can define 


Pn Pn 

{n, i} := b 0,ij [nJ} = Yl bl P [ n ’ ^ ' ( e 13 - 22 ) 

j = 1 i =1 

Let E n = M { „ J} (C) and let /3o,/3i : F n —>• E n be any homomorphisms such that 

(A))*o = b 0 and (/li)*o = bi. Now we define: 

A n = {( f,g ) € C([0, l],E n ) ©F n ; /(0) = /3 o(tt(s)), /(l) = /M 71 ^))}, 

where F n = P n M 00 (C(X n ))P n © -^[n,i](C) as defined in (|e 13.20p and recall that from 

113.261 the map it : F n —>• F n is given by 

7r (<7, 02,03 ,..., a Pn ) = (s(0i),a2,a 3 1 ■■■1 a Pn ) , 
where g £ P n M 00 {C{X n ))P n . 

Similar to the construction of C n (sec 113.121) . the algebra A n depends only on F n , bo, bi : 
K()(F n )(= K 3 (F n )/Tor(Ko(F n ))) = 1P n . That is, once F n ,bo,bi are specified, the 

construction of the algebra A n is considered to be done. 

Note that from (le 13.22p . /3o,/3i are unital homomorphisms and therefore A n is a unital 
algebra. Note that this algebra, in general, is NOT a direct sum of a homogeneous algebra and 
an algebra in Co- In fact, A n £ T> 2 . Later we will deal with a nicer special case so that A n is a 
direct sum of a homogeneous C*-algebra and a C'*-algebra in Co- 

13.28. Let I n = {(/, g) £ A n \ g = 0}. Then A n /I n = F n . and we denote the quotient map 
A n A n /I n = F n by 7r 2 . Let J' n = {( f,g ) € A n \ g € J n C F n } = Denote the 

quotient algebra A n /J' n by A n and the quotient map A n —>• A n /J' n = A n by -ki. Note that 

A n = A(F n ,E n ,f 3 0 ,/3i) = {(/,<?) € C([0,1], E n ) © F n ; /(0) =/3 0 ((<?)) /(l) = Pi(ir(g))}(e 13.23) 
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The homomorphism tp n ,n+i : A n —>• A n+ \ to be constructed should satisfy the conditions 
tpn,n+i(ln) C I n +1 and <^ n ,n+i(</n) C <^n+l) an d therefore it induces two homomorphism i/) n ,n+i : 
A n / I n — F n ^ -^n+l/^n+l — Tn +1 and ^ri.n+l • A n jJ n — v4,, ?• j4n+l/— -^-n+l- Let 

J n = 7Ti (/„). Conversely, if two homomorphisms V’n.n+i : ->• F n+i and <p n ,n+i ■ A n ->• ,4 n+ i 

satisfy the following conditions: 

(a) ipn,n-\-i{Jn') Cl </n+i and y? nr j_|_x(/ n ) C and 

(b) the homomorphism F n /J n = F n —>• T n+ i/,/ n+ i = F n+ i induced by ^n.n+i and the homo¬ 
morphism A n /I n = F n y A n +i/I n +i = F n +i induced by (p n ,n +1 are the same, 

then, there is a unique homomorphism (p n , n + 1 : A n —> Ai+i satisfying ^ n ,n+i (In) C 
¥ J n,n+i(«Ln) Cl ^n+u an d L induces the homomorphisms if> n ,n+i and (p n , n +i- Therefore to con¬ 
struct (p n ,n+u we only needs to construct ip n ,n+i and (p n ,n+ 1 separately with the same restriction 
map l/n,n+\ \spF rl — i pn,n J r\ \sj>P Tl ‘ ^' n ^ F n +1 

Note that A n is as same as C n in 113.101113.191 with F n and I n = TT\{I n ) in place of F n and 
I n in 113.101113.191 Therefore the construction of <p n ,n+ 1 can be carried out as in 113.101113.191 
with the map F n —> F n+ \ being given by the matrix c as in 113.241 above—of course, we need to 
assume that the corresponding maps bo, bi in this case fsee 113.271) satisfy (<0x0). So, in what 
follows, we will focus on the construction of ip n ,n+ 1- But before the construction, we will specify 
the conditions to be used in the future. 

13.29. The construction of A n +\ and <p n ,n+ 1 will be done by induction. Suppose that, we 
already have the part of the inductive sequence: 


¥>1,2 


^ 2,3 


^ 3,4 


<-Pn—l,n 


satisfies the following conditions: for each i = 1,2, • ■ ■ n — 1, 

(a) (fi t i + i(Ii) C Ii+i and <pi,i+ i(J-) C J[ +l and therefore induces two homomorphisms ipi,i+i : 

Fi —> Fi + 1 and : Ai —> ^4*+i; 

(b) all the homomorphism (flij+i, 1 an d are injective, in particular V’M+ilj; : J% 

Ji -|_i is injective; 

(c) the induced map (pi,i+i : ^4* —> ^4i+i satisfies all the conditions (l)-(6) of 113.131 with i in 
place of n, with Ai in place of C n (and of course naturally with A l+ \ in place of C n + i), 
and with Gj/Tor(Gj) (or Gj_|_i/Tor(Gj_i-i)) and H l /Tox(H/) (or H, l+ i /Tor(iL:+i)) in place 
of G n (or G n+ i) and H n (or H n+ \), respectively; 

(d) the matrices bg and b\ for each Ai + \ satisfy the condition (0><0) in (le 13.1511 with i + 1 in 
place of n + 1 (this condition will be strengthened below). 

Now we need to construct A n+ \ and late on the homomorphism tp n ,n+i- 
Choose a finite set YCX n \ {# 1 } (where 9\ is the base point of X n ) satisfying that for 
each i < n, (J y eY Sp(<Pi n \ y ) is j^-dense in X{. This can be done since the corresponding 
map V’ii+ilj. : </i(C F /) —> J i+1 (c F/ +1 ) is injective for each i. Let us denote t €E (0, \)j C 
Sp(C([ 0, l],En)) by ttjj to distinguish spectrum from different direct summands of C([0,1 \,E n ). 
Let T C Sp(A n ) be defined by 

T = {(“)(?); j = An; k = 1,2,- ■ ■ ,n- l| . 
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Let Y = {yi,y 2 , C X n and let L = l n ■ (n — 1) + L\ = #(TUY). 

Set A n = {( f,g ) € C([0, 1 \,E n )@F n \ /(0) = /5 0 (tt(^)),/( l) = /3i(vr(^))}, with (/3 0 )*o = &o = 
(bo,ij) and (/3i)*o = Id = {h ,ij)- Put M = max{6 0 ,ij; i = 1 , 2 , ■■■ ,p n ; J = 1 , 2 ,--- ,/ n }. 

First we need that the matrix c = (cjj) given by the map 7^ : H n /Tor(H n ) = Z Pn —>• 

iL n+ i/Tor(iL n+ i) = Z Pn+1 satisfies 

(OOO)i dj > 13 • 2 2n • ML for all i,j. 


This can be done by increasing n + 1 to large enough m , and renaming H m as H n+ 1 and 7 ' 
as 7^ n+1 (see the end of l!3.24|) . 

Let A n +i — {( f,9 ) € C([0, l],E n+1 ) © K+i : /(0) = / 3 o(tt( 5 )),/( 1 ) = /3i(?r(p))} be con¬ 
structed as in 113.271 In this construction, we will choose b' 0 = (b' 0i j) and b\ = (b\ -) (corre¬ 
sponding to /3 q and /3[) to satisfy the strengthened condition (stronger than (<X))) 


( 000)2 


' ka = EfclY &U •> 2 2n (Etid^l + 2) • K 

+(Li + (n - 1) Efc=i fo o,fcz) • V 0ii2 ) and 

bi,u = Efe = + 1 ^1 ,ik ' °ki > 2 2n (Efcli (l r 0fc| + 2) • {n, k} 

+(L\ + (n — 1) Eti • &E 2 ) > 


for each l € {1,2, ...,p n } and i € {1,2, ...,Z„ + i}, where bo = bg-c = (fro,*?) and bi = b{-c = (frgjj). 
To make the above inequalities hold, we only need to increase the entries of the third columns of 
bg and b{ by adding same big positive number to make it much larger than the second column 
of the matrices (see the end of 113.101) . 

With the above choice of A n+ \ satisfying the conditions (000)i and (000)2, we will begin 
the construction of ip n>n +i by constructing 0n,n+i first. 

13.30. Recall that K 0 (F n ) = ( H n ,u n ), K 0 (F n+ i) = (H n+1 ,u n+ i) and the map c = {c VJ ) : H n 
H n+ i is as in 113.241 Assume that c, t j > 13 for any ij (which is a consequence of (000)i)- We 
shall define the unital homomorphism ift n „.+i '■ F n —> F n +1 to satisfy the following conditions: 

(!) (VVn+i)*o = 7n,n+i : K 0 (F n )(= H n ) —* K 0 (F n+ 1)(= H n+ 1) and 

(0„,„+i)*l = Xn.n+1 : ^i(P 1 n)(= K n ) —► tfi(F n+1 )(= if n+1 ); 

( 2 ) 0„,„+i(>4) c J n+ 1, and the map 0„,„+i : Pk+i, induced by 0„,„+i satisfies 

(0„,„+i)*o = c = (cjj) : K 0 (F n )(= Z Pn ) -)• (F n+ i)* 0 (= ^" +1 )- 

Since a homomorphism from a finite dimensional C*-algebra to another is completely deter¬ 
mined by its K-theory map up to unitary equivalence, the map ^ +1 : F n —>• iO+i is completely 

determined by the condition (V> +1 )*o = c = (c^) up to unitary equivalence and such a map is 

necessarily unital (since K-theory map c keeps the order unit). 

If * > 2 and j > 2, then F l n = F l n and F J n+l = F J n+l , and, consequently, V’nfn+i is ftn, n +i- 
Since ,„+i (-A) (7 Jn- (-1 and D F n _ — 0 for any j 7 2, one has that — 0* 

Therefore each component —>• i^ +1 for j > 2 (note that for j > 2) 

factors through = F^/J n and is completely determined by ip nn+1 - Note that, for any i and 
any j > 2, ^En+i 7S completely determined by VVj’Ei- 

Therefore one only needs to define ■ F n —>• i^ +1 , the map from F n to F n+ \ , then 

project to the first summand. 
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First one can find mutually orthogonal projections Q 11 Q 2 , ■■■,Qp n such that 


Qi + Q 2 + • • • + Q Pn — P n +1 

and 7*’i +1 ([l= [Qi] € ^(Pn+iMoo^^+ijjP^+i). Since c t] > 13 for all i,j— that 
is rank(Qj)/rank(lpi) = c\j > 13, bv 113.211 land [LL22I) . there are unital homomorphisms 
^,l +1 = K -+ QiFn+iQ i which realize the K-theory map : Kq(F^) —y Kq(F 1 \ +1 ) and 

X n , n +i '■ K i( F n)(= K n) ->• K x (Fl +l )(= K n+ 1 ) (note that iFi(P*) = 0 for i > 2) and satisfy 
Condition (2). 


13 . 31 . For the convenience of later construction, we need the projection Qi and we need the 
homomorphism Aj 1 n+1 : Ff —>• Qi-F^ +1 Q* not only satisfies the conditions in 113.301 but also has 
the simple form described below. 

To simplify the notation, we denote *p~’n+i by ip : ©f=i F n —1 F * +1 and denoted by A : 
Ff —>• QiF^ +1 Qi the corresponding partial map. Note that rank(Qi) = cu[n,i\. We may require 
that the projection Qi (for any i > 2, the case i = 1 will be discussed later) satisfy the following 
condition: 

(a) Qi|[ 0 ', 0 '+i] is of the form 

diag(0 Cll [ ni i], 0 Cl2 [n,2] 1 0 Ci i—1 [rx,i—1] 5 l Cli [n,i]j 0 Cl <+1 [n,i+l]» •••> ®ci p „ [n,p„] )i 

when -P n +i|[ 6 »', 0 '+i] is identified with l [n+U ] € M [n+ 1 A] (C[d[, 6' 1 + 1]) C M 00 (C[ 6 ' 1 ,d[ + 1]). 
(In the above, recall that [9^, 9[ + 1] is identified with the interval [0,1] in X n+ \ = [0,1] V X’ n+l , 
and 9[ is the first element in Sp(F n+ 1 ) = {0^, 9' 2 , ..., 9' p }. Here we reserve {9\, 62 , ..., 9 Pn } for 

Sp(F n ). ) 

Fix i > 2 (the case of i = 1 will be discussed later). Let {e^} be the matrix unit of 
Ff = M< n j] (C) and let q = ^(en). It is well known that QiM 00 (C(X n+ i))Qi can be identified 
with qM 00 {C{X n+ i))q ® M[ n i ](C) so that the homomorphism A is given by 

A{{ a ij )) = g<g> (aij) € gM 0O (C'(J n +i))g® M[ n; j](C). (e 13.24) 


Note that rank(g) = ci, as rank(Qi) = cu[n,i\. Denote cu — 1 by d. 

We can write q = gi + 52 + • • • + q<i + P, where qi, 52 , • • ■ ,qd are mutually equivalent trivial 
rank 1 projections and p is a (possible nontrivial) rank 1 projection. Under the identification 
Qi = q® 1 M, n , we denote that qj = qj ® 1 M, n ^ and p = p® 1 m, u • From the definition of A 
(see (Ic 13.241) above), we know that A( F f) commutes with 51 , 52 , ■■■Adi and p. We can further 
require the homomorphisms A (i > 2) satisfy 

(b) the above projections 51 , 52 ,-•• Adi and p for A can be chosen such that 
52 1[e' , 0 ' + 1 ] )•••) qd\[e' ,e'+i], and p\^i p’ + 1 } are diagonal matrix with 1 in the correct place when 
QjM oo (C'[0j, 9[ + 1 ])Qi identified with M Ca y n ^ {C[9\. 9\ + 1 ]). That is 


qj diag(0[ n jj,..., 0[n,i], 1 [n ,*]j 0[n,i]j 0[n,i]) and p diag(0,..., 0, 1 [^.z])• 


3- 1 


Lemma 13.32. Let i >2 and A : Ff — > Qj F A { Q, be as in 113.311 above. In particular, the 
projection Qi satisfies Condition (a) and the homomorphism A satisfies Condition (b) above. 
Suppose m < d = cu — 1. Let A : QiF^ +1 Qi —>• M m (QiF^ +1 Qi) be the amplification defined by 
A (a) = a® l m . There is a projection R l E M m (QiF^ +1 Qi) satisfying the following conditions: 

(i) R 1 commutes with A(A(Ff)). 

(ii) R i (9[) = Qi(9[) ®( lm ~ 1 [J ) = diag( Qi(^),..., Qi(9[) , 0)) € M m (F' +1 \ g ,). Conse- 

m— 1 

quently, rank{R l ) = Cji(m — 1 )[n,i] = (d + l)(m — l)[n,z]. 
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Let n : M m (QiF^ +l Qi) M m (Qi(0[)F^ +1 Qi(9[)) be the map induced by n : F n +1 Fn+ 1- 
Then n takes R l M m (Q iF^ +1 Qi)R l onto M m _ 1 (Q i (d' 1 )F^ +1 Qi(e[)) C M m (Q t (0[)F^ +1 Qi(9[)) 
(see (ii) above). 

(iii) There is an inclusion unital homomorphism 
t : M m -i(Qi(6[)F) l+1 Qi(9' 1 )) ^ 


such that no l 


id 


Mrn-RQde'JF^QiW) 


and such that R l {A(ip l {Ff)))R l C Image(t). 


Proof. In the proof of this lemma, i > 2 is fixed. So the notation q, q\, q 2 , • q<hPi f and Ai are 
for this fixed i and only kept the meaning in this proof (later on, we will use them for the proof 
of similar lemma for the case i = 1 in which we will work on the corner M m (QiF) +1 Qi)). 

The homomorphism A.oif l : Ff = M[ n i ](C) —> M m (QiF) l+1 Qi ) can be regarded as Aigid[ n ji, 
where Ai : C —>• M m (qF) +l q) is the unital homomorphism given by Ai(c) = c • (g g 1 m ). 

Note that q = q\ + q 2 + • • • + qu + P with {qi} being mutually equivalent rank one projections. 
Furthermore, p|[0',0'+i] is also a trivial rank one projection. Let r £ M m (qF) l+l q) = qF) +1 q® 
M m ( C) be defined as below. 


ue'v = «(«;)»( 1 ™- 1 “) = (mm+^m+■■■+urn+pm) ® 

r(d , 1 + 1) = (qi(9[ + 1) + q 2 (9[ + 1) + • • • + qm-i(0[ + 1)) g l m + 

+ (qm(9'i + 1) H + 9d(^i + 1)) ® ^ "q q ) 


lm—1 0 \ 

0 0 ) ’ 


and for x € X' n+1 C X n+ i, 

r(x) = (qi(x) + q 2 (x) H -h g m _i(x)) g l m + {q m (x) H- h Q'd(x)) g 


lm—1 0 \ 

0 0 ) ' 


In the above, between and + 1, r(i) can be defined to be any continuous path connecting 
the projections r(dj) and r(dj +1), both of rank (d + l)(m — 1) = (m— l)m + (d — m + l)(m — 1). 
(Note that all qi(t) and p(t) are constant on [6\ , 9\ + 1].) 

Let R l = r<8)l[ nj j], under the identihcation of M m (Qii^ +1 Qj) with M m (gF^_ ) _ 1 g)(g)l[ riji ]. Since 
Ai : C —> M m (qFf +1 q) sends C to the center of M m (qFf +1 q) , we have that r commutes with 
Ai(C) and consequently, R l = rgl^ji commutes with A(jt/j l (Ff)) as Ao if 1 = Aigid^ji. That 
is, condition (i) holds. Condition (ii) follows from definition of r(9[) and R l (9[) = r(9[) g lr nji ]. 

Note that r € M m (gF^ +1 g) = M m (qM 00 (C(X n+ i))q) is a trivial projection of rank (d + 
1 )(m — 1) and r(6 \) = g(dj) g l m _i. One identihes 

r(0' 1 )M m (g(0' 1 )F n 1 +l( 7(d' 1 ))r(0' 1 ) = M^^d^+i^)) = (C). 

Let rfj, 1 < i,j < (d + l)(m — 1) be the matrix units for M( d+1 )( m _ 1 ). Since r is a trivial 
projection, one can construct r t j € rM m (qF) +1 q)r, 1 < i, j < (d + 1 )(m — 1) with r t j (9\) = re¬ 
serving as matrix units for C rM m (glO +1 g)r = M( d+1 )( m _ 1) (C'(X n+ i)). Here by 

matrix units, we mean r^r^i = djkru and r = ^ fa- We can define 

H = M^q^Fn+MO'i))^ r(9[)M m (q(9[)Fl +1 q(9[))r(9[)) rM m (qF) +1 q)r 

by i\ {r)j) = Tij. Finally define l = l\ g id[ ni j], using the identification R l = r g l^j and 
Qi = q g l[n,il- Then (iii) follows. □ 
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13.33. Now we continue the discussion of ll3.31l for homomorphism ip 1 : —>• Q\F^ +1 Q\. We 
know that rank(Qi) = cn[n, 1], where [n, 1] = rank(P n ) for F ,= P n (C(X n ))P n . Note that 
cn > 13. Denote d = c\\ — 13. We can assume that the projection Q\ and the homomorphism 
ip 1 : F) —> QiF^ +l Qi satisfy the following conditions 

(a) Q\ = 1 d [ n ,i] ®Q:=Q'®Q& M 00 (C(X n+ i)) such that QIp/^'+i] = l 13 [ n ,i] ( but in the 
lower right corner of Qi l[0j,ej+i]); 

(b) ip 1 : F) —>• QiF„ +1 Qi is decomposed into two parts ip 1 = ip i © tp 2 with 

ipi : F' -> M d[nA {C{X n+l )) = Q'M 00 (C(X n+ 1 ))g' and 2 : F) -> (5M 00 (C(X ri+1 ))Q 
described below: 

(bl) the unital homomorphism ip\ : F^ —>• M d [ n j](C'(X n _|_i)) = Q , M 00 (C(X n+ i))Q' is 

defined by ipi(f) = diag(/($i), f(9 1 ),..., f(9 1 )) as a constant function on X n+ \\ 

" --- - -' 

d 

(b2) the unital homomorphism ip 2 ■ F) —> QM^iC{X n+ i))Q is a homomorphism satisfy¬ 
ing (V> 2 )*o = cn - d = cn - d + Ti (where Ti : H^(= K 0 (F))) ->• Tor(iL n+1 ) c #* +1 
is as in 113.241) and ('0 2 )*i = Xn,n+i : A'i(-Fn)(= -te) -t Ad(F n+ i)(= LT n +i) (such ip 2 
exists because of 113.21|) : 

(b3) furthermore, ip 2 is injective (see 113.221) and the definition of V , 2 |[ 0 ',e'+i] is given as 
below: for t G [0, |], 

i’2(f)(9[ +1) = diag(/( 6 »i), /(0i),...,/( 6 »i)) 

'-V-' 

13 

and for t G [t|, 1], 

ip 2 (f)( 0 'i +t) = diag(/( 0 i + 2 t), /((9i + 2 f),...,/(<9i + 2 f)). 

-V-' 

13 

Here, f(9\ + s) G P n {9 1 + s)M 00 {C)P n (9\ + s ) is regarded as an [n, 1] x [n, 1] matrix 
for each s G [0,1] by using the fact Pn^e^+i] = l[n,i]- 

Let us remark that in the decomposition ip 1 = ipi © ip 2 ■ F^ —> QiM 00 (C(X n+ i))Qi C 
Fn+ii the brst P art V’l : F n ->■ ^d[n,i](C(X n+ i))(= Q'Mo^Cp^+i))^ factors through F* = 

M[ n ,i](C), and the restriction ip l \ 0 , + ij also factors through i^|, as 

V^C/OO) = diag(/( 6 >i),...,/( 6 »i)) for any x G [ 6 >i, 6 »i + h. 

' - v -' 2 

d+13 

Lemma 13.34. Suppose that Q\ and ip 1 : F) —> QiF^ +1 Qi satisfy Conditions (a) and (b) 
(including (bl),(b2) and (b3)). Suppose that 13 m < d = cn — 13. Let A : QiF^^Qi —>■ 
Afm(QiF^ + 1 (5i) 6 e amplification defined by A(a) = a<g>l m . There is a projection R 1 G M m (QiF^ + 1 Qi) 
satisfying the following conditions: 

(i) R 1 commutes with A(i/d(lN)). 

(ii) F 1 ^) = Qi(0i)® f 1 ™“ 1 q ) = diag ^!^),--- ,Qi(^) ,0)) G M m (Fi +1 \ e[ ). Conse- 

m— 1 

quently, rank(R 1 ) = cn(m — l)[n, 1] = (d + 13)(m — 1 )[n, 1]. 

Let 7 T : M m (Qil^ + 1 Qi) ->• M m (Qi(^)^ + 1 Qi( 0 ()) be induced by 7 r : F^ +1 ->• F^ +1 , f/ien 7 r 
fate i2 1 M m (Q 1 2£ fl Q 1 )i2 1 onto M^Q^F^Qi^)) C M m (Q 1 (0 , 1 )F 1 J + 1 Qi(0i)) (see (ii) 
above). 
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(iii) There is an inclusion unital homomorphism 

i : M rn _i(Qi(d[)F^ l+1 Q 1 (d , 1 )) R'MMF^MR 1 

such that 7r o i = id | M 1 (q 1 (q')f 1 Qi( 0')) an( ^ such that R 1 (A('ip 1 (Ff)))R 1 C Image(t). 

The notation A, d, m in the above lemma, and q, q\, q 2 , ...qd,p, r and Ai in the proof below, 
are also used in Lemma [13.321 and its proof for the case i >2 (comparing with i = 1 here). Since 
they are used for the same purpose, we choose the same notation. 

Proof. The map 


Vh : Ff 


F 1 


■M d[ntl] (C(X n+1 )) = Q' M 00 {C{X n+ i))Q' 


(where Q' = can be written as (Ai<g)id[ nl ])o7r, where Ai : C —>• M f j(C(X n+ \)) is the map 

sending c € C to c • 1^. We write Ai(l) := q' = q± + q 2 + • • • + q d , with each g, a trivial constant 
projection of rank 1. Here q' is constant subprojection of Q' with Q' = q' (g) luu. Consider the 

map := ■ F n -> Q^n+iQIp'.e' + i] a nd ^ ■= ^Vi^+ 5 ] = (Vh + ■ 

F n —> Q\F^ + \Q\ |[fl/ e'+i]- A s pointed out in 113.331 ^2 has the factorization 


F 1 


. F 1 

x n 


■M 13 lnA] (c[e[,e[ + i]). 


Hence if 1 has the factorization 


F 1 

-L y) 


■ F 1 

1 n 


M (d+ 13 )[n,l](C[ 9 ' 1 ,d[ + i]). 


The map ip 1 can be written as (A 2 < 8 >id[ n l ]) o 7 r, where A 2 : C —>• M^_ ) _ 1 3 (C'[ 0 , 1 , 9[ + d]) is the map 
defined by sending c € C to c • lrf+ 13 . We write A 2 (l) := q = gi + (/2 + • ■ ■ + qd + P with each 
qi being the restriction of q^ appeared in the definition of Ai(l) on [9[, 9[ + ^], and p is rank 13 
trivial projection. Here q is a constant projection on [0 \, 9\ + d] and Q\\y e t qi + ij = q < 8 > l[n,i]- 

Let r € M m (qF^ +1 q) = qF^ +1 q <g> M m ( C) be defined as below. 

r (Qi) = q(0i) ® ^ ”q 0 ) = d + <?d(#i) +p(^i)) ® ^ ^ 1 0 ) ’ 

for t € 1], 

r(9 1 +t)= (qi(9[ + t) + q2(0[ + t) + • • • + gi 3 (m-i)($i + ® 1 m+ 

+ (^ , ?13(m-l)+l(^ / l + 0 d + <?d(0i + *)) ® ^ ^ 1 0 ) ’ 

and for x € X’ n+l C X n+ i, 

r(x) = (gi(x) + q 2 (x) + ■ ■ ■ + «13(m—1) (®)) ®!m + (9l3(m-l)+l(») + • • • + 9d(®)) ® 

In the above, between 9[ and + r(t) can be defined to be any continuous path connecting the 
projections r(9[) and r{9' l + ^), both of rank (d+13)(m—1) = 13(m— l)m+(d— 13(m—l))(m— 1). 
(Note that all qi(x) are constant on x € X n+ \ = [9 \, 9\ + 1] V X' n+1 and p(t) is constant for 
t£ [^,0^ + 1].) Note that for x € [9'i + \,9' 1 + T\ VX(, +1 , r(x) has same form as r(9[ + which is 


( lm-l 0 \ 

I 0 0 )■ 
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constant sub-projection of constant projection q' g l m . We are going to define R 1 to be r* <S) 1 [n,i] 
under certain identification. Note that the projection Q\ is identified with q g l[ n ,i] only on 
interval [9\. 9^ + 1] so the definition of R 1 will be divided into two parts. For the part on [0' 1 , 6 ^+^], 
we use the identification of Q\ with q g l[ n .i], and for the part that x € [9[ + 9[ + 1] V X' n+l , 

we use the identification of Q' = Ld[n,i] with q' g l m (of course, we use the fact that r is sub¬ 
projection of q' on this part). This is the only difference between the proof of this lemma and 
that of Lemma 113.321 The definition of l : M m -i(Qi(6 , 1 )F) l+1 Qi(6 , 1 )) R 1 M m (QiF) l+1 Qi)R , 1 
and verification that l and R satisfy the conditions are exact as same as the proof of !13.32l with 
(d + 1 ){m — 1) replaced by ( d + 13)(m — 1). □ 


Combining 113.321 and 113.341 we have the following theorem which is used to conclude the 
algebra A (will be constructed later) satisfies that A g U is in Bo ■ 


Theorem 13.35. Suppose that 1 < rn < min{ Cll 13 13 , C 12 — 1, C 13 — 1,..., ci Pn 
Fn+i be the composition 


V’n.n+lj-, 
x n -► n n+ i 


7Tl 


F n+1- 


1}. Let : F n —>• 


(The map ir\ is the quotient map to the first block.) Let A : F) +l —» M m (F^ +l ) be the ampli¬ 
fication by A (a) = a g l m . There is a projection R € M rn (F) l+l ) = F* + 1 <g> M m ( C) and there 
is an inclusion unital homomorphism l : M m ^\ {F) +x ) = F ' + 1 <g> M m _i(C) ^ RM m (F^ +1 )R, 
satisfying the following conditions: 

(i) R commutes with A (fi(F n )). 

(ii) R(9 [) = 1^,1 g ^ 0 ) ' Consequently, the map n : F^ +1 F^ +1 , takes 

RM m {Fn +1 )R onto M m _i(F^ +1 ) . 

(iii) 7T o l = id| M ,pi ) , and R(A(ip(F n )))R C Image(i). 

Proof. Choose R = R 1 € M m (F) +1 ), where R 1 € M m (QiF) l+l Qi) is given in Lennna ri3.34l 
and R 1 £ M m (QjF^ +1 Qj) (for i > 2) are given in Lemma 113.321 Then the theorem follows. □ 


13.36. Set F = ]im (F n , ijjn.n- 1 - 1 )• Since fi n ,n+i{Jn) C J n + 1 , this procedure also gives an inductive 
limit of quotient algebras F = lim(F n , ^ n>n +i), where F n = F n /J n . Evidently, F is an AF algebra 
with K 0 (F) = H/Tot(H). 

Theorem 13.37. If the matrix c = (c t j ) of fi n ^ n+ i : H n /Tor(H n ) —>• // n +i /Tor(// n+ i) satisfies 
Cij > 13 • 2 2n for each i,j (which is true by ( < 0 >< C >< 0 > )i in \13.29\) . then tracial state space T(F) of 
F is T(F) = A— that is, the Elliott invariant of F is 


((Ko(F),K 0 (F)+, [1 F ]), K\(F), T(F), r F ) - ((H, H+,u),K , A, r). 

Proof. Note that if n>n +i satisfies (1) in 113.301 and consequently, 

((K 0 {F), K 0 (F) + , [If]), -M-F)) = ((H,H+,u),K,). 

Let TT n : F n —>• F n be the quotient map. Then rrh : Aff(T(T n )) = C(X n ,M.) © — > 

AS(T(F n )) = M P ™ is given by Tr n (g, h 2 , h 3 ,..., h Pn ) = (g{6i), h 2 , h 3 ,..., h Pn ). Define r n : Aff(T(F„)) 
W n —>• Aff(T(F n )) = C(X n , R)©!^" 1 to be the right inverse of ith given by F n (hi, h 2 , h 3 ,..., h Pn ) - 
(g, h 2 , h 3 ,..., h Pn ) with g being constant function g{x) = h\ for all x € X n . Then with the con¬ 
dition Cij > 13 • 2 2n , we can prove the following claim: 

Claim: For any / £ Aff(T(F n )) with ||/|| < 1 and f = ^ n+1 (/) € Aff(T(F n+ i)), we have 

l|r„ + io4 +1 (/ , )-/ , ll<^r- 
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Proof of claim: Write / = (g, h 2 , ■■■, h Pn ) and f = (g', ti 2 ,..., h' Pn+1 ). Then T n+ i o tt # +1 (/') = 
(g",h 2 , ...,h' p ) with g"{x) = g'(9 \) for all x € X n+ \. Recall that Onl+i is denoted by 
V’* : —)• Qi-P^ +1 Qi and -0 1 = + O 2 with Oi : F,\ —>■ Q'F^ +1 Q' and t />2 : F* -)■ Q1^ +1 Q as in 
113.311 and 113.331 Note that 


rank(Qj) c^i rank(Q') ciq — 13 rank(Q) 13 

rank(P n+ i) E?=i c j,i ’ rank(.P„ +1 ) )Cj=i c i,i’ ^ rank(P n+1 ) Y%=\ c j,i' 


Hence 


9 = 


ci ,1 - 13 


0? (ff) + 


E Pn 

.7 = 1 


c ih 


13 




E Pn 

. 7=1 


C jh 


Of i0) + XI 


Q,1 


(0’) # (^ 


i=2 ^7=1 C -?d 


Also from the construction in 113.311 and 113.351 we know that 'il’f(g) and {^ l )^(hi) (i > 2) 
constant. So we have 


W(x) 


g'm < 


2 x 13 



are 


and the claim follows. 

The proof of the theorem is then as same as that of 113.191 with [IT. 171 replaced by the above 
claim. Namely, one can prove the following approximately intertwining diagram replacing the 
diagram there. 


Aff(TCFi)) 
iri 


ABCT(Fi)) 


^>1,2 


$1,2 


AS(T(F 2 )) 

r 2 


'lb* 

™ 2,3 


™ 2,3 


Aff(T(F 3 )) 
r 3 


Aff(T(F 2 )) —Aff(T(F 3 )) 


-Aff(T(T)) 

• • • Aff(T(F)) , 


/ / 

where is induced by the quotient map 7 : T) —>• T). Exactly the same as the end of the proof 
of Lemma ll3.19l one can get the isomorphism between ((Kq(F), Ko(F) + , [1^]), K\(F), T(F), rp) 
and ((H, H + ,u),K, A, r) including the compatibility (note that the quotient map Hi = Aq(F,) —>• 
Hi/Tor(Hi) = Ko(Fi) is also induced by quotient map 7 ^ : F % —>• Fj). □ 

13.38. Let A n = | (f,g) € C([0,1 \,E n ) © F n ; /(0) = p 0 n(g), f(l) = Pin(g)} be as in 113.271 
where /3q, /?i : F n —>■ E n are two unital homomorphisms, and tt is as in the end of 113.261 

Let — { (f,g) e C([0, l],E n+ i)®F n+ i- /(0) = f3' 0 TT(g),f(l) = P[n(g)} be defined with 

unital homomorphisms /3' 0 ,/3[ : F n+ \ —>• E n+ ±. Note that A n+ i satisfies the conditions (000)i 
and (000)2 in ll3.291 

Recall that J n C F^ (and J n+ 1 C F^ =1 , resp.) is the ideal of elements vanishing on 6\ € 
Sp(Fn) C Sp(F^) (and 6[ € Sp(F^ +1 ) C Sp(F^ +1 ) respectively). 

Let I n (01 I n - n), J n (or J n |_x), F n — A n /I n (or F n ^\ — A n _|_i// n _|_x), and A n — A n /J n (or 
A n+ 1 = A n+ i/J^ +1 ) be as in 113.281 

We still use the matrix bo = (bo,* 7 ) (or bi = [bi,ij) ) to denote (/?o)*o (or (/3i)*o) as before. 
Also b ' 0 = = (/3q)*o, bi = (v itij ) = (/?i)* 0 as in | 13.14 [ We still use c = ( c i:j ) Pu+lXPri 

to denote the map H n /Toi(H n ) —>• H n+ i/Tor(H n+ i ) and D = ( dij)i n+lX i n to denote the map 
H n /G n —>• H n+ \/G n+ \. It follows that, as in 113.131 and 113. lTl if b ' 0 and bi satisfy the condition 
(0) (see le 13.~3ll which is weaker than (000)2 , then one can use 'i/j +1 : F n —>• F n+ 1 to dehne 
0n,n+i : -»■ An +1 (exactly as C n ->• C n +i there) which satisfies ^ n n+ i(4) C I n+ i. From the 

construction, we know that (0„,„+i ),, 0 = l' n , n+1 lc n /Tor(G n ) and 


t 1,„ +1 lG„/Tor(G„) : Ko(A n ) — Gn/(Tor(Gn)) ->■ AT 0 (A n+ i) 


G n+ i/(Tor(G n+ i)), (e 13.25) 
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where 7^ n+1 : H n /(Tor(H n ))_ H n+1 /(Toi'(H n+1 )) is induce by 7n, n+ i as in 113.241 

Let tt\ : A n y A n jJ n = A n (or A n ~ 1-1 y A n -\~i) and 7T2 : A n y A n jI n = F n (or A n -^i y F n ~ )-i) 
be the quotient maps as in 113.281 Then we can combine the above definition of (p n n+1 : A n —>• 
A n+ 1 and ip n>n+1 : F n -> F n+ 1 to define v? n>n+1 _: A n ->• Ai+i, as below. 

Let / € A n and a; € 5p(^4 ri+ i). If x € Sp(A n+ i), then 

(^n,n+l(/))( X ) = ^.n+l^l (/)(*)); (e 13.26) 

and if a: € Sp(F n+ 1), then 

(V’n.n+i (/))(*) = ^n,»+i (^2 (/) (a;) ) ■ (e 13.27) 

Note that for x € Sp(F n+ i) n Sp(A n+ i) = Sp(F n+ i), 

Vn,»+l( 7r l (/)(*)) = V’n.n+lfaCfX®)) = (^1 (^2 (/) ) ) , 

where 717 (^(.f)) = ^2(717 (/)) £ T n . By ()e 13.251) . (le 13.261) . (le 13.271) above and (1) of 113.301 one 
has 

i}Pn,n+ 1)*,0 77,71+1 I Gn and iSPn,n+ l)*,l Xn,n + 1 ' 

In this way we define an inductive limit 

Ai —> A 2 —> A 3 —> • • • —y A n —* • • • —* A 

with (Kq(A), Kq(A) + , 1^) = (G,G + ,u) and K\(A) = K. 

Similar to 113.151 (see (*) and (**) there) 


AS(T(A n ))c © C([0, l]i,M) © C(X n , R) © M ^" 1 


i= 1 


consists of (/ 1 , / 2 , •••, fi n ,g, h 2 , /i Pn ) which satisfies the conditions 


Pn 


/i(°) = 7 -' I”’-?]) and 

l n ’ j =2 


Pn 


/*(!) = 7—^r(&i,iiS(^i)[n»l] + • [n,j]), 

I”’ j=2 


(*) 

(**) 


For h = (hi, h, 2 , ■■■, h Pn ) € AffT(F n ), let T' n (h)(t) = t ■ (3{(h) + (1 — t) •/3q (h) which gives an 
element C([0,1], R ln ) = ©^ C([0, l]j,R). And let 


r n : Aff(T(F n )) = M Pn —y Aff(T(A„)) c ® C([0, ©,M) © C(X„,R) © 

3 =1 


be defined by 


In 

tlpn ) ^2? •••? hp n ),g,h 2 !■■■■> hp n ) €®C([0,1] 3 -,1 

i=i 




,-l 


where 5 G C'(A n ,M) is the constant function p(x) = /ii. 
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If we further assume at each step that the K-group homomorphisms b' 0 = (/3q)*o and b^ = 
(/3()*o satisfy (le 13.15j) . and assume that c = (cij) satisfies > 13 • 2 2n , then by using [TXT71 and 
the claim in 113.371 we will the following claim: 

Claim: For any / € Aff(T(A n )) with ||/|| < 1 and f = ¥>^ n+1 (/) € Aff(T(A n+ i)), we have 

l|r„+i o jt[ +1 (/') - /'|| < + 

where 7r' + l : Aff(T(A n+ i)) —> Aff(T(F n+ i)) is induced by canonical quotient map 7r n+ i : 
A n +i —> F n+ 1- 

Proof of the claim: For any n € Z + , write 

r n = r 1 o r 2 : as(T(F n )) — Aff(r(F n )) Aff (T(A n )) 

with r 2 : AS(T(F n )) = -+ Aff(T(F„)) = C(A,M) © RP»- 1 defined by 

(^1 > ^2 5 • ■■ 5 hpn ) G?) ^2 1 hp-n ) ) 

where g is the constant function g(cc) = /ii, and with r 1 : Aff(T(F n )) = C(X, R) © R^™- 1 —> 
Aff(T(A n )) defined by 

rl(g,h 2 ,..., h Pn ) = (T' n (g(ei),h 2 ,...,h Pn ),g,h 2 ,...,h Pn ). 

Also write 7+ = (vr 2 + o (7T 1 )#, where 7T 1 : A n -+ and 7r 2 : F n —> F n are quotient maps. 

For any / € Aff(T(+)) with ||/|| < 1, write fi = (7 r^) # (/), f = (/^n+i(/) and f[ = 
n+i(/i)- By the condition c,^- > 13 • 2 2n and the claim in the proof of Theorem 1 13. 371 we have 

||r 2 +1 o(7r 2 +1 )«(/0-/(||<^. (e 13.28) 

By condition (C’O) (which is weaker than (<C><C> < 0 > )2), applying Lemma T13.171 to A n -+ A n+ \ as 
C n -+ C n _)_i (note that the definition of V n is the same as the definition of Y' n in 113.161 and 
(p n ,n +1 : A n -+ A n+ 1 is the same as ip n , n +i ■ C n -+ C n+ i), we have 

|] (ri +1 o « +1 )»(/') - /') l SrW „ +l) ll < A. (e 13.29) 

Note that (r£ +1 o (tt 1 ^)^/') - /') | Sp (F n+ i) = 0. So we have 

ll r n+i 0 ( 7r «+i)“(/ / ) - /'II < 2 ^T- (e 13.30) 

Consequently (applying (le 13.281) (|e 13.301) 1. we get 


r 


< 


n +1 o 7rJ + i(/') - /'II = ||r ^ +1 o r 2 +1 o (vr 2 +1 ) # o (+++(/') - /' 

= l+n+1 0 r n+l 0 (7Tn+1) # ° $Jn+l ° ( 7r i) # (/) “ /'II 


(since 

7r n+1 ° *^n,n+l — 

+,n+1 O +) 




nr 1 

II-*- n+1 

0 r n+l 0 

(^n+l) 8 

0 V’n)n+1 (/1) - /'II 

= ||r 1 +1 or 2 +1 o( 7 r 2 +1 )#(/() 

-/'II 


nr 1 

II-*- n+1 

(/()-/' 

2 

II + 

ibv (le 13.281)1 




nr 1 

II 1 n+1 

0 V’Jn+l 

° ( 4 ) # 

(/) - /'II + = 1 

|Fi +1 0 (7Tn+ 1 ) #0 ^f,n+ 1 (/) “ 

- /'II + 

2 

22 T 

nr 1 

II 1 n+1 

0 (4+1) 

# (/') - 

2 2 

/ 2 2n < 2 2n 

2 

22n ‘ 
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So the claim is proved. 

Use the claim, one can prove the following approximately intertwining diagram: 

Aff (T^)) Aff(T(A 2 )) Aff (T(A 3 ))-- • • • Aff(T(F)) 

”*{ ) Fl -# ”*{ ) F2 -# ”*( ) r3 
Aff(T(A)) — AS(T(F 2 )) — Aff(T(F 3 ))-- • ■ ■ Aff(T(F)) , 

/ / /v 

where are induced by the quotient map TX{ : Aj —> Fj. 

With the diagram above and noting that AS(T(F)) = Aff(A), exactly the same argument 
as the proof of !13.191 with the above approximately intertwining diagram replacing the diagram 
there, we can prove 

((K 0 (A),K 0 (A) + ,1 a ), R\(A),T(A),r A ) * ((G,G+,u), K, A,r). 

13.39. The algebra A in 113.381 is not simple, we need to modify the homomorphism <p nn+1 to 
make the limit algebra simple. Let us emphasize that every homomorphism p : A n —>• A n _|_i is 
completely determined by p x = n x o <p for each x € Sp(A n+ 1 ), where the map n x : A n+ i —>• 
A n +iL is the corresponding irreducible representation. 

Note that from the definition of p : A n —>• A n+ i and from the assumption that Cij > 13 for 
each entry of c = (c®, we know that for any x € Sp(A n+ 1 ), 

S P( l Pn,n+ lU) A Sp(F n ) = (9 ll 9 2 ,...,9 Pn ). (e 13.31) 

(See 113.11 and 113.21 for notations. Also note that each irreducible representation of F n can be 
identified with one of F n .) To see the above is true, one notes that for x € Sp(A n+ 1 ), the 
homomorphism <p +1 \ x is defined to be p> nn+1 \ x , anc i i n turn, <^ n „ +1 is defined in the proof of 
113.131 (it was called \ there) which satisfies condition (5)—the same condition as above. 
For x € Sp(F n+ 1 ), we have <p nyU+1 \ x = From the definition of V’„, Tl+1 (see 113.30113.311 

and 113.331) . we know that, if x € Sp(F^ +1 ) (for i > 2), then SP(ip nn+1 \ x ) contains exactly Cy 
copies of 9j] and if x £ Sp(F^ +1 ), then SP(ip nn+1 \ x ) contains exactly c\j copies of 9j (for j > 2) 
and at least c\\ — 13 copies of 9\. Hence the condition also holds for this case. To make the 
limit algebra simple, we need to make the set Sp(<p | x ) sufficiently dense in Sp(A n ), for any 
x £ Sp(A m ), provided m large enough. 

Write Sp(A n ) = U^ 1 (0,1)_,- Ul n U S n , where S n = Sp(@?l 2 M [n,i](: C)). Let 0 < d < 1/2 
and let Z C Sp(A n ). 

Recall from 1 1 3H I that, we say Z is d-dense in Sp(A n ) if the following holds: Z n (0, l)j is 
d-dense in (0,1 )j with the usual metric, ZC\X n is d-dense in X n with a given metric of X n and 
if £ £ S n is an isolated point of Sp(A n ), then £ € Y. 

Now we will change <p n ^ +1 to a map £„ in+1 : A n -»• A n+ i satisfying: 

(i) C,n+i is homotopic equivalent to p n ^ n+1 . 

(“) ll^n,„ +1 -3L+! II ^ h- 

(hi) for any y £ Sp(A n+1 ), if x £ Sp(A n ) satisfies x £ SP(<p nn+1 \ y ), then x £ SP(£ nn+1 \ y ) 
(we avoid to say SP(£ nn+1 \ y ) D SP(ip n n+1 |y), since multiplicity of the irreducible rep¬ 
resentation x £ Sp(A n ) in SP(£, n +1 \ y ) may not be larger or equal to its multiplicity in 
SP(<p nn+1 \ y ), when both SP(^ n n+1 \ y ) and SP((p n n+1 \ y ) are regarded as sets with multi¬ 
plicities), consequently, £ ni n +1 also satisfies that for any y £ Sp{A n+ 1 ), 

SPiti^Av) A Sp(F n ) = (0i,0 2 ,..,0pJ, (e 13.32) 

since p n ,n +1 Fas the same property. 
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(iv) For any i < n, 


S P(£i,n+i\e' 2 ) is h ~ dense in S P( A i)> 

where 0 2 € Sp(F% +1 )cSp(F n+ \) = {0 \, d 2 , ..., 6 ' p } is the second point (note that 6 \ is the base 

point of [0\. 8[ + 1] V X' n+l = X n+ i = Sp(F^), and we do not want to modify this one). 

(v) For any x € Sp(F n+ \ ) satisfying x / 0' 2 , 


^n,„+iL =C.n+iL- (e 13.33) 

In particular we have, 

(v’) <Pn,n+i\ S p{F^ +1 ) = Cn,n+i|5p(i^ +1 )> or equivalently, for any x <E X n+1 = Sp(F^ +1 ), 

¥»n,«+iL = 6,,n+iL- (e 13.34) 


This property is important for us to apply 113.351 to prove that the limit algebra A has the 
property that A <g) U € Bo for any UHF-algebra U. 

Note that, in (iv) we do not need that Sp(^ n+1 1^) to be sufficiently dense in Sp(Ai) for 
all x € Sp(A n+ 1 ), but only need Sp(F ,, I ,) to be sufficiently dense. Then combined with 

condition (iii) for ^ n+ i )Tl+2 , we will have Sp(£ in+2 \ x ) to be sufficiently dense in Sp(Ai) for all 
x € Sp(A n+2 ), since 

Sp{£i,n+ 2 U) = 5'p(Ci,n+l|y) A ^P{Ci,n+l\d' 2 ) ■ (e 13.35) 

yeSp(£n + l,n + 2\x) 

Namely, it follows from (iii) (for n+1 in place of n ) and (iv) that for any i < n and any 
x <E Sp(A n+2 ), the set Sp(^ n+2 | x ) is \ - dense in Sp(Ai). 

13.40. Suppose that we have constructed 


Ai 



£ 


n—l,n 


A 


n? 


such that for all i < n — 1, ^,j+i satisfy Conditions (i)-(v) (with i in place of n) in 113.391 We 
will construct the map £„ n+1 : A n —>• A n+ \ . Let 

A n = {(f,g) G C([0, l\,E n ) © F n - /(0) =/3 0 (vr(5)),/(l) =/3i(vr(5))} with 

Pn 

F n = P n M 00 (C(X n ))P n © M[ n j](C), (e 13.36) 

i=2 

where rank(F > n ) = [n, 1]. 

By Condition (iii) of 113.391 applying to each j G {i,i + 1, ...,n — 1} (in place of n), we have 
that for each x € Sp(Ai), if a; € SP(p i n \ z ) for some 2 € Sp(A n ), then x € SP(^ \ z ). Recall 
that the finite set Y C X n from 113.291 satisfies that for each i < n, |J., /e y- SP{ip i n \ y ) is ^-dense 
in X t . Combine this two facts, we have that 
(vi) U y eYSP(£ in \ y ) is also ^-dense in X t . 

Also recall that, we denote t € (0, l)j(lSp(C([Q, l],En)) by to distinguish spectrum from 
different direct summand of C([0,1 ],E n ), and we denote 0 € [0,1 ]j by 0^ and 1 € [0,1 ]j by lj. 
Note that 0^ and lj do not correspond to irreducible representations. In fact, 0 j corresponds to 
the direct sum of irreducible representations for the set 

f n~ b 0,jl p^ b 0,j2 a~ b 0,JPn \ 

,U 2 ,u n > 
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and 1 j corresponds to the set 


{e~ bl ’ jl ,9~ bl ' j2 ,...,0n bl ' jPn }. 

Again recall from 113.291 TcSp(A n ) is defined by 

T = |(~)oi; j = 1, 2 ,k = 1,2l| . 

We need to modify <p n n+1 to n+1 such that 

^(C.„ + il 9 ,)^ur. (e 13.37) 

If this is done, then combining with (vi) above, we know that (iv) of 113.391 holds. 

Recall that in conditions (000)i and (< 0 >< 0 >< C > ) 2 , P = l n ■ (n — 1) + L\ = #(T U Y) and 
M = max{b 0 ,ij] i = 1,2, ...,p n ; j = 1, 2,..., Z„}, where we write Y = {yi, y 2 ,..., y Li } C X n . 

13.41. We only defined for each x G Sp(F n+ 1 ) with x / 0' 2 , n+ , | x = <-p n n+ , |. Now we 
define n+1 | . . To simplify the notation, write n+1 := £. Note that 

sp(v n , n+1 i e ,) = {0r 2i >^ C22 ,-,c C2p "}. 

We use yi, i/ 2 ) to replace Pi copies of $i in {#^ C21 }, so { 6 ^ C21 } becomes 

{e~ {cai ~ Ll) , yi ,y 2 ,. ..,y Ll }. 

That is, in the definition of £ nn+1 (f)\ gl we use f(yt) to replace one copy of f(9 1 ). Note that 

/(yi) = Pn{yi)M oc (C)P n (yi) can be identified with M[ n l j(C) = F)!. For late use we also choose 
a path yi(s) (0 < s < 1) from 6\ to y,. That is, yj(0) = 9 1 , yt(l) = yt, and fix identi¬ 
fication of P n (y i (s))M 00 (C)P n (i/i(s)) with M [ri) 1 ](C) = = P n ( 6 , i)M 00 (C)P n ( 6 'i)—such an 

identification could be chosen to be continuously depending on s. (Here, we only use the fact 
that any projection (or vector bundle) over the interval is trivial to make such identification. 
Since the projection P n itself may not be trivial, it is possible that the paths for different yi 
and yj (i / j ) may intersect at y«(si) = yj(s 2 ) and we may use different identification of 
Pn(yi(s 1 ))M 00 (C)P n (y i (s 2 )) = Pn(yj(s 2 ))M 00 lc)P n (y j (s 2 )) with M[ nil] (C) for i and j.) When 
we talk about /(yi(s)) later, we will considered it to be an element in Mj n i](C) (rather than in 
P n (y i ( S ))M 0 O (C)P n (y i (s))). 

Also we use (£)(j) € (0,1 )j to replace 

n _ / n~ b oji n~ b 0,j2 Q~ b o,jp n \ 

Uj — i “i i , ■••) “n J • 

In summary, we have that SP (£\ e ,) = {0/ ai , #/ a2 ,..., 0« apn }uTUh with 

ai = c 2 i - Pi - (Y%L i b o,ji) ( n “ !) 
a 2 = C 22 - (Ej "=1 &OJ 2 ) (n - 1) 

a Pn = °2pn — = 1 b 0 ; jp n ~j (n — 1) • 
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From (000)i of ll3.40l we know that 


2 2n — 1 , 

a i > 22n c 2 u (e 13.38) 

and as many as ai points (counting multiplicity) of SP(ip n n+1 \ e ,) remain the same. The map 

£| , is not unique, but is unique up to unitary equivalence. Note that ¥> +1 L : -+ F 2 

is homotopic to £| fl , : A n —+ F 2 +1 . Namely, for each s € [0,1], one can define homomorphism 
O(s) : A n F 2 +1 as the definition of +,, by replacing m by y*(s), and (|+) € (0, l)y by 
(s ■ ^)(j) € (0, l)j. It is obvious that f2(0) = <P nn+1 \ gl , and 11(1) = £| ,. Again recall £ is 
simplified notation for £ n ,n+i- 

If A n+ 1 is in the case of 113.111 with p ° +1 > 2, then, for i < + +1 , Sp(FP 1 ) is a closed and 
open subset of Sp(A n+ 1 ) since F * +1 is separate from (7([0, l],i? n+ i) in the definition. On the 
other hand, F 2 +1 = has a single spectrum 0' 2 . That is, 0' 2 is an isolate point in Sp(A n+ 1 ). 
Then we can define £| x = ip n ,n+l\x for any x € Sp(A n+ 1 ) \ { 6 * 2 } to finish the construction of 
£ = £n,n+i (this case is much easier). Also, for this case, we do not need the estimation ( 4 + 0)2 
(only (000) 1 and the old (00) (see (je 13.15)1 ) will be enough). 

13.42. In ll3.41l we have defined the part £ (restricted to F n+ \ and also to F n+ 1 ); that is 


£' = 7T o £ : A n 


A, 


n+l 


F, 


n+l 


where it is the quotient map modulo the ideal I n +i + 4+1 ( see 113.281 for notation of I n and 
J' n ). Recall that £ is the simplified notation for £ n ,n+i- Now we define £| [01] . for each [0, +■ C 

5p(C*[0,1], E J n+1 ). We already know the definition of 

£| 6 . =*j°Poo£': A n -+ E 3 n+l and £1^. = T? ° Pi° £' : A n -> E 3 n+1 , 

where itj : E n+ \ -+ E J n+ ,. Here we use 0 j, 1 j € [0, l]jCS+C'([0,1], E J n+ x )), and reserve 0j,lj 
for the corresponding points in S'+C'QO,1], E 3 n )). 

Now we need to connect £|. and£|. to obtain the definition of £|. ... Let + : C([0,1], E n ) —» 

C([0,1 \,E J n+1 ) be as defined in the proof of 113.131 land 113. HD . Let T : A n —>• C([0,1 ],E n ) be 
the natural inclusion map. As in the proof of 113.131 for the original map <p nn+1 , we have 


spW w lo.) = sp(i > 3 o r| 6 ), e 1 1 , e 2 2 ,..., e p 


and 


= { 5 P(+or|.) er\e 2 '\...,eZ’ 


where 


Pn + 1 


ri = 


b'o,jk c ki- ( 22 \djk\bi,kl+ 22 \djk\bo,kl+ 22 (bo,ki + b\ t ki) | ■ (e 13.39) 

djk<-0 0 djfc —0 


k =1 \djk< 0 djk>0 

Note that 5P(£|. ) and S’P(£|. ) are obtained by replacing some subsets 

" n 1 n 


C’ tt , C b0 ’ 12 , -, C°’ iPn } = 0* G Sp(C([ 0,1], El)) 
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in SP(tp n>n+1 1. ) and SP((p nn+1 |. ) by (|) (i ) and replacing some of 9 1 each by one of y k (k = 
1,2, (see 113.ll and 113.21 for notation). We would like to give precise calculation for the 

numbers of 9\ or 0* to be replaced. Recall that 


6; = and lj = {{9'^^ (O ^ 2 ,..., (0' }• 


b l 


From the part of £ already defined, recall that £| e / = ip n ,n+\\e'- if * / 2. So the set SP(£ |q.) 
is obtained from 5P((/?n in +i|^.) by doing the following replacement: replace each group of b' 0 j 2 
copies of 6 \ by same number copies of y t for each i = 1, 2,..., L \(totally L\ ■ b' 0 - 2 copies of 0\ 
have been replaced by some yf s), and replace each group of b[ )j2 copies of 0j for i = 1,2, 
by same number of copies of (£)(i) for each k = 1,2 ,...,n — 1 (totally (n — 1) • b' 0 - 2 copies of 


0 ,: = 


K 


6o,il 


■^0,i2 


•'b 0,i; 


■! u Pn 


} 


have been replaced by some (^)(i)’s). Consequently 

5P(e| a .) = {5P(^'°r| a .), e^ s \9- S2 ,...,e;: pn ] u(tuf)~^ , 


where 

«i = r i ~ ( L i + ("- 1 )Ei=i fc o,ii) • b 0J2 

S 2 = r\ - ((n - 1) E!=r bo,i 2 ) ■ 


S Pn — r Pn (( n 1) X)i=l b0,ip n ) ' K,j2 ' 

Exactly as in the above argument, we have 

sp(^) = {sp(^ot\ 1j ), 9^,9^,. u(rurr^, 

where 

h = r{-(L 1 + (n-l)Y!r= 1 bQ,ii)-b' lij2 
t 2 = r J 2 - ((n - 1) E!=i fe o,* 2 ) ' j 2 > 

tpn. = r Pn — (( n _ 1) X)i=l bo,ip n ) ' b'lJ2 ■ 

We can pare two sets SP(£\, ) and 5P(£|. ) now. Of course the part of SP(ip J o T| ) and 

1 j 

SP {^ 3 o r|„ ) already be paired by the homomorphism ij ) 3 defined before, we only need to pair 
the part { 9± S1 ,9 2 S2 , ..., 9p^ Pn } U (T U Y)~ b °^ 2 of the set SP(£|. ) with the part 

| 0-* 1 , 9 ~ t2 ,..., } U (T U Y)~ U L.J2 

of the set SP(£|. ). If b\ - 2 > b' {) - 2 (the other case b' {) - 2 > b\ - 2 can be done similarly), 
then si > ti . First we do the obvious pairing. That is, we can pair ti copies of 9i from 
SP(£\. ) with all ti copies of 9{ in £P(£L ); and we can also pair, for each x € Y U T, all b' 0 - 2 
copies of x in SP(£|. ) with some b[ )j2 (< b\ - 2 ) copies of x in 5P(£|. ). After this procedure 

of pairing, what left in SP(£\- ) is the set (Y U T)^^ bl ’ 32 ~ bo ’ 32 \ and what left in SP(£|. ) is 

lj 

q)^~(A 2 1 2 )^... ^Q~( s Pn tpn )j ^nd we w in p a i r these parts as below. For each y € Y", 
there are b\ ]2 — &o,j 2 copies of y left in SP(^\. ), and we pair all those copies (for each y) with 
same number of copies of 9\ in SP (£|.)—it will totally cost L\ ■ (b\ - 2 — b’ {) j2 ) copies of 9 \; and 
for each (^)(j) € T, there are also b\ - 2 — 6' 0j - 2 copies of (^)(q left in <SP(£|. ), we pair all those 


139 






copies (for each (^)(i)) with same number of copies of 0* = j$i b °’ 11 ,9 2 b °’ t2 , ■ ■■,9 p bl 
totally cost 

((n — 1) E-=i b 0 ,a) ■ (b' lj2 - b' 0 j2 ) copies of 0 U 

((« - !) El:=i b o,a) ■ (&ij 2 “ 6 oj2) c °P ies of #2, 


<,ipn 1,_j 


it will 


(fa -1 ) Ei=i b o,i Pn ) ■ (&i )j2 - b'o, j2 ) copies of 9 Pn . 
Hence, putting all them together, totally we will use exactly 

In 

(Li + (n — 1) ^2 b 0 ,a) ■ (b' l j2 — b' 0 j2 ) = — t\ copies of #1 and 


2=1 


(( n - !) ^2 b °’ ik ) ■ (Ej 2 - b'o j 2 ) = s k -t k copies of 0 fe , 


(e 13.40) 
(e 13.41) 


2=1 


for each k G {2,3, ...,y n }. That is, the set (Y U T)~( 6i -j' 2 is paired exactly with 

r/n~( Sl —*i) /)~( s 2— £ 2 ) /)~( s Pn — An)\ 

l“l ) “2 /• 

Then, we can write 

5P(e| 6 .) = {5P(^'or| 6 .),Ho} and .) = {SP(^ o T|..), Sr} , 

and a pairing 0 between So and Hi such that each pair cr G 0 is of the following form: 
cr = (x G H 0 ,x G Si) with x G TUTU {9i, 6 2 , ...0 Pn }, a = (0 ; G S 0 , (|) (i) G Si), or cr = 
(9i G S 0 ,2/fc G Si). For any a G 0, define Vv : c4 n -> C([0,1],^) by sending / G A n to 
Vv(/) as: 



/(*)> 

if (7 = 

(x G So, x G Si) 

(case 1) 

1 pa{f)(t) = < 

/((*£)«)> 

if cr = 

(0< € H 0 , (|) (i) G Hi) 

(case 2) 


, f(yk(t)), 

if cr = 

(9\ G ^0j Uk £ “l) 

(case 3) 


(Of course, if 6 q - 2 > b\ ■ 2 , then the case (2) above will be changed to u = ((^)(i) G So, 0* G Si) 
and the function ip a (f)(t) should be defined by = /(((l — i)^)(*}); and the case (3) 

above will be changed to a = (y& G S 0 , #i G Si) and the function should be defined 

by = f(yk( 1 - *))■) 

Finally let £■?(/) = diag(Y>H/); (/)> (/)>-,^<r.(/)) where {cxi, fx 2 ,..., cr.} = 0. Then 

this has the expected spectrum at 0j and lj. After conjugating a unitary, we can get 


£ J (/)(0?) =n j o f3' 0 o£'(f), and £ J (/)(ij) = T? ° Z 3 ! ° £'(/)■ 


(e 13.42) 


Combining this together with the previous defined £ into Y n+ i, we get the definition of 
£ : A n —>■ A n+ i. That is for x G 5p(Co((0,1 ),E 3 n )) C 5p(A n+ i), define £| x to be £ J | X ; and for 
x G 5p(T n+ i), define £| x to be as previously defined £| x on this part. The condition le 13.421 savs 
these two parts of definition compatible on the their boundary Sp(F n+ 1 ) = Sp(A n+ i)nSp(F n+ i). 
Notice that Yv (part of £) is homotopic to the constant map, 

k 

ip' a {f){t) = /(0j) for case 2 and x = (—)(,) G T in case 1, or 
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= i) f° r case 3 and x G Y in case 1, 

which just matches the definition of the corresponding part of <p +l (see the penultimate para¬ 
graph of 113.411 also). That is, £, n ,n+i is homotopic to <p n ,n+i, which is (i) of 113.391 From (*) 
above, the definition of si and ti, and condition (<0><0 >< C > )2 of 113.291 we have 


si > 


2 2n _ x 
2 2n 


f and t( > 


2 2n _ x 
2 2n ’ 


This implies that, for each x G Sp(A n+ 1 ), SP(ip n n+1 | x ) and S1P(£| X ) differ by a fraction at most 
. Thus we have 

II <J - £tt|| < — 

11 * n,n+l S II ^ 2 2 n ’ 

which is (ii) of 113.391 Evidently, (iii) and (v) of 113.391 follows from the construction. Note that 
we have already made (|e 13.37P hold. Therefore (iv) follows, as we mentioned immediately after 
the equation (Ic 13.371) . Therefore our inductive construction is completed. 


13.43. Let B = lim(A n , n+1 ). Recall that A = lim(A n , ip n ri+1 ). Using (i) and (ii), exactly as 
the same as the proofs of Theorems ll3.19l and ll3.37l we have that ((Kq(B), Kq(B) + , 1 #), Ki(B),TB,r g ) 
is isomorphic to ((iLo(^4), Ko(A) + , 1^), K\(A),T(A),r A ) (including the compatibility). Hence 

{(K 0 (B),K 0 (B) + ,1 b ), K 1 {B),T{B) 1 t b ) - {(G,G+,u), K, A, r). 

On the other hand, we have that, for each n, and m > n + 1, Sp(^ nn+1 \ x ) is dense in 
Sp(A n ) for any x G Sp(A m ) (see the end of ll3.39j) . This condition implies that the limit algebra 
B is simple fsee 113.41) . Notice that in the definition of £ nn+1 we have 

£n,n+lls P (Fl +1 ) = T n ,n+l\s P (Ff +1 )- 

Then 113.351 implies the following corollary. 

Corollary 13.44. For any m > 0 and any Ai, there is an integer n > i and a projection 
R G M m (A n+ 1 ) such that 

(1) R commutes with A£ n n+1 {A n ), where A : A n+ \ —>• M m (A n+ i ) is the amplify map sending 
a to an m x m diagonal matrix: A (a) = diag(a, • • • , a); 

(2) Recall A n+ \ = A (^F n+ i, E n+ \, (3' 0 , j3[^, where (3' 0 , f3[ : F n +i —> E n+ \ is as in the definition 
of A n+ 1 (see lie 13.23\) . Then there is an injective homomorphism 

l ■ Af m _i(A n _|_i) y RM m fA n j r \)R 
such that RA(f, rin+1 (A n ))R<Zi{M m _i(A n+ i)). 

Proof. We have already defined the part of R in M m (F^ +1 ) with property described in ll3.35l fthe 
definition is given by combining 113.321 and 113. .'Till . Note that this R works for the homomorphism 
£n,n+ 1 in place of p n ,n+ 1 because £ n ,n+i ls P (Fi +1 ) = ^.n+ils^)- In particular, 

=w, ® (V 2) ■ 

We extend the definition of R as follows. For each x G Sp(A n+ 1 ) \ Sp(F( l+1 ), define 

= 1a u + i\x ^ ^ 0 ) ■ 

One can use the map i combining with the identity map id : M m _i(A n+ i) —>• M m _i(A n+ i/ J( +1 ) 
to get the corollary. (Note that A n+ \ = A n+ \/J' n+l ). □ 
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Corollary 13.45. Let B be as constructed above. Then B € Bo for every UHF-algebra U 
of infinite dimension. 


Proof. In the above corollary, we know that A n+ \ G Co and therefore M m _i(A n+ i) and t(M m _i(A n+ i)) 
are in Co- Also, for all normalized traces r G T(M m (A n+ 1 )), we have r( 1 — R) = 1/m. Fix 
an integer k > 1 and any finite subset T C B (g) Mk , let T\ C B be a finite subset such that 
{(fij)kxk ■ fij G jFi} D T. Now, evidently, the inductive limit algebra B = lim(A n ,£ nim ) have 
the following property: For any finite set F\ C B, e > 0, <5 > 0, and any m > 1/5 , there is a 
unital G*-subalgebra C C M m (B) which is in Co such that 


(i) || [lc, diag{/^^/}]|| < e/k 2 , for all / € T\, 

m 

(ii) dist(l c (diag{/,...,/})lc,G) < e/fc 2 , for all / € J 7 !, and 

m 

(iii) r( 1 — l c ) = 1/m < <5 for all r G T(M m (B)). 


Thus the above (i), (ii), (iii) hold by replacing B by Mk(B), T\ by T C Mk(B) and e/k 2 by e. 

Now B ®U can be written as lim(£> ® M^ n , i n)m ) with k\\k 2 \ko ■ ■ ■ and k n+ \/k n —>• oo, and 
t n ,n+\ is the amplification by sending f € B > M^ n to diag(/,...,/) € B (g) Mfc n+1 , where / 
repeated k n+ \/k n times. 

To show B ®U Bo , let J 7 C -B <g> 1/ be a finite subset and let a 6 (B® [/) + \ {0}. There 
is an integer mo > 0 such that r(a) > 1/mo for all r G B <g> U. Without loss of generality, we 
may assume that T C B ® M^ n with -f— > mo- Then by what has been proved above for 
B (g) Mfc n with m. = k n+ i/k n (and note that i n ,n+ 1 is the amplification), there is a unital C* 
subalgebra C C B <g) M^ n+1 with C G Co such that ||[lc, t n>n+ i(/)]|| < e, for all / G J, such 
that dist(lc , (t n!n+ i(/))lc, C) < e for all / G J, and such that r(l — lc) = 1/m < 5 for all 
r G T(Mf Cn+1 (B)). Then i n +i,oo(C) is the desired subalgebra. (Note that 1 — 1 c « follows 
from strict comparison property of B <S> U.) It follows that B (g) U G Bo- □ 

Theorem 13.46. For any simple weakly unperforated Elliott invariant ((G, G+,it), K, A,r), 
t/iere is an unital simple algebra A G Mq which is an inductive limit of ( A n ,tp n ^ m ) with A n 
described in the end of\13.21\ with (p n! m injective, such that 


((K 0 (A),K 0 (A) + ,1 a ), K\{A) 1 T{A),r A ) = ((G,G + ,u), K,A,r). 


Proof. By 113.451 A G A/"o. Since A is a unital simple inductive limit of subhomogeneous C*- 
algebras with no dimension growth. By Corollary 6.5 of [ 103] . A is ^-stable. □ 

Corollary 13.47. For any simple weakly unperforated Elliott invariant ((G, G + ,u), K, A,r) 
with K = 0 and G torsion free,there is an unital Z-stable simple algebra which is an inductive 
limit of {A n ,ip n ^ m ) with A n in Co described in \‘J.A with <p nj m injective, and such that 

((K 0 (A),K 0 {A)+,1 a ), K\{A),T{A),r A ) = ((G,G + ,w), 0,A,r). 

Proof. In the construction of A n , just let all the spaces X n involved to be the space of a single 
point. 

□ 
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14 Models for C*-algebras in Aq with (SP) property 

14.1. For technical reasons, in the construction of our model algebras, it is important for us 
to be able to decompose A n into direct sum of two parts: the homogeneous part which stores 
the information of Inf Kq(A) and K\(A) and the part of algebra in Co which stores information 
of A'o(A)/Inf Kq(A), T(A) and paring between them. But this can not be done in general for 
the algebras in A/"o fsee 113.51 . since some algebras in A/"o has minimal projections (or even the 
unit itself is a minimal projection). But we will prove this can be done if the Elliott invariant 
satisfies an extra condition (SP) described below. Note that if A € A/"o then the Elliott invariant 
of A © M p has the condition (SP) even though the Elliott invariant of A itself may not satisfy 
the condition. 

Let ((G, G+,u), A, A,r) be a weakly unperforated Elliott invariant as 113.61 We say that it 
has the (SP) property if for any real number s > 0, there is g £ G + \ {0} such that r(g) < s 
for any state r on G, or equivalently, r(r)(g) < s for any r £ A. In this case, we will prove 
that the algebra in 113.461 can be chosen to be in class Bq (rather than in the larger class A/"o = 
{A: A <g) Mp £ Bo})- Roughly speaking, for each A n , we will separate the part of homogeneous 
algebra which will store all the information of infinitesimal part of Ao and Ai, and it will be in 
the corner P n A n P n with P n small compare to 1a u in the limit algebra. In fact, the construction 
of this case is much easier, since the homogeneous blocks can be separate out from the part of 
C 0 —we will first write the group inclusion G n H n as in 113.111 

14.2. Let ((G.G + .u). K. A.r) be the one given in 113.61 or 113.241 As in [LL8l let o : G —> AS A 
be dual to the map r. Denote by the kernel of the map p by Inf(G)—the infinitesimal part of 
G , that is 

Inf (G) = {g 6 G : p(g)(r) =0, Vr £ A}. 

Let G 1 C Aff A be a countable dense subgroup which is (Q> linearly independent with p(G) —that 
is, if g £ p(G) <S> Q and g 1 £ G 1 <8> Q satisfy g + g l =0, then both g and g 1 are zero. Note 
that such G 1 exist, since as Q vector space, dimension of p{G) <8> Q is countable, but dimension 
of Aff A is uncountable. Again as in 113.81 let A = G © G 1 with A + \ {0} to be the set of 
(. g , /) € G © G 1 with 

p(g)(r) + /(r) > 0 for all r £ A. 

The scale u € G + is regarded as (u, 0) € G © G 1 = H as the scale of A + . Since p(u)(r) > 0, 
it follows that u is an order unit for A. Since G 1 is Q linearly independent with p(G), we 
know Inf(G) = Inf (A)—that is, when we embed G into A, it does not create more elements 
in the infinitesimal group. Evidently Tor(G) = Tor(A) C Inf(G). Let G' = G/Inf(G) and 
H' = A/ Inf (A), then we have the following diagram: 

0-- Inf (G)-- G-- G' -- 0 

0-^ Inf (A)-^ A-^ A'-^ 0. 

Let G /+ (or A ,+ ) and v! be the image of G+ (or A + ) and u under the quotient map from G 
to G' (or from A to A'). Then (G / ,G /+ ,ri / ) is weakly unperforated group without infinitesimal 
elements. Note that G and A share same unit u, and therefore G' and A' share same unit v!. 
Since r(r)| Inf ( G ) = 0 for any r £ A, the map r : A —>■ S U (G) induces a map r' : A —>• S u t(G'). 
Hence ((G ; , G' + , u 1 ), {0}, A, r') is a weakly unperforated Elliott Invariant with trivial K\ group 
and no infinitesimal elements in the /Co-group. 
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14.3. With the same argument as that of 113.101 we have the following diagram of inductive 
limits: 


G'i 

I' 1 

H’ i 


G'o 


^2 


i-r 


L 

H', 


where each H’ n is a direct sum of finite copies of ordered groups Z, a njU+ i = 7n,n+i|G' n , and 
H'n/G' n is a free abelian group. 

By 113.231 we can construct an increasing sequence of finitely generated subgroups 


Infi C Inf 2 C Inf 3 C • • • C Inf(G), 
with Inf(G) = IXi Inf n and the inductive limit 


t r ^ TTl 7i,2 T r TT . 72.3 T . TT . 73,4 TT 

Infi @H[ -s- Inf2 ®H 2 -Inf 3 ®H 3 -*--► H 

Put H n := Inf n @H' n and G n = Inf ra ®G' n . Since G' n is a subgroup of H' n , the group G n is 
also a subgroup of H n . Define a njn+ i : G n -+ G n+ \ by a njn+ i = 7n,n+i|G n > which is compatible 
with a' n n+1 in the sense that (ii) of ll3.23l holds. Hence we get the following diagram of inductive 
limits: 


G-i 


G 2 


11 


Hi 


1-2 


'I'l2 


h 2 


^23 


-G 


■ H, 


with an,n+i (Inf n ) C Inf n +i and a n , n+ i|( Infri ) is the inclusion map. 

Note that all notations discussed so far in this section will be used for the rest of this section. 


Lemma 14.4. Let(G, G + ,u) = lim ((G n ,(G n ) + ,u n ),a n>m ) and(H,H + ,u ) = \mi((H n ,(H n ) + ,u n ),^ m ) 
be as above. Again suppose that [(G,G+,u), K,A,r ) has (SP) property. 

For any n with G n r ~A H n , any positive integer L, and for any D = Z fc (for k an arbitrary 
positive integer), there are m and positive maps (/c, id) : H n -+ D © H n , (re', id) : G n -+ D®G n , 
ry : D ® H n -+ H m , and rf : D © G n -+ G m such that the following diagram commutes: 


. Gtn,m 

n ^ vjrm 



and such that the following are true: 

(1) For any positive element x € Hfff, each component of k(x) in h k is strictly positive and 
consequently, each component of n{u n ) = re'(u n ) in Z fc is strictly positive. 
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(2) For any t £ A, 

r(T)((a m , oo o r/')(l D ))(= r(r)(('y m ,oo ° rj)(l d))) < l/L. 

(3) Each component of the map r] : D © H' n = Z fc ® Z Pn —> H' n = Z Pm is L-large—that is all 
entries in the (k + p n ) x p m matrix corresponding to the map are larger than L. 

Proof. We will use the following fact several times: the positive cone of G’ n (and of H' n ) is finitely 
generated (note that even though G n and H n are finitely generated, their positive cone may not 
be finitely generated). For H n , pick an arbitrary positive nonzero homomorphism A : H n —» Z 
so that for any nonzero x £ , \(x) > 0. Denote by A' = A o t n : G n —>• Z. It follows from 

positivity that such map A satisfies A(Inf n ) = 0. 

Since G has the (SP) property, there is p' £ G + \ {0} such that for any a £ (GJJ+ (not use 
(G n )+ here, but we regard it as subset of (G n )+) the element 

a n ,oo (a) - k • A'(a) ■ p’ 

is positive and for any a £ H'+ (not use (H n ) + here, but again we regard it as subset of (H n ) + ), 
the element 

7n,oo (a) - k ■ A (a) ■ p' 

is positive, where the map a noo and 7n i0 o are the homomorphisms from G n to G and from H n 
to H respectively. Moreover, one may require that 

r(r)(A(M n ) ■ p) < 1/2 kL for all r £ A. (el4.1) 

Since ( G' n ) + and H'+ are finitely generated, there is an integer m and p £ such that 

a m ,oo(p) = P, &n, m (a) - k ■ A'(a) • p £ G+ for all a £ ( G' n ) + and 

7n,m(a) — k ■ A (a) • p £ H+ for all a £ H'+. 

Then define a n : G n —> G m and : H n —>• H m by 

a n : G n 3(u-> oi n ,m{.a) — k ■ X' (a) ■ p £ G m and 

'fn • H n 3 a i t 7 n,mifl) ^ ' -^(®) ■ P £ H m . (e 14.2) 

By the choice of p. the maps a n and j n are positive. (Note that a n = a n ^ m and = 7 n )m on 
Infra-) 

A direct calculation shows the following diagram commutes: 


. &n,m 

n ^ 



where D = Z fc , 


k (a) = (X'(a),X'(a)) £ D and n(a) 

"-v-' 

k 


(A (a), A (a)) £ D, 

S -v-" 

k 
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rj\(mi,...,m k ,g)) = (mH-1- m k )p + a n (g) and 

= (mH- \~ m k )p + ^(g). 

The order of D © G n and D ® H n are the standard order on direct sums, i.e., (a, b) > 0 if and 
only if a > 0 and b > 0. Since the maps a n and are positive, the maps rf and r/ are positive. 
Condition (1) follows from the construction; Condition (2) follows from (je 14. ID . and Condition 
(3) follows from the simplicity of H, if one passes to further stage (choose larger m). □ 

14.5. Write K (the K\ part of invariant) as the union of increasing sequence of finitely generated 
abelian subgroups: K\ C K 2 C K% C ■ ■ ■ C K with K = (J7i A,;. 

For a finitely generated abelian group G, we use rank G to denote the minimum number of 
possible generated set of G —that is, G can be written as a direct sum of rank(G) cyclic groups 
(e.g., Z or Z/mZ, m € N). 

Let d n = max{2, 1 + rank(Inf n ) + rank(/\ n )}. Apply 114.41 with k = d n (and suitable choice 
of L = L n > 13 • 2 n to be determined later (jc 14.51) 1 for each n and pass to subsequence, we can 
obtain the following diagram of inductive limits: 


z di e G\ 

n 


<21,2 


Z d2 © g 2 


«2,3 


G 


(id, 12) 


Z dl © Hi -^ Z d2 © H 2 -» 

71,2 72,3 


H. 


Consider the ordered group 7L dri © G n = Z d " © Inf n ®G' n with the scale (k!{ u n ),u n ), where k! 
is as in lll.ll and let us still denote it by (G n , u n ). Similarly, consider 'L dn ®H n = Z dn ©Inf n ®H' n 
with the scale (K(u n ),u n ), where k is also as in lll.ll and let us still denote it by (. H n ,u n ). We 
will also use a n ,n+i and 7 n ,n+i for dn,n+i and 7 n ,n+i in the above diagram. Let G ^ = h dn ©Inf n , 
then with the new notation, we have G n = G" n © G' n and H n = G" © H' n . Now we have the 
following diagram 


G'[ ® G\ 

r\ 

(id,ti) 


G'[ 


■'A 


71,2 


r 

(id,12) 




G', 


«2,3 


H' -> 

z 72,3 




H. 


The positive cones of G' n and H' n are as before. Write G" n = ©f= 1 (G , ? ()*, with (G(Q* = Z 
for i < 1 + rank(A n ) and (G^)® = Z © (a cyclic group) for 1 + rank(JL n ) < i < d n , and the 
direct sum of those cyclic groups is Inf n . Here the positive cone of (G")® is given by the 
strict positivity of first coordinate for nonzero positive elements. And an element in G" n is 
positive if each of its components in (G")® is positive. The order on the groups G(( © G' n and 
G" © H' n are the standard order on direct sums, i.e., (a, b) > 0 if and only if a > 0 and b > 0. 
Since each entry of 7 n ,n+i : Z dn © H' n —>• Z dn+1 © H' n+l is strictly positive, the infinitesimal 
part can be put in any given summand without affect the order structure of the limit. Let 
u n = [u'A u' n ) ^ G'n © G'n C H' n © H" be the unit of G n and of H n . Note that 


OO OO 

Inf(G) C (J(Inf„)C 

n= 1 n=l 


(e 14.3) 


Definition 14.6. A C*-algebra is said to be in the class H if it is the direct sum of the algebras 
of the form P(C(X ) ® M n )P , where X = {pt}, [0,1], S 1 , S 2 , T 2)k and T 3}k . 


146 






























14.7. For each n as in 113.101 applied to G' n C H ' n , one can find finite dimensional G*-algebras 
F n and E n , unital homomorphisms Po, Pi ■ F n — >• E n , and the C*-algebra 

C n = A(F n ,E n ,t 3 0 ,/3i) :={(/,o)6C([0,l] 1 £„)fflF„;/(0)=ft(a),/(l)=ftW} 

such that 

(K 0 (F n ),K 0 (F n ) + ,[l Fri )) = (H' n ,H'+,v! n ), 

(■ K 0 (C n ),K 0 (C n ) + ,l Cn ) = (GUGy+X), *i(G„) = {0}, 

and furthermore Ko(C n ) is identified with 

ker((/3i)* 0 - (/3 0 )*o) = {a: € K 0 (F n ); ((/3 0 )* 0 - (/3i)*o)(z) = 0 € K 0 (E n )}. 

We can also find a unital C* algebra B n € H such that 

(K 0 (B n ),K 0 (B n ) + ,l Bn ) = (G",G"+,<) (el4.4) 

and K\(B n ) = AT n . More precisely, we have that B n = ©fl^B^, with Kq{B\ 1 ) = (G(()* and 
A'i(B^) is either a cyclic group for the case 2 < i < 1 + rank(iL n ) or zero for the other cases. 
In particular, the algebra B * can be chosen to be a matrix algebra over C. And we assume, for 
at least one block B^, the spectrum is not a single point (note that d n > 2), otherwise, we will 
replace the single point spectrum by interval [0,1]. 

Now, we can extend the maps Po and Pi to Po, Pi ■ B n © F n —>■ E n , by defining them to be 
zero on B n . 

Consider A n = B n © C n . Then the C*-algebra A n can be written as 

= {(/, a) € C([0, l],B n ) © (B n © F n ); /(0) = A)(o), /(1) = /?i(a)}. 

For each block B^, choose a base point x n ^ € Sp(B l n ). Let I n = Go((0,1), E n j be the ideal of 
C n as before. And let J n be the ideal of B n consisting of functions vanishing on all base points 
{xn,i}i= i- Applying ProDosition ll3.211 and exactly as in ll3.13l and ll3.30l we will have non-simple 
inductive limit A! = lim(B n © C n ,p n , m ) with = a n ,n+i, A'i(</? nin+ i) is the inclusion 

from K n to K n+1 , Ell(A) = ((G, G+, u), K, A, r), and with <p n ,n+i(In) C In+li Fn,n+l(Jn) © 
J n + 1 - Furthermore the map n o (p n) n+i\B n is injective for projection n : B n+ \ © C n+ \ —>• B n+ 1 , 
since at least one block of B n+ \ is not a single point. (We do not need 113.3T1 to 113.351 and fT3.441 
because the homogeneous algebra B n is separate from C n € Co- It is also true that B n occupies 
relatively smaller space compare to those occupied by C n in the limit algebra—namely, by (2) 
of 114.41 and the choice of L = L n > 13 • 2 n in 114.51 one has 

r (Q i ra,oo(l-B, 1 )) 1 

rK,oc(lcJ) 13 • 2 n — 1 ’ 


for all t.) 

We need to modify p nyn +i to ip n} n+i to make the algebra simple. However, it is much easier 
than what we did in ll3.39l to ll3.43l We only need to modify the partial map from A n to B^ +1 , 
the first block of A n+ \ = B n+ \ © C n+ 1 , and keep other part of the map to be same—that is, 
we only need to make SP(pi ntn+ i\ Xn+1 x ) to be dense enough in Sp(A n ). In order to do this, one 
chooses a finite set X C Sp(A n ) dense enough to play the role of Y U T (as in 113.291) and let L n 
in 114.51 satisfies 


L n > 13 • 2 n • (#(A')) • (max{size(B(J, size(i©), size(E^)}). (el4.5) 
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(Note in 113.391 to 113.431 we modify the set SP{ip n>n .\~i\g' 2 ), which will force us to change the 
definition of the map for the point in Sp(L n+ 1 ). But now, the maps /3o and (3\ in the construction 
of A n+ 1 are zero on B n+ \ and is an isolated point in Sp(B n+ 1 ) (and is also isolated in 

Sp(A n+ i)), so the modification of SP(ip ntn+ i\ Xn+11 ) will not affect other points; see the end of 
113.411 also.) Let us emphasis that, in our original construction of A n+ 1 , we can assume the L n 
involved in the construction satisfying the above condition. Therefore the algebra A n+ \ will not 
be changed, when we modify the connecting maps to make the limit algebra simple. We get the 
following theorem: 

Theorem 14.8. Let ((G, G+, u), K, A, r) be a six-tuple of the following objects: ( G,G + ,u ) is a 
weakly unperforated simple order-unit group, K is a countable abelian group, A is a separable 
Choquet simplex and r : A —>• S U (G) is surjective affine map, where S U (G ) the compact convex 
set of the states on (G,G+,u). Assume that ( G,G + ,u ) has the (SP) property in the sense that 

for any real number s > 0, there is g E G + \ {0} such that r{g) < s for any state r on G. 

Then there is a unital simple C*-algebra A E £>o which can be written as A = lim ra _ >00 (^4i, ipa+i) 

with injective 4’i,i+ l? where Ai = Bj © Q, Bi E H, Q E Co with K\ (Cf) = {0} such that 

(1) linij^oo sup{r('0j i oo(ls i )) : r E T(A)} = 0, 

(2) kerpA C U*“i[V ; i,oo]o(kerps i ), and 

(3) Ell(A) = ((G,G+,u),K,A,r). 

Moreover, the inductive system ( Ai,ifi ) can be chosen so that = V’ii+i ® V’lV+i w ^ 

V’i°i +1 : Ai A -+1 an d V’i.i+i : A -»• A’+i f or c*- subalgebras and of A i+ 1 with 

l.(o) + l.(o) = 1 a; + i such that is a nonzero finite dimensional C*-algebra, and [A,oo]i is 

A i +1 A i +1 ’ 1 ~ 

injective. 

Proof. Condition (2) follows from (|e 14.31) and (le 14. 4p . Now the only item that has not been 
proved is the assertion that A G Bo- By (1) above and the fact that C* € Co, it remains to 
show that A has strict comparison for projections. This actually follows from our construction 
immediately. Note, bv 13.181 C, has strictly comparison. Moreover, dimensions of the underline 
spaces do not increase. A standard argument shows that the inductive limit has strict comparison 
for projections ( or for positive elements). Another way to see this is that since A is a unital 
simple inductive limit of subhomogeneous C*-algebras with no dimension growth, it then follows 
from Corollary 6.5 of [103] that A is ^-stable. Hence A has strict comparison for positive 
elements. □ 

Remark 14.9. Note that a\ {) \ can be chosen to be the first block B} +1 , so we have 

lim T(if i+ i,oo(l,(o) )) = 0 

l —^OO ^i+1 


uniformly for r G T(A). 

Remark 14.10. Let f n ,n +1 be the partial map of tp n ;n+\ ■ B n —>• B n+ 1 , and let £ nim : B n —>• B m 
be the corresponding composition ° o ■■■ o 1 - Let e n = f ljn (l Bl )- Then, 

from the construction, we know that the algebra B = lin j(e n B n e n ,f n .m) is simple, as we know 
that SP(^ n> n+i\x n l ) is dense enough in Sp{B n ). Note that the simplicity of B does not follow 
from simplicity of A itself, since it is not a corner of A. 

The following is an analog of Theorem 1.5 of m- 
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Corollary 14.11. Let A\ be a simple separable C*-algebra in B\, and let A = A\ ® U for an 
infinite dimensional UHF-algebra U. There exists an inductive limit algebra B as constructed 
in Theorem \14-8\ such that A and B have the same Elliott invariant. Moreover, the C*-algebra 
B satisfies the following properties: 

Let Gq be a finitely generated subgroup of Kq(B) with decomposition Gq = GooffiGoi, where 
Goo vanishes under all states of Kq(A). Suppose V C K(B) is a finite subset which generates a 
subgroup G such that Go C Gfl Kq(B). 

Then, for any e > 0, any finite subset F C B, any 1 > r > 0, and any positive integer K, 
there is an J- -e-multiplicative map L : B —$■ B such that: 

(1) [L]\-p is well defined. 

(2) [L] induces the identity maps on the infinitesimal part of G n Kq(B), G n K\(B), G n 
Ko(B, Z/&;Z) and G n K\(B, Tu/klL) for k = 1,2,..., and i = 0,1. 

(3) pB°[L\(g) < rps{g) for all g G GnKo(B), where p is the canonical positive homomorphism 
from K 0 (A) to Aff(S(X 0 (A), K 0 (A) + , [U]o))- 

(4) For any positive element g G Goi, we have g — [L\(g) = Kf for some f G Kq(B) + . 

Proof. Without loss of generality, by replacing A\ by A\ © U, we may assume that Ell(Ai) has 
(SP) property. 

Consider Ell(Ai), which satisfies the condition of Theorem 114.81 and therefore by the first 
part of Theorem 114.81 there is a inductive system B\ = lin^(T,, © Si,ipi t i+ 1 ) such that 

(i) T{ G H and S t G Co with K\ (Si) = {0}, 

(ii) limr(^ i0O (lT i )) = 0 uniformly on r G T(B 1 ), 

(hi) ker (p Bl ) = U£i(^j,oo)*o(ker(p T J), and 

(iv) Ell(i?i) = Ell(Ai). 

Put B = B\ © U. Then Ell(A) = Ell(i?). Let V G K(B) be a finite subset, and let G be 
the subgroup generated by V which contains Go- Then there is a positive integer M' such that 
GnK* ( B,Z/kZ ) = {0} if k > M'. Put M = M’\. Then Mg = 0 for any g G G n K * (B, Z/jfcZ), 
A: = 1,2,... . 

Let e > 0, T C B and 0 < r < 1 be given. Choose a finite subset Q C B and 0 <e' < e such 
that J- C Q and for any ^-e-multiplicative map L : B —>• B, the map [L\p is well defined, and 
[L\ induce a homomorphism on G. 

By choosing a sufficiently large zo, we may assume that ['fii 0 ,oo\(K.(Ti 0 © Si 0 )) D G. In partic¬ 
ular, we may assume that, by (iii) above, G(~]kevpB 1 C (V’jo,oo)*o(kerpr io ). Let G' C I\(Tj n ©5,; n ) 
be such that [V'j 0 ,oo](f? / ) = Q- Since B = B\ © U, we may write that U = lim (M m y, i n . n +i ), 
where m(n)\m(n + 1) and i n ,n+\ ■ AI m (n) M m ( n + 1 ) is defined by aGa® l m (n+i)- O ne may 
assume that for each / G G, there exists i > io such that 

//o©/i \ 

/= ••. J G (T- © S'f) © M m (e 14.6) 

V /o©/i/ 

for some /q G T-, fi G 5', and m > 2 MK/r, where m = m{i + 1 )m(i + 2 )---m(n), T{ = 
V’i.oo ( T i © M m(i)) and S{ = ifi it0O (Si © M rn ^) and where fi i>00 = ^i,oo © h,oo- Moreover, one may 
assume that r( 1 T ;) < r/2 for all r G T{Afi). 

Choose a large n so that m = Mq + l with Mq divisible by KM and 0 < l < KM. Then 
define the map 

L : (T/ © S') © M m ->■ {T[ © S') © M m 
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to be 


® 9i j'jmxm) — (/ij )mxra © Rl{9i,j)mxm,El, 

where E( = diag(l s /, I 5 /,..., I 5 /, 0, 0,..., 0), which is a contractive completely positive linear 

' I ^ M o 

map from (T) © S'f) © M m to B. We then extend L to a completely positive linear map B —>• 
(Is — E{)B(Ib — Ei). Also define 

R-(Tl® S') © M m —>■ T[ © S[ 


to be 

R{{fi,j ® 9i,j)i,j) = 9l,li 

and extend it to a contractive completely positive linear map B —>• B, where T[ © S\ is regarded 
as a corner of (T- © S i) © M m C B. Then L and R are £/-^-multiplicative. Hence [L]\-p is well 
defined. Moreover, 

l r MK 

t(L( 1 a )) < t( 1 Ti ) + - < j = r for all r £ T(A). 

Note that for any / in the form of (le 14.6p . one has 


where R(f) may be written as 


f = L(f) + R(f ), 


R(f) = diag{ 0 , 0 , (0 © (0 © gi,i) }- 

1 M 0 

Hence for any g G G, 

g=[L](g) + M 0 [R](g). 

Then, if g € (Go,i)+ C (Go)+ 5 one has, 

g - [L](g) = M„[fl](s) = K((^)[R](g)). 
And if g € G H ( i = 0,1), one also has 


g-[L](g)=M 0 [R](g). 

Since Mg = 0 and M\Mq , one has g — [L\(g) = 0. 

Since L is identity on 0O (Tj © M m ^) and i > i 0 , by (iii), L is identity map on G n ker ps- 
Since K\(Si) = 0 for all i, L induces the identity map on G n K\{B). It follows that L is the 
desired map. □ 

Related to the above we have the following decomposition: 

Proposition 14.12. Let A\ be a separable amenable C*-algebra in B\ (or Bo) and let A = 
A\®U for some infinite dimensional UHF-algebra U. Let Q C A, V C K_(A) be finite subsets, 
Vo C A © 1C be a finite subset of projections, and let e > 0, 0 < ro < 1 and M 6 N be arbitrary. 
Then there is a projection p G A, a C*-subalgebra B € C (or in Co) with p = 1# and Q-e- 
multiplicative unital contractive completely positive linear maps L\ : A —>• (1 — p)A( 1 — p) and 
Z /2 : A —>• B such that 

(1) ||Li(x) + L 2 (x) — x|| < e for all x € Q\ 
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(2) [Li] | ■p is well defined, i = 1,2; 

( 3 ) [Li]\v + [*° = [id]|p; 

(4) r o [Li](g) < r 0 r( 5 ) for all g <E V 0 and r € T(A); 

(5) For any x £ V, there exists y G K_(B) such that x — [L\]{x) = [i o Lfi\(x) = M[*](y) and, 

(6) for any d G Vo, there exist positive element f G iCo(-B)+ such that 

d-[L 1 ](d) = [ioL 2 \(d) = M[i\(f), 

where i : B A is the embedding. Moreover, we can require that 1 — p 0. 

Proof. Since A is in B\ (or Bo), there is a sequence of projections p n G A and a sequence of 
C* -subalgebra B n G B\ (Bo) with l# n = p n such that 

lim \\(1 - p n )a(l - p n ) + p n ap n - a\\ = 0, (e 14.7) 

n—> oo 

lim dist(p n ap n , B n ) = 0 and (e 14.8) 

n—>• oo 

lim max{r(l — p n ) : r G T(7l)} = 0 (e 14.9) 

71—>-00 

for all a G A Since each B n is amenable, one obtains easily a sequence of unital contractive 
completely positive linear maps d! n : A —» such that 

lim || p n ap n — tf„(a)|| = 0 for all a G A. (e 14.10) 

71—^OO 

In particular, 

lim ||4' n (a6) — 4' n (a)'h n (6)|| =0 for all a,b G A (e 14.11) 

n—>■ oo 

Let j : 7l —>• A<8> 1/ be defined by j(a) = a® lp- There is a unital homomorphism s : A® U A 
and a sequence of unitaries u n G A © [/ such that 


lim ||a. — Ad u n o s o j(a)\\ = 0 for all a G A. 

n —^oo 

There are nonzero projection e' n G U and e n G U such that 


M 


lim t(e n ) = 0 and 1 - e n = diag(e' n , e ' n ,..., e' n ), 

n—foo 

where t G T(U) is the unique tracial state on U. Choose N > 1 such that 
0 < t(e n ) < ro/2 and max{r(l — p n ) : r G T(A)} < ro/2. 


(e 14.12) 


(e 14.13) 


(e 14.14) 


Define 4> n : A —>• (1 — p n )A(l — p n ) by 4> n (a) = (1 — p n )a(l — p n ) for all a G A. Define 
&' n (a) = 4> n (a) © Adu n o s(a <g> e n ) and T^(a) = Adu n o s(T(a) © (1 — e n )) for all n> N. Note 
that u* n s(B n © (1 — e n ))u n G C\ (or in Co). It is then easy to verify that, if we choose a large n, 
the maps L\ = $>' n and L 2 = d>' n meet the requirements. □ 
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15 Positive maps from AVgroup of C*-algebras in the class C. 

This section contains some technical lemmas about positive homomorphisms from Kq(C) for 
some C € C. 

Lemma 15.1. (Compare 2.8 of [53]) Let G C Z* (for some l > 1) be a subgroup. There is 
an integer M > 0 satisfying the following condition: Let 1 > < 71,02 > 0 be any given numbers. 
There is an integer R > 0 such that: if a set of l positive numbers on € R+ (i = 1, 2, ■ ■ ■ l) satisfy 
ai > 0 1 for all i and satisfy 

1 

for all (mi,m 2 , ■■■,m{) € G, (el5.1) 

i= 1 

then for any integer K > R, there exist a set of rational positive numbers € -jL^T, + (i = 
1,2 ,■■■ l) such that 


1 

^2 K - Pi\ < <72, * = 1,2,...,/ and <p\g = t\g, (el5.2) 

i= 1 

where ip((m,n 2 , ...,ni)) = Yli=i a i n i and <p(( n i ,n 2 ,...,n/)) = Y!i=\Pi n i f or «// (** 1 , n 2 ,..., nf) € 
1 ). 

Proof. Denote by ej € Tl the element having 1 in the j-th coordinate and 0 elsewhere. First we 
consider the case that T) /G is finite. In this case there is an integer M > 1 such that Mej € G 
for all j = 1,2,...,/. It follows that <p(Mej) €E p(G) C Z, j = 1,2,...,/. Hence ay = <p(ej) € jyTj + . 
We choose (3j = otj, j = 1,2,...,/, and ip = tp. The lemma follows—that is, for any 01 , 02 , we 
can choose R = 1. 

Now we assume that J)/G is not finite. 

Regard Z z as a subset of Q 1 and set Hq to be the vector subspace of Q l spanned by elements 
in G. The assumption that l}/G is not finite implies that Hq has dimension p < l. Moreover 
G = TP. Let gi,g 2 , ..., g p € G be free generators of G. View them as elements in Hq C Q l and 
write 


9i = (9i,i, 9i,2, ■ ■ ■ ,9i,i), i = l,2,...,p. (e 15.3) 

Define L : Q p Q l to be L = ( fi,j)i xp , where ffj = g jti , i = 1,2,..., I and j = 1, 2, ...,p. Then 
L* = ( gi,j) p xi■ We also view L* : Q l —>• Q p . Define T = L*L : Q p —> Q p which is invertible. Note 
that T = T* and (T^ 1 )* = T -1 . Note also that the matrix representation (aij)i xp of Lo T~ l is 
an! xp matrix with entries in Q. There is an integer M\ > 1 such that a ? ;.j G ^-Z, * = 1,2, ...,p 
and j = 1, 2,..., 1. 

Let Hqq = kerL*. It has dimension l — p > 0. Let P : Q l —X Hqo be an orthogonal projection 
which is a Q-linear map. Represent P as a l x l matrix. Then its entries are in Q. There is an 
integer M 2 > 1 such that all entries are in -^Z. We will use the fact that L* = L*( 1 — P). 

It is important to note that Mi and M 2 depend on G only and are independent of {ay : 1 < 
j < /}. Let M = MiM 2 . 

Suppose that 01 , 0 2 G (0,1) are two positive numbers and the numbers at > 01 (* = 
1,2, ■ ■ ■ , /) satisfy the condition (le 15.11) . 

The condition (je 15.11) is equivalent to that bp = Y^j=i a j9i,j € Z, * = 1,2, ...,p. Put 
b = (bi, 6 2 ,..., b p ) T and a = (ai, a 2 ,..., oq) T . Then b = L*a. 
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If we write 


L(T*y l b = c = 


( ci \ 

C2 

\ Cl J 


(e 15.4) 


then, since b £ IP , one has that c* £ Choose an integer R > 1 such that 1/7? < <7 ict2 /(4Z 2 ). 

Let K PR be any integer. Note that 


L*c = L*L(T*) -1 6 = L*LT~ x b = L*a. 


(e 15.5) 


Thus ct — c € kerL* as a subspace of M. 1 . 

For the space we use || • [|i and || • H 2 to denote the l\ and l 2 norm on it. Then we have 

IMI2 < Iklli < l \\ v \\2 for all v £ R l . 


Since iLoo is dense in the real subspace of kerL*, there exists £ £ Hqo such that 

||a — c - £|| 2 < ||a — c - £||i < a\a 2 /4l. (e 15.6) 

Pick r] £ Q l such that £ = Prj. Then there is go £ Q 1 such that Kr/o £ and 

\\Vo ~ vh <||% - v\\i < (yia 2 /2l. (e 15.7) 

Since P has norm 1 with respect to l 2 norm, 

||a - c - Pi] 0 ||i< l\\a - c - P %||2 < /(||a - c - £|| 2 + \\P (% - g) lb) < o~ia 2 . (el5.8) 

Put /3 = c + Pi)o = (/3i, /3 2 ,..., (3i ) t . Note that M 2 K(Prjo) £ 7 l , and that M\c £ 7 l . 

We have KM/3 £ Z*, and 

L*f3 = L*c = L*a and ||a — /3||i < cr\a 2 . (e 15.9) 

Moreover, since at > a\, 

Pi > 0, i = 1,2,...,/. (e 15.10) 

Since P% € 77o(b one has that L*/3 = L*(l — P)P = L*(l — P)c = L*c = L*a = b. Define 
(p : Q' Q by 

ip(x) = (x,P) (e 15.11) 

for all x £ Q ; . Note L*ej = g,;, where is the element in Z p with the z'-tli coordinate being 1 
and 0 elsewhere. So 

p(gi) = (Lei,a) = (ei,L*a) = (ei,L*P) 

= (Lei,P) = (gi,P) = ip(gi), (e 15.12) 

i = 1,2, It follows that (p{g) = <p(g) for all g £ G. Hence (p\c = <p\ g- Note that (p{7 l ) C 
km s i nce /% ^ T<m ’ * = 2 ,..., 1. □ 
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If we do not need to approximate {a, : 1 <*</}, then R can be chosen to be 1, with 
M = M\ which only depends on G and l (by replacing ft hy c in the proof). 

From the proof fl5Jl since L and (T *)" 1 depends only on gi,g 2 , • ••, g P , we have the following: 

Lemma 15.2. Let G CZ 1 be an ordered subgroup with order unit e, and let gi,g 2 , ■■■,gp (p < l) 
be a set of free generators of G. For any e > 0, there exists 5 > 0 satisfying the following: if 
tp : G —» M is a homomorphism such that 

\p(gi)\ <8, i = 1 , 2 , 

then, there is /3 = (/?i, /? 2 , A) £ with \ftf\ < e, i = 1,2 such that 

Fid) = 'f’(g) for all g <E G, 

where if : h l —> M defined by if((mi,m 2 , ... ,mi )) = Y?i=iPi m i f or m i £ Z. 

Corollary 15. 3. Let G C Tf be an order subgroup. Then, there exists an integer M > 1 
satisfying the following: for any positive map k : G —>■ Z n (for any integer n > 1 ) with every 
element in k(G) divisible by M, there is Ro > 1 such that, for any integer K > Ro, there is a 
positive homomorphism R : Tf —>• Z n such that R\g = Kn. 

Proof. We first prove the case that n = 1. 

Let S C {1, 2,..., 1} be a subset and denote by Z^) the subset 

Z^ = {(mi, m 2 ,..., mi) : m* = 0 if z 0 5}. 

Let hfs : —> Z^ be the projection and G(S) = 115 (G). 

Let M{S ) be the integer (in place of M) as in 115.11 associated with G{S ) C Put 

M = Usc{i, 2 ,...,i}M(S). 

Now assume that k : G —>• Z is a positive homomorphism with multiplicity M —that is 
every element in k(G) is divisible by M. 

By applying 2.8 of m , we obtain a positive homomorphism (5 : Tf —> M such that (3\g = h. 
Dehne /,. = (3 (e*), where e* is the element in Tf with 1 at the z-th coordinate and 0 elsewhere, 
z = 1,2,..., 1. Then > 0. Choose S such that fi > 0 if i € S and f t = 0 if i ^ S. 

Evidently if £ 1,^2 € Tf satisfy ns(£i) = ^(£ 2 ), then /3(£i) = /3(£ 2 ), and if we further assume 
£ 1,^2 £ G then k(£i) = ^(£ 2 )- Hence the maps ft and n induce the maps (3' : —>• R and 

k' : G(S) —> Z such that ft = ft' o n 5 and k = k' o ns. In addition, we have ft'\c(S) = K '■ 

Let a 1 = 202 = mm ^ 2 M ieS ^ ■ Apply fl5Tl to a* = fi/M > (j\ for i € S and to G(S) C Z^), 
we obtain the number R(n) (depending on and <72 and therefore depending on k) as in the 
lemma. For any K > R(k), it follows from the lemma there are fti € (for i € S ), such 

that R'lcis) = jjd \ where R' : —> Q is defined by R'({mi}i e s ) = Ylies Pi m i- Evidently 

R = KM(R' o U s )Z l —>• Z is as desired for this case. 

This prove the case n = 1. 

In general, let s* : Z n —>• Z be the projection to the z-th summand, z = 1,2,..., n. Apply the 
case n = 1 to each of the the maps Hi := SjO/t (for z = 1, 2, • • • n) to obtain R{ni). And let 
Ro = max* R{ni). For any K > Ro, by what has been proved, we obtain Ri : Tf —>• Z such that 

Rf\c = Ksi o k\g, z = 1 , 2 ,.... (e 15.13) 

Dehne R : Z ; —>• Z n by R(z) = {R\(z), ^ 2 ( 2 ),..., Ri(z)). The lemma follows. □ 
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Lemma 15.4 (Lemma 3.2 of [30jL Let G = Kq(S), where S € C and let r : G —>• Z be a strictly 
positive homomorphism. Then, for any order unit u € G+, there exists a natural number m such 
that if the map 9 : G —>• G is defined by g i—)■ r(g)u, then there exists an integer rn > 1 srec/i that 
the positive homomorphism id + m6 : G —» G factors through Z positively for some n. 

Proof. Let u be an order unit of G, and define the map (p : G —>• G by <p{g) = g + r(g)u; that 
is, = id+6*. Define G n = G and ip n : G —>• G by <p n {g) = p(g) for all g and re. Consider the 
inductive limit 

G-^G—^- -lim G. 

Then the ordered group lini G has the Riesz decomposition property. In fact, let a, b, c € lin^ G+ 
such that 

a < b + c. 

Without loss of generality, one may assume that a / b + c. 

We may assume that there are a' , 6', d € G for the re-th G such that (p n ,oo(a') = o, Tn,oo(b') = 
b and <p n ,oo{d) = c, and furthermore 

a' <b' + d. (e 15.14) 

A straightforward calculation shows that for each k, there is m(k ) € N such that 

Wn+fc(a') = a'+m(k)r(a')u, <p n ,n+k(b') = b 1 +m(k)r(b')u, and ip n , n +k(d) = c+m(fc)r(c')re. 

Moreover, the sequence (rre(fc)) is strictly increasing. Since r is strictly positive, combing with 
(jc 15.141) . we have that 

r(af) < r(b') + r(c') (in Z). 

There are l(a')i € Z + such that 

l(a ')i + /(o / )2 = r(a / ), /(a^i < r(6 / ) and Z(a 7 )2 < r(c/). 

Without loss of generality, we may assume d = r(b') — l{a')\ > 0 (otherwise we let d = r(d) — 
l(a') 2 ). Since re is an order unit, there is mi € Z + such that 

m\du > a'. 


Choose k > 1 such that m(k ) > mi. Let oq = a' + m{k)l{a')\u and 02 = m(k)l(a') 2 U. Then 
a 2 =m(k)l(a') 2 U < m(k)r{d)u < d + m(k)r(d)u = </? n ,n+ifc( c/ )- 

Moreover, 

ai = a' + m(k)l{a')\u < m(k)du + m{k)l{a')\u < b' + m(k)r(b')u = <p n ,n+k(f>'). 


Note 


These imply that 


Tn.n+kiP 1 ) Ol T ®2 ^ Tn,n+kip ) T Tn,n-\-k{p )• 


& ¥ , n+fc,oo(®i) T Tn+k, 00 (^ 2 ) G b T c, (e 15.15) 

Tn+k, 00 (^ 1 ) ^ ^ and 00 (^ 2 ) G c. (e 15.16) 


This implies that the limit group ligiG has the Riesz decomposition property. Since G is 
unperforated, so is limG. It then follows from the Effros-Handelman-Shen Theorem ([20]) that 
the ordered group lffii G is a dimension group. Therefore, for a sufficiently large k € N, the map 
Lp k must factor through the ordered group ^ positively for some re. Since ip k has the desired 
form id +m(k)9, the lemma follows. □ 
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Lemma 15.5. Let (G,G+,u) be an group with order unit u such that the positive cone G+ is 
generated by finitely many positive elements which are smaller than u. Let A : G —>• Kq(A) be 
an order preserving map such that X(u) = [1a] and A(G+ \ {0}) C Kq(A) + \ {0}, where A G B\ 
(A G Bo). Let a € Kq(A) + \ {0} with a < [1a]. Let V C G + \ {0} be a finite subset. Suppose 

that there exists an integer N > 1 such that NX(x) > [1a] for all xCP. 

There are two positive homomorphisms Ao,Ai : G —» Kq(A) and a C*-subalgebra S' C A 
with S' G C (S' G Co) satisfying the following: 

A = Ao + Ai, Ai = z *0 07 , 0 <Ao (u) < a and 7 (g) >0 (e 15.17) 

for all g G G + \ {0}, where 7 : G —>• 77o(<S' / ) with 7 ([it]) = [I 5 /] and where 1 : S' ^ A is the 

embedding. Moreover, N r y(x) > 7 (u) for all x G V. Furthermore, if A = A\®JJ, where U is 
an infinite dimensional JJHF-algebra and A\ G B\ (or Bo), then, for any integer K > 1, we can 
require that S' = S <g> Mk for some S G C (or Cq) and 7 has multiplicity K. 

Proof. Let {gi,g 2 , ■■■,9m} C G + be the set of generators of G + with gi < u. Since A has stable 
rank one, it is easy to check that there are projections 91 , 92 , •■•,9m G A such that X(gf) = [ 97 ], 
i = 1,2, ...,m. For convenience, to simplify notation, without loss of generality, we may assume 
that V = {gi,g 2 ,...,g m }. Define 

N 

Qi = diag(%, q u ..., qf), 7 = 1 , 2 ,..., m. 

By the assumption, there are Vi G Mk(A) such that 

v*v t = 1 a and ViV* < Qi, i = 1,2, (e 15.18) 

Since A G B\ (or Bo), there exists a sequence of projections { p n } of A, a sequence of C*- 
subalgebra S n G C (Co) with p n = l, 9 n and a sequence of unital contractive completely positive 
linear maps L n : A —>• S n such that 


lim \\a - ((l - p n )a(l - p n ) + p n ap n )\\ = 0, lim \\L n (a) - p n ap n \\ = 0 (e 15.19) 

7 i—»• 00 n—>-oo 


and lim sup {r(l — p n )} = 0. 
n ~^°° t£T(A) 


(e 15.20) 


It is also standard to find, for each i, a projection e' in G (1 — p n )A(l — p n ), a projection 
ei >n G M7v(5' n ) and partial isometries Wi )TL G Mn(S u ) such that 

lim ||(1 -p n )qi(l-p n ) ~ e-„|| = 0, (e 15.21) 

71—^OO 

W* n Wi, n = Pn, W iin W* n < e^n, (c 15.22) 

lim || (L n ®idM N )(vi) - w itn || = 0 and lim ||(L n (8> id m n )(Qz) - ej,n|| = 0.(e 15.23) 


Let : A —>• (1 — p n )^4(l — p n ) be defined by 'F n (a) = (1 — p n )a(l — p n ) for all a G A. We will 
use [f„]oA for Ao and [L n oA] for 7 for some large n. The fact that Ao and 7 are homomorphisms 
follows from Lemma 7.1 of [60]. To see that Ao is positive, we use (le 15.2111 and the fact that G+ 
is finitely generated. It follows from (le 15.221) and (Ic 15.23P that N r y(x) > 7 (u) for all x G V. 
Since we assume that the positive cone of G + is generated by V , this also shows that 7 ( 2 ;) > 0 
for all x G G + \ {0}. By (|e 15.20p . we can choose large n so that 0 <Xq(u) < a. 

It should be noted when A does not have (SP), one can choose A = Ai, and Ao = 0. 

If A = A\ <S> U, then, without loss of generality, we may assume that p n G A\ for all n. 
Choose a sequence of nonzero projections e n G U such that t(l — e n ) = r(n)/K, where t is the 
unique tracial state on U and r(n) are positive rational numbers such that lim n _ ) . 00 t(e n ) = 0. 
Thus S n <S> (1 — e n ) C B n where B n = S n <S) Mk and p n (1 — e n ) = 1 b„- We check that the 
lemma follows if we replace 'I > n by ^' n , where T' n (a) = (1 — p n )a < 8 > 1 u + p n a ® e n □ 
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Lemma 15.6. (see Lemma 3.6 of [30] or Lemma 2.8 of [83]) Let G = Kq(S), where S G C. Let 
H = Kq(A) for A = A\ 0 U, where A\ G £>i (or Bo) and U is an infinite dimensional UHF- 
algebra. Let M\ > 1 be a given integer and d G Kq(A)+ \ {0}. Then for any strictly positive 
homomorphism 0 : G H with multiplicity M\, and any integers M 2 > 1 and K > 1 such that 
K 9 (x) > [1a] for all x G G + \ {0}, one has a decomposition 9 = 9 \ + 62, where 6\ and 62 are 
positive homomorphisms from G to H such that the following diagrams commute: 



Gi G 2 


where #i([ls]) < d, G\ = ® n Z for some natural number n and G 2 = Ko(S') for some C*- 
subalgebra S' of A which is in the class C (or in Co), are positive homomorphisms and 

ip 2 = **cb where 1 : S' —>■ A is the embedding. Moreover, tp 1 has the multiplicity Mi, p >2 has the 
multiplicity M 1 M 2 , 2Kif2(x) > ^([Is]) > 0 for all x G G + \ {0}. 

Proof. Let u = [I 5 ], and let rn be as in Lemma 115.41 Suppose that S = A(F\, F 2 , ipo, tpi) with 
F\ = ■ -©M^. It is easy to find a strictly positive homomorphism r \0 : Kq(Fi) —> Z. 

Define r : G —>• Z by r(g) = rjo o (7r e )*o- By replacing S with M r (S) and A by M r (A) for some 
integer r > 1 , without loss of generality we may assume that S has a finite subset of projections 
V = {pi,p 2 , ■■■,Pi} such that every projection q £ S is equivalent to one of projections in V and 
{\pi} : 1 < i < 1} generates Ko(S) + (sec 13.151) . Let 

a 0 = min {p A (d)(r) : r € T(A)}. 

Note that since A is simple, one has that < 7 o > 0. 

Let 

(T 1 = inf{r(0([p]) : p G V, r € T(A)} > 0. 

Since A = A\®U, A has the (SP) property, there is a projection fo G A + \ {0} such that 

0 < t(/o) < min{(To, ai}/8Nr(u) for all r € T(A). (e 15.24) 

Since A = A\ <g) U, we may choose fo so that fo = M\h for some nonzero h G Ko(A) + . Put 
9' 0 : G —>• -Ko(4l) by O' 0 (g) = r(g)h for all g G G. And let 6' = M\9(. Then 29'(x) < 9(x) for all 
x G G .|_ \ {0}. 

Since 9 has multiplicity M\, one has that 9(g) — 9'(g) is divisible by M\ for any g G G. By 
the choice of cro, one checks that 9 — 9' is strictly positive. Moreover, 

2 Kp A ((9(x) - 9 '(x))(t) > 2Kp a (9(x))(t) - Kp A (9(x))(T)=Kp A (9(x))(r) (e 15.25) 

> pa([1a])("t) for all r G T(A). (e 15.26) 

Applying 115.51 one obtains a C'*-subalgebra S' G A, a homomorphism 9± : G —>• Kq(A) and 
strictly positive homomorphism </?2 : G —> Ko(S') such that 

9 — 9' = §1 + z* 0 o ip 2 , (e 15.27) 

|r(0i(u))| < t eT(A),2Kp 2 (x) > p 2 ([ls]), V 2 ([ls]) = [ls'], (e 15.28) 

where m is from 115141 and <p 2 has multiplicity Mi M 2 , and where 1 : S' —> A is the embedding. 
Put 

92 = i*o°T 2 , and 1 P 2 = U o- 
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Since 8 (g) — 8 '(g) is divisible by M\ and any element in 82 (G) is divisible by Mi, one has 
that any elements in 81 (G) is divisible by M\. Therefore, the map 8 \ can be decomposed further 
as MiO'i, and one has that 8 — 8 ' = M\ 8 \ + 82 ■ Therefore, there is a decomposition 

8 = 8 ' + M x 8'i + 82 = M\8 'q + M, 8 \ + 02- 


Put 

0i = M 1 ( 8' 0 + 8 (). 

Then, 

Pa(^i([1s]))(t) <r(d)/2 for all t£T(A). 

We then show that 0i has the desired factorization property. For 0g+0^, one has the following 
farther decomposition: for any g £ G, 


@0(9) + Q'i ( 9 ) 


r(g)h + 8 {(g) 

r(g)(h - md[(u)) + r(g)mO[(u) + 8 [(g) 
r(g)(h - m 8 ((u)) + 8 {(mr(g)u) + 8 [(g) 
r(g)(h — m 8 [(u )) + 8 {(mr(g)u + g). 


By (je 15.281) . h — md[(u)) > 0. By Lemma fl5.41 g —>• mr(g)u + g factors though ® n Z positively 
for some n. Therefore, the map Mi( 8 ' q + 8 \) factors though ^ positively. So there 

are positive homomorphisms pi : G —>• ®( 1+n )jvfi ^ and Vh : ®(i+ n )Mi Ko(A) such that 

01 = ip 1 o pi and p\ has multiplicity of M\. □ 


16 Existence Theorems for affine maps on tracial state spaces 
for building blocks 

Lemma 16.1. Let A be a unital separable C*-algebra with T(A) 0 and let FL C A be a finite 
subset. Then, for any a > 0, there exists an integer N > 0 and a finite subset E C d e (T(A)) 
satisfying the following: For any r € T(A) and any k > N, there are {ti,£ 2 , tk} C E such 
that 

1 k 

I’-w-tE ti(h )| < a for all h£FL. (el6.1) 

i= 1 

(If t is a (possibly unnormalized) trace on A with ||r|| < 1, then there are (fi, t 2 , ...,£*/} with 
k' < k such that 

1 k ' 

\r(h) ~ t V ti(h)\ < g for all h £ FL.) 

K 

i=l 

Suppose that A is a subhomogeneous C*-algebras. Then, there are {^ 1 , 712 , ..., 7 r^} C Irr(^4) such 
that 

I r(h) — — (tri o ni(h) + ti 2 0 7T2 (h) + • • • + tr*. o it Ah)) I < a for all h £ FI, (e 16.2) 
k 

where ttj £ E and tr j is the canonical trace of ttj(A). Moreover, if, for each l , Ai has no isolated 
points, then { 711 , 1 x 2 ,..., vr^} can be required to consist of distinct points, where Ai is the set of all 
irreducible representations of A with rank exactly l. 

Remark: Note that in (|e 16. 2p . 7Tj may not be distinct. But the subset E of irreducible 
representations can be chosen independent of r (but dependent of a and FL). 
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Proof. Without loss of generality, one may assume that ||/|| < 1 for all / G PL. Note the tracial 
state space T(A) is weak *- compact. Therefore, there are n,T 2 ,...,T m G T(A) such that, for 
any r G T(A), there is j G {1, 2,..., m} such that 

I t(/) - Tj (/) | < cr/4 for all fen. (el6.3) 

Note that the set of extreme points ofT(A) is the set of those tracial states induced by irreducible 
representations of A. By the Krein-Milman Theorem, there are t\, t' 2 , ..., t' n G d e (T(A)) and 
nonnegative numbers {oiij } such that 

n n 

I T j(f) - ^2 atiA(f)\ < a / 8 and ai ’i = L ( e 16 ' 4 ) 

i =1 i= 1 

Put E = {t\. t' 2 , ...,t' n }. Choose N > 32mn/a. Let r be possibly unnormalized trace on A with 
0 < t(1) < 1. Suppose that j is so chosen that ||t(/)/t(1) — Tj(f )|| < <r/4 for all / G PL as in 
Ic 16.31 Then, for any k > N, there exist positive rational numbers rij and positive integers p t .j 
(1 < i < n and 1 < j < m) such that, 

n n 

yVjj- < 1, or y; nj = 1 if r(l) = 1 (e 16.5) 

i=1 i=1 

rij = ^ and |r(l)o!i ,■ - r* d < 1 < i < n, (e 16.6) 

k 8 n 

Note that 

Pi : j < k or = k if r(l) = 1. (el6.7) 

2=1 2=1 

Then, by (|e 16.61) . 

n 

l T (/) - y (^r)^i(/)l < o -/ 4 + cr /8 = 3cr/8 for all fen. 

2=1 

It is then clear that (le 16.11) holds by repeating each t[ Pij times. 

Now suppose that A is subhomogeneous. Then every t\ has the form trj07Tj, where {vri, 7 T 2 ,..., 7 r n } C 
Irr(^4). It follows that (le 16. 2p holds. 

There exists 5 > 0 such that for any irreducible representation x,y G Ai with dist(x, y) < 5, 
we have 

I f(x) - f(y) | < cr/64 k for all fen. 


If Ai has no isolated points, for each i. choose 7 r ij distinct points in a neighborhood 0(i r^, 5) 
of 7 r' (in Ai ) with diameter less than <5. Let ^k.j} be the resulting set of k elements 

(see (Ic 16. 7p ). Then, one has 

\r(f) - ^(/(vrij) + /(tt 2 j) H-f f(^k,j))\ < ° for all / G n, (e 16.8) 

as desired. □ 

The following is well known. 
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Lemma 16.2. Let C = ©(Li C{Xi) <g> M r u^, where each Xi is connected compact metric space. 
Let TL C C be a finite subset and let a > 0. Then there is an integer N > 1 satisfying the 
following: for any positive homomorphism n : I\o(C ) —>• Kq(M s ) = Z with /c([l M r +) > X and 
any r G T(C) such that 

pc{x)(r) = tr(«(x)) for all x G Kq(C), 

where tr is the tracial state on M s , there is a homomorphism ip : A —>• such that = k 
and 

|tr o <^(h) — r(h)| < cr /or all h &TL. 

Lemma 16.3. Let C = C'(T) © F \, where F\ = M R ^ © M R ( 2 ) © ■ ■ ■ © M R ^, or C = F\. Let 
TL F C be a finite subset, and let e > 0. There is 5 > 0 satisfying the following: For any M s , 
any order-unit map k : Kq(C) — >• Kq(M s ) and any tracial state r G T(C) such that 

|/3M s («(p))(tr) -r(p)\ < 5 

for all projections p in C , where tr is the tracial state on M s , there is a tracial state f G T(C) 
such that 

tr(K([p])) = f(p), 

and 

| r(h) — f(h)\ < e for all h G TL. 

Proof. We may assume that TL is in the unit ball of C. Let 5 = e/1. We may write that r = 
X^j=i a j T j> where Tj is a tracial state on C(T) © a j £ M+ and Ylj=i a j = 1- Let /3j = 

tr(«;([lM i j {i) ]), J = 1,2...,L Put f = Y^ l j=i Pj T j- Then tr (k(p)) = f(p) for all projections p G C; 
and for any h G TL, 

i 

\f(h) - r(h )| < ^ |- ajl < £, 

3 =1 

as desired. □ 


In the following statement, we keep the notation in 14.81 for C*-algebra A = A m G T> m . In 
particular, II m _i = Tri m ' > : A m ->• ^4 m _i, II fc = 7ii fc+1 ^ o 7ri fc+2 ^ o ••• o 7ri m ^ : A m ->• and 
n 0 = 7 TeL o 7Te 2 ^ o • • • o 7 ^”^ : —> Ao be the quotient map. 

Lemma 16.4. Let A G T> m be a unital C*-algebra for some m > 0, and let A : yl^ 1 \{0} —>• (0,1) 

6 e an order preserving map. Let TL C A be a finite subset, let V C M m i {A) be a finite subset of 
projections (for some integer m! > 1) and let e > 0. Then there are Ao : (Ao )^ 1 \ {0} —> (0,1), 
a finite subset TL\ C A+ \ {0} and a positive integer K such that for any r G T(A) satisfying 

r(h) > A (h) for all h G TL\ (e 16.9) 

and any positive homomorphism k : Kq(A) —>• Z with s = k([1a])G N such that 

Pa(x)(t ) = (1 /s)(k(x)) for all x G Kq(A), (e 16.10) 

there are rational numbers r\,r 2 , .., r*, > 1 , finite dimensional irreducible representations ti\ , 7 T 2 ,..., 7 r^ 
of A, Ttk+i, 7 Tfe+ 2 i •••i 7 r fc+z °f Ao and a trace tq on Aq such that, for all h G TL, 

k k+l 

r(h) - (£ rjtr, o 7Tj(/i) + r 0 o n 0 (/i))| < e/2, |r 0 on 0 (h)) — ^ o n 0 (h)| < e/2(e 16.11) 

2=1 2=fc+l 

k k k+l 

T (p) = ^2 ritTi ° ^(p) + r 0 ° n o(p) = ^ Atri o 7Tj(p) + ^ rjtrj7Tj o n 0 (p) (e 16.12) 

2=1 2=1 2=fc+l 
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for all p G V; 


(e 16.13) 


To o n 0 (/i) > Ao(IIo(/i)) for all h G H\ m , 

and moreover, Kri G Z for i = 1,2, • • • , k, and sKri G Z, for i = k + 1, k + 2, • • • k + l. 

Proof. Without loss of generality, we may assume that A G V' m . Write A m and keep the notation 
in 14.81 for A m . So X m = X. Put Y m = X m \ Z m , and Y k = Xk \ Zk , k = 0,1, ...,m. Let 
TT e : Ak —l Afc_i, A k ■ Ak —>• PkC(X kl F k )P k and : A*, —>• Pfc+iC(Zfc+i, Ffc+i)Pfc+i be as 
dehned in 14.81 Let LR : A m —> A k be dehned by 7ri fc+1 ' ) o 7 rP +2 ^ • • • tt^ for k = 0,1,2,..., m — 1. 
Let Ifc = Q k Co(Y k , F k )Q k C A*., k = 1,2, ...,m, where = Pfc|y fc , as in 14.81 . Note that 
I k = ker7 ri k \ Note also that we assume that P k (x) ^ 0 for all x G X k , k = 1,2, 

By replacing A by Mjy(A), without loss of generality, we may assume that Kq(A) is generated 
by {p\,p 2 , ...jPc}, where pt G A are projections, i = 1,2,...,c. Moreover, we may assume that, 
without loss of generality, V = {p\,P 2 , ■■■iVc} and V C P. To simplify notation, we may further 
assume that p\ = 1 a- Write Aq = ©/=i ^r(o,j) and assume that ej G M r ( 0 j) is a rank one 
projection. 

Recall for any d > 0, X'j = {x G Xj : dist (x,Zj) < d}. Choose 8 q > 0 such that there is 
continuous map : X S -° —>• Zj satisfying 

J J 

s^’ 5o \x) = x for all x G Zj, dist (si' 7 , 50 '’(x), x) < 5o for all x G Xj° (e 16.14) 

||r i (n i _ 1 (h))(4 Mo) (y)) - Ay(n i (/i))( 2 /)|| < e/2 m+1 for all h G U (e 16.15) 

and y G Xj° = {y G Xj : dist(y, Zj) < 5o}, j = 1,2,..., m. Write 

i(k) 

P k C{X k ,F k )P k = @ Pk,j(C(X k , M s ( k j) ) P k .j , 

3 = 1 

where P k , 3 G C(X k , M s ( k ,j)) is a projection of rank r(k,j ) at each x G X*,, (A: = 0,1, 2 ,..., m) and 
r(i) = r(0, i), i = 1,2,...,/. Note that (K 0 (A k ))/ker(p Ak ) C p Ak _ 1 (K 0 (A k ^ 1 ))/ker(p Ak _ 1 ) C Z* 
(see 14.101) . 

Let S k ,i : P k C(X k ,F k )P k ->• P kji C(X k , M s ( fcj -))P fcji be the quotient map, i = 1,2,...,/(fc), 
k = 0,1,2, ...,m. Choose Xfc G (Lfc)+ such that ||xfc|| A 1, Xk(%) is a scalar multiple of A/ C (l y i ; ,)(x) 
for all x G Yfc, Xk( x ) = ^fe(lAj.)(®) if dist(x, Z^) > <5o and Xk(x) = 0 if dist(x, Z^) < <5o/2 and 
for all x G X&, A: = 1, 2,..., m. 

Note that Y k D xf° / 0, dehne an element b k G Co(Y k ) such that b k (x) = 0 if x G Z k , 
b k (x) > 0 for all xGhfl X^°. 

Let b k j S k j(b k • Q k )€ P k jCfl(Y k , AI s ^ k ^)P k ^, i 1,2,..., l(k). Let hj G with ||/ijj| G 1 
and Ho(hj) = ej and G A + with ||h^|| < 1 such that 

n k{hf) = (1 - Xk)Kk(hj) = (1 - Xik) 1/2 n k (hj)(l - Xk) lf \ 

j = 1,2,..., Z(0) and k = 0,1,2,..., m— 1. Let "Ho = {^j : 1 < j < 1(0)}. For each b G Ak-i= A k /Ik 
dehne 

^fc( 6 ) = (1 - Xk)s k ’ So (b) = (1 - Xk) 1/2 s k ’ 5o (b)( 1 - Xfc) 1/2 e A fc , 

for k = 1, 2,..., m, where s k,So : Ak/Ik —»■ C(X 6 l f,F k ) dehned by s fc,l 5 o (o)(x) = rfc(a)(s*’ 5 o (x)) 

for all a G A k /I k = 2 lfc_i and x G X^°. Note that Lk ■ A k _\ —> A k is a contractive completely 
positive linear map. 
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For each h G A k _\, define h'^ = L m o L m _ i o ••• o L k (h)e A m , k = 1,2 Define 
A fc :(A fc _i)5?’ 1 ) \{0}-^(0,l) by 

A k (h) = A(/i' fc) ) for all h G 

k = 1, 2,..., m — 1. Evidently for any h G At 2 (& > 2) we have 

Afc_i(^) = A k (L k _i(h)). (e 16.16) 


Put 

Hi = {u} U H U Ho U U k = 1 {h[ k) : h € H U H 0 } U U^ = 1 { 6 ' fc)i : 1 < i < Z(A:)}, 
where = L m o L m _i o ■ ■ ■ o L k+ 1 (b kji ). Put 

cri = min{A(h) : h G fti}/2 and u 2 = —-(e 16.17) 

64m- (Lfc=i‘(«) + 0 

Let I\' > 1 be an integer (in place of the product MR there) in 115.11 associated with G = 
(n 0 )*o(ifo(7L)) = (Kq(A))/ ker(pA) C 7} (see (|e4.36|) ). o\ and cr 2 . Let {d\,d 2 , ■■■,d m } be the set 
of ranks of all possible irreducible representations of A. Let K" = (H^Lj dj). 

Let H k = Afc o n fc (H), fc = 1,2,..., m — 1. Note that Y k \ X k ° = {x G X k : dist(x, Z k ) > ho} 
is compact. Let K k > 1 be integers (in place of N ) in 116.11 for cr 2 /2 m (in place of a) and 
Qk(C{Y k \ X s k °,F k )Q k (in place of A), and 'H k \ Y ^ x s o ( in P lace of % c A). 

Choose an integer Kq > 1 such that 1/Kq < 64 a )( k )+i) ? ^ ^ = (-^cDdlL—i-^fc) and 
let A' = KK'K". 

For each t G T(A), we may write 

K m ) 

r(f) = ^ (t))d/j,j) + t m -i o 7 r^ m) (/) for all / G A, (e 16.18) 

i= 1 dy r n, 

where pi is a Borel probability measure on Y m , tr m> j is the normalized trace on M r r m ^ (here 
we regard that /(f) G M r(m ^ by identifying P m> i(i)M s ^ m ^P m: i(t) = M r{jn i) ), t m -\ is an unnor¬ 
malized trace on A m _ i, a m , t G M+ and Yi a m,i + ||fm-l|| = 1- 
We claim that for each fcG {1, 2, • • • , m + 1}, 

m IW / _ 7 . i \ 

l r (^) ~ (E^EE^’*’^'^^^'^))) +t fe _i° n A ._i(/i))| < ^ 1 for all heU, 

s=k i= 1 j 
m l{s) 

r (p) = 5DEZ) d(s,z,/)tr S;i (A s (h)(y Siij ))) + 4-1 on fc _i(p) for all p G P, and 

s=fc i=l j 

t k -i(h) > A k (h) - ((m - k + l)a 2 )/2 m for all h G n^^H^C (H fc _i) + , 

where K ^ k+1 K m K m _i ■ ■ ■ K k ■d(s,i,j) G Z+, Y s ,i,j d ( s P,j) + ||4|| = 1 and y StiJ G 

tr S) j is the tracial state on M r r s i \ and t k —i is a unnormalized trace in (A k ~i), s = k, k + 1 ,..., m. 

Here the convention is, when k = m + 1, T m = r, H m = kCi and Ytn+i a sum °f em Pty set 
(so any such sum is zero). Hence the above holds for k = m + 1. We will prove the claim by 
reverse induction. 
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Suppose that the above holds for k < m + 1. One may write 
i(fe-i) 

tk— 1(®) ^ l,i 

«=1 


/ tr fc _i ii (A fc _i(a))d// fc _i ii + t / fc _ 2 on fe _ 2 (a) for all a G H fc _!(e 16.19) 


where ^ a fc-i,i + PI- 2 II = Pfc-i||j Hfe-i,* is the tracial state on M r / k _i t ' k _ 2 is a trace 

on A k _2 and fi k ~n is a probability Borel measure on X k _\. Here we also identify tr*,_i j with 
trfc-i,* o Tx y o and where tt v : P kji C{X k _ 1 ,M s ^ k _ 1 ^)P k>i ->• is the point evaluation 

at y € Yfc-i- 

It follows from I16.H that there are yk-i.i.j € Yfc-i \ j = 1 , 2 , ...,m(A — l,i) < Hfc_i 

(for convenient we will denote yk-i,i,j by tij) such that 

2 

l a fc-i,i / , tr fc _i )i (/)d/i fc _ 1 )i (t) - V] rf(fc - M,j)tr fc _ M (/(t^))| < 16.20) 

Jv k -i\ x{\ j=1 2 

for all / G 'Hi, where KoK k -i ■ d(k — 1 ,i,j) GZ, j = l,2, ..., l{k — 1). Put 

??(/) = |afc-M/ , ^ T k-i,i{f)dnk-i,i(t) ~ d(k-l,i,j)tT k - lti (f(tij))\. 


Then 

» 7 (/) < for a11 / G (e 16.21) 

For each i, dehne pt : A —>• C by 

Pi(f)=a k -i,i tr fc _ii(A k-i(f))dp k -i,i ~ V' ~ 1, b j) tr fe-i,j(/(^j)!) e 16.22) 

for all f € A. Put a* = ^(1^) and = /ifc-i,i(Vfc- 1 nX^ 1 ), * = 1,2,..., k(l). Since supp(6 fc _ lii ) C 
Y k _ 1 n , we have 

A > t k -i(b k -i,i) > A k(b k -i,i) > 2c t 2 . (e 16.23) 

It follows from (Ic 16.201) and 1 a G H, that 

K-mA - <*i| < a fc _ lji c 7 |/ 2 m , or |a fc _ M - < a k _ hi a 2 /2 m (e 16.24) 

Pi 

and consequently, ccj > Gfc_ 1 — a k - 1 ^ 2 /2 m > 0 . 

Define T) : H —>• C by 

T i(f) = p[ x ^k-i,i( sk ~ 1,S ° oU k-2(f))dfJ.k-i,i 

Pi JY k _ 1 r\X s k °_ 1 

for all / G A It follows from (le 16.151) that 

IW) f 5 tr fe _ M (H fe _ 1 (/))d Mfe _ M | < -^ (e 16.25) 

A JYu^nxto 2m+i 
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for each / G 'H. Also, (le 16.2ip implies 


I Pi(f)-ir , tr fe _i j(n fc _i(/))d/x fe _ij| (e 16.26) 

Pi JY^nxl 0 ^ 

= V(f) + \[ak-i,i-ir) [ , tr fc _i i (II A; _i(/))d/x fc _i i | (e 16.27) 

V Pi) JY^ nxfo _ 1 

< a fc _ M o- 2 /2 m + - Oil < (e 16.28) 


for each f £ H. 

Note that a* < dk-ij and <r 2 < e/64. We have 

m(/)-pi(/)|<^^ for /£«. (e 16.29) 

It follows from (le 16.20P that 

K-i ,i [ , tr fc _i- Tj(/)|= |pi(/) - Tj(/)| + |r?(/)| < a fc _ M e (e 16.30) 

JY^nxl^ 

for all f £ T~L. Since each projection IIfc_i(p) is constant on each open set Y/ c _ \ and since 
Ffc—l ° nfc_ 2 (p) = A/ c _i(n fc _i(p))| Zfc _ 1 , one checks that 

Ti(p) = jr [ , ^k-i,i(s k ~ l,5 ° °Uk-i(Pj))dn k -n (e 16.31) 

Pi JY^nxl^ 

= ai • tr fc _ M (p) = pi(p) (e 16.32) 


for all p £ V. Define 

l{k— 1) l(k— 1) m(k—l,i) 

ife_i(/) =4-2( n fc-2(/)) + E ?i(/) + E rf(fc-l,* > j)tr* ! - 1) i(/(iij)) 

2=1 2=1 J = 1 

for all / G A and dehne 

i(fc-i) , 

4_ 2 (a) = t' k _ 2 (a) + V £ / tr fc „i i o s fc " 1 ’ 5 o(n fc _ 2 (a))d/i fc _i i i (e 16.33) 

bJYk-inx*, 

for all a G Afc_ 2 . We estimate that 

Z(fe—1) i(fe-l) 

14-iW-ifc-iWH E l^(/)-pi(/)|<(E «*- I,i)e/ 2 m <e/ 2 m (e 16.34) 

2=1 2=1 

for all h G "H. Therefore 

m l{s) m(s,i) 

|t(/i) - E (E E d ( s ^^) tT s,i{ X s(h){y s ,i,j)) +4-2 °n fc - 2 (/i)| < (m -k + 2)e/2’ffe 16.35) 

S=k— 1 i=l J = 1 

for all h G "H and 

772 

’■W - £ <£ d{s,i,j)tT s ,i(\ s (p)(y S)ijj )) + 4-2 ° n fc _ 2 (p) (e 16.36) 

s = k —1 2 J 
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for all p G V. Note that y s ,i,j G Y s \ and (1 — Xs)(ys,i,j ) = 0. We then, by (Ic 16. 19f) . (lc 16.331) 
and using (Ic 16.24|) . compute that, for all h G ’Hi, 

l(k- 1) 


4_i(L fe _ 1 (n fc _ 2 (h))) = V] a fc _ M / tr fc _i !i (L fc _i(n fc _ 2 (/i))d^ fc _i j i + t' fc _ 2 o n A ,_ 2 (hle 16.37) 

i=l Jy *-i 

i(k~ i) - 

= V a*_ M / x tr fc _i j(L fc _i(n fc _ 2 (h))d// fc _ M + 4-2 oII i ,_ 2 (h|e 16.38) 

= X 7T / . tr fc _ii(L fc _i(n fc _ 2 (/i))d/Xfe_i j + 4-2 0 IIfc- 2 (/ijje 16.39) 


Z(fc— 1 ) 


+ X] ( afc -bi “ 


2=1 




trfc_i,i(ifc-i(II fc _ 2 (/i))d/i fc _i i (e 16.40) 


Z(fc-l) 


< 


X 7T / i tr fe _ij(s fe 1A (n fc _ 2 (h))d// fe _i(e 16.41) 
+4-2 o IIfc_ 2 (h) + ct 2 /2'" = tfc_ 2 (IIfc_ 2 (/i)) + <7 2 /2 m (e 16.42) 
It follows that (using (le 16.16P , for all h G "Hi, 


4-2 ° n fc _ 2 (h) > 4 -i(L fc _i(n fc _ 2 (/i))) — cr 2 / 2 m 
> A fc ((L fc _ 1 04T 2 (/ 1 )))) - (m - fc + 2)cr 2 /2 m 
= A^^nQj)) - (m - k + 2)<r 2 /2 m . 


(e 16.43) 
(e 16.44) 
(e 16.45) 


This completes the induction (stop at fc — 2 = 0) and proves the claim. Then define Ao = Ai/2. 
The inequality (|c 16.121) and first half of both inequality (|c 16.111) and equation (lc 16.121) follows 
from the claim for k = 1. Of course we denote A s (h)(y S i j) by 7 r,(/i) for certain irreducible 
representation 7 r*, and denote d(s, i,j ) by r,. Furthermore we have A+, g)+, for i = 1,2, • • • ,k. 
Note so far we only have definition of r* for first half of (Ic 16.111) . 

Note that from our construction, there are hj G 4i C A\ with IIo (hj) = ej. j = 1,2, ...,l . 
Write ro = X;=i a j4 ° 4 /■ where tj is a tracial state on M r ( 0 j), Sj : Ao M r ( 0 j) is the 
quotient map. Then from (|c 16.131) and ej G 110 ( 41 ), we know a'- > cxi. From the first half of 
(Ic 16.121) . Kri g)+ , for i = 1,2, • • • k, and ()c 16.10p . we have that 

k 

sKK"tq o n 0 (p) = sKI\"(r(p) — ^2 r A T i 0 7 Tj(p)) G Z, for ah pGP. 

2=1 

Let otj = sKK"a'j , then from the above, we have for any (mi, m 2 , • • • , mj) G (n 0 )*o-4o(A) C 
IFo(Ao) = Z z , we have X=i € Z. Apply (115.11) . we have fij (1 < j < l ) such thatLT'/jj G 
Z+, X II < ° 2 , and Yl l j=iPj m j = Ylj =1 for all (m 1 ,m 2 , • • • , mi) G (n 0 )*oAT 0 (A). 

Let = - 1 — and 7 Tfc + j = for j = 1,2,--- , l. The lemma now follows easily. 


□ 


Lemma 16.5. Let A G V m be a unital C*-algebra. Let A : A+ 1 \ {0} —> (0,1) be an order 
preserving map. Let 7~L C A be a finite subset and let a > 0. Then there are finite subset 
U\ C A\ \ {0} and a positive integer K such that for any r G T(A) satisfying 


r(h) > A (h) for all h G 7i\ 


(e 16.46) 


165 



























and any positive homomorphism n : Kq(A) —> Kq(M s ) with s = k([1a]) such that 

Pa(x)(t) = (1/s)(k(x)) for all x £ Kq(A), (e 16.47) 

there is a unital homomorphism ip : A —>• M s k such that p *q = Kk and 

|tr 7 o p(h) — t(K )| < a for all h £pi, 
where tr' is the tracial state on M s k- 
Proof. Lemma follows easily from 116.41 . 

Without loss of generality, we may assume that A £ T>' m , and we may also assume that 
projections in A generates Kq(A), by replacing A by M^(A) for some integer IV > 1. Let 
V C A be a finite subset of projections such that {pa(\p\) ■ P G V} generates pa(Kq(A)) + . Write 
Ao = M r (oj) and ej £ M r ( 0 j) is a rank one projection. 

Let Ao : Llo(7l) = Aq : (Tlo)^ 1 \ {0} —5- (0,1), PL\ C A\ \ {0} and K\ be the integer K in the 
statement of 116.41 for <r/4 (in place of e), Pi and A. Let {d\,d 2 , ...,d m } be the set of ranks of all 
possible irreducible representations of A. Let K 2 = 017=1 dj ) and let K = K\ K 2 . 

For given k and r as described in the statement, rational numbers r \, 7 - 2,.., rp > 1, finite 
dimensional irreducible representations 7Ti, 7T2, ...,7Tfc of A, irreducible representations of Ao such 
that 


k k-\-l 

\r(h) - (£ TjXjYi O 7Ti(h) ^ ^ TitTiTTi O XTq^/2/^| O’j 4, (g 16.48) 

i —1 i=k -\-1 

k k-\-l 

r{p) = ^ Tjtrj o 7Tj(p) -|- ^ ) rjtrj7Tj o IIo(p) for all p 6 F, (e 16.49) 

i= 1 i=k +1 


and sK\r t £ Z. 

Define r\ = ri/R(i) and TVj = where R(i) is rank of 7r t . So Tr* is an unnormalized 

trace on Mmp,. Then we have 

k k-\-l 

MM-(£>•' Tr* o 7 Ti(h) + ^ r'fTriiTi o n 0 (h)| < cr/4, (e 16.50) 

i=l i=k +1 

k k-\-l 

r{p) = r'Tr* o 7 Ti(p) + ^2 ^TrjTTi o n 0 (p) for all p £V, (e 16.51) 

i= 1 2=fc+l 


and sKxK-prlj £ Z. 

Define T : ^4 —>• C by T(a) = rfjTr,; o 7Tj(a) + Xm=m,;+i r'jTrj o 7Tj o Ilo(a) for all a £ A. 
Note that T £ T(A). Therefore 

(1/s) o n(p) = T(p) for all p £ Kq(A) and (e 16.52) 

|r(h) — T(h)\ < cr/4 for all h £Pi. (e 16.53) 

Put mo = Yli=i m (i)R(i), where R{ is rank of 7Tj and m(i) = sKxK^r ’Define p : A —>• M mo 
by 'F(a) = ©f =1 7fj(a) ® 7fj(IIo(a)) for all a £ A, where 7L is m(i ) copies of 7r*. Let : 

iLo(^4) —l Z be the map induced by <^. Then using (je 16.52p . we have, k^QIa]) = -Km-K^^Ia]))- 
Therefore mo = sK\K 2 = sK, tr'(p ) = T(p) for all projections p £ V, where tr' is the normalized 
trace on M s k and tr'(h) = T(h ) for all h £ A. This completes the proof. 

□ 
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Lemma 16.6. Let A £ T> m be a unital C*-algebra (m > 1). Let A : A\ {0} (0,1) be an 

order preserving map. Let Li C A be a finite subset and let e > 0. There exist a finite subset 
Li i C A+ \ {0} and a finite subset of projections V C AI n (A) (for some n > 1), and there is 
5 > 0 such that if a tracial state r £ T(A) satisfies 

r{h) > A (h) for all h £ Li\ 

and any order-unit map n : K 0 (A) —>• K 0 (M S ) satisfying 

|tr(ft([p])) — r(p) | <6 (e 16.54) 

for all projections p € V, where tr is the canonical tracial state on M s , there is a tracial state 
t € T(A) such that 

tr (n(p)) = t( p) for all p £ Kq(A) and \r{h) — f(h)\ < e for all h €Li. 

Proof. Without loss of generality, we may assume that projections in A generates Kq(A). by 
replacing A by Mjv(-A) for some integer N > 1. Let V C A be a finite subset of projections such 
that {pa((p\) ■ V € 'P} generates pa(Ko(A)) + . Let Li\ = LiUV and let ao = min{A(h) : h € LL\}. 
Let 6 = min{e ■ cr 0 /128,1/16}. 

Now suppose that r and k satisfies the assumption for the above mentioned Hi, V and 
6 . Recall r may be viewed as an order preserving map from Kq(A) to M. Define p = (1 — 
e/3 )(k/s — t ) : Kq{A) —> M. Let La : Kq(A) —> KfiA)fkexpA be a quotient map and let 
7 : Kq(A) fkeipA —> M given such that 70 ^ = (e/3 s)k + 7 . 

Note that, as in 14.101 . 


K 0 (A)/kerp A = (n 0 )*o(Ro(-4)) C K 0 (A 0 ). (e 16.55) 

So one may view that 7 is a homomorphism from (IIo)*o(Ro(4l)) to K. For each p £ V, from 
the assumption (je 16.54p . one computes that 

\v(.\p))\ < (! — er/3)<5. (e 16.56) 

Therefore 


7((n 0 )*o([p])) = 

> 


(e/3)(«([p])/ S ) + r,m > (e/3)(A(p) - d) - (1 - e/3)* 
(e/3)(l - 1/128)<r 0 - (1 - e/3)ecr 0 /128 


£ao[( 3 “ 3 


■ 128 ; v 128 


3 • 128 


)] > 0 


(e 16.57) 
(e 16.58) 

(e 16.59) 


for all p € V. In other words, 7 is positive. By applying 2.8 of m, there is a positive ho¬ 
momorphism 71 : Ko(Ao) —>• M such that 71 o (IIo)*o = 7 - It is well-known that there is a 
(non-normalized) trace To on Tlo such that 7 ([p]) = Tq(p) for all projections p £ A. 

Consider the trace t 1 = (1 — e/3)r + Tq o IIq on A. Then, for all projection p £ A, 


t'(p) = (1 — e/3)r(p) + To o n 0 (p) = (1 — e/3)r(p) + (e/3s)«([p]) + r/([p]) (e 16.60) 
= (1 - e/3 )r(p) + (e/3s)«([p]) + (1 - e/3)(«([p])/s - r(p)) = (l/«)«(b]Ie 16-61) 


Since (1 /s)k([1a]) = 1, r' £ T(A). We also compute that, by (Ic 16.561) 

|T 0 o n 0 (U)| = |7 0 Pa([U])| < e/2 


Therefore, we also have 


r'(h) — r{h)\ < e for all h £ Li. 


(e 16.62) 
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(e 16.63) 

□ 










Lemma 16.7. Let A G D m be a unital C*-algebra. Let A : A q ^~ \ {0} —>• (0,1) be an order 
preserving map. Let Li C A be a finite subset and let a > 0. Then there are a finite subset 
Til C A\ \ {0}, 5 > 0, a finite subset V C Kq(A) and a positive integer K such that for any 
t G T(A) satisfying 

r(h) > A(h) for all h G TL\ 

and any positive homomorphism k : Kq(A) —>• Kq(M s ) with s = ^([1^]) such that 

I Pa{x)(t) - (l/a)(/e(x))| < 5 

for all x G V , there is a unital homomorphism <p : A —>• M s k such that <p *q = Kk and 

|tr 7 o ip{h) — r(h)\ < a for all h G TL, 
where tr' is the tracial state on M s k- 

Proof. Note that there is an integer n > 1 such that projections in M n (A) generate Kq(A). 
Therefore this lemma is a corollary of ll6.5l and ll6.6l □ 

Remark 16.8. Since Kq(A) is finite generated and (IIo)*o(-fQ}(7l)-i-) C T} + is also finitely gener¬ 
ated (though K 0 (A) + itself may not be finitely generated), in what follows, we can choose finite 
subset V to be a set of generators of Kq(A) as abelian group, and {(no)*o(b])}p 6 :p generate 
(IIo)*o(-Ko(-'4)+) as abelian semigroup. In particular, we can choose n such that V C M n (A). 

Lemma 16.9. Let C € V m be a unital C*-algebra with finitely generated KfiC) (i = 0,1). 
Let A : C^’ 1 \ {0} —>• (0,1) be an order preserving map. Let J 7 ,'H C C be finite subsets, and let 
e > 0, a > 0. Then there are a finite subset TLi C C^\{0}, 6 > 0, a finite subset V C Kq(C) and 
a positive integer K such that for any continuous affine map 7 : T(C([0,1])) —>• T(C) satisfying 

'y(r)(h ) > A (h) for all h € Li\ and for all r € T(C([0,1])) 

and any positive homomorphism n : Kq(C) —>• Kq(M s (C([ 0,1]))) with k([1c]) = s such that 

\PA{x)(pf{T)) - (1/s)t(k(x))| < <5 for all r € T(C([ 0, l])) 

for all x € V, there is an T-e-multiplicative completely positive linear map p : C -A M s k(C([0 ,1])) 
such that ip 0 = Kk and 


|r o ip(h) — 7 , (t)(/i)| < a for all h € TL, 

where : T(M s k(C([ 0,1]))) —>• T(C) is induced by 7 . Furthermore </?o = ^0 0 T and ip± = 
717 o ip are true homomorphisms. In the case that C € C, the map <p can be chosen to be a 
homomorphism. 

Proof. Since any C*-algebras in C are semi-projective, the second part of the statement follows 
directly from the first part of the statement. Thus, let us only show the first part of the 
statement. Without loss of generality, one may assume that T C TL. To simplify notation, 
without loss of generality, by replacing C by M r (C ) for some r > 1, we may assume that the 
set of projections in C generates pa(Kq(C)). 

Since the K-theory of C is finitely generated, there isJllGN such that 

Mp = 0 for all p G Tor= 0,1. 

Let Hip C C\ \ {0} (in place of PL±) and 07 > 0 (in place of <5) be the finite subsets and 
the positive constant of Theorem 14.171 with respect to C (in the place of A), minjcr, e} (in the 
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place of e) and H (in the place of J 7 ), and A/2. (We will not need the finite set V in Theorem 
14.171 since A’o(C) is finitely generated and when we apply Theorem 14.171 we will require both 
map induce same KL maps.) 

Let Hip C C (in the place of "Hi) be a finite subset, 5 > 0 be a positive number, V C Kq{C) 
be a finite subset and K' be an integer required by Lemma [16.71 with respect to C, A/2 (in place 
of A), H U "Hip (in the place of H) and min{(r/16, oq/ 8 , {A(A)/4 : h E "Hip}} (in the place of 
a). We may assume that V is the set of projections in C, as mentioned in 116.81 

Put Hi = Hip U Hip and K = MK' . Then, let 7 : T(C([0,1])) — > T(C ) be a continuous 
affine map with 

7 (r)(/i) > A (h) for all h E Hi, 

and let k : Kq(C) —> Kq(M s (C([0, 1]))) with k([1c]) = s such that 

|/ 9 7 (r)(x) — (1 /s)t(k(x))| < 5 for all x G V for all r € T(C([0,1])). 

Since 7 is continuous, there is a partition 

0 = Xq < X\ < ■ ■ ■ < x n = 1 

such that for any 0 < i < n — 1 , and any x € [x*, 07 + 1 ], one has 

\l( T x){h) — 'l( T xi)(h)\ < min{<j/ 8 , 07 / 4 } for all h£Hi, (e 16.64) 

where t x € T(M S (C([0,1]))) is the extremal trace which concentrates at x. 

For any 0 < i < n, consider the trace fj = 7 (r Xi ) € T(C). It is clear that 

| ?i(x) — tr(«(x))| < 5 for all and fj(/i) > A (h) for all h E Hip- 

By Lemma 116.71 there exists a unital homomorphism ip^ : C —> Af s ^-/(C) such that 

Wi \0 = Kk 

as we identify Ao(C([0) 1 ],M S )) with Z and 

| tr o <Pi(h) — T Xi (h)\ < min{cr/16, A(h)/4, ui/ 8 ; L E Ayr} for all h, £ HUHip. (e 16.65) 
In particular, by (|e 16.65p . one has that, for any 0 < i < n — 1, 

|tr o ip'^h) — tr o ip' i+ i(h)\ < 01 for all h E Hip. 

Note that 7 {j Xi ){h) > A (h) for any h E Hip by the assumption. It then also follows from 
(le 16.651) that, for any 0 < i < n, 

tr o (p[(h) > A(h)/2 for all h E Hip. 

Define the amplification p'- as 

'■= Vi ® 1m m (C) : C m sk( < C)= M M ( sK ^(C). 


One has that 

Yp'1) = WUi\ in KL(C, M sK ). 

It then follows from Theorem 14.171 that there is a unitary ui E M S (C) such that 


\\(f%(h) — Ad^i o ip'{(h)\\ < min{cr, e} for all h E H. 
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Consider the maps Adiy o tp" and tp'f. Applying Theorem 14.171 again, one obtains a unitary 
U 2 € M s k{ C) such that 

11 Aditi o tp"(h) — Adit 2 o (f> 2 (h)|| < min{< 7 , e} for all h € TL. 

Repeat this argument for all i = 1, one obtains unitaries Ui € M s x(C) such that 
||Aditj o tp"(h) — Aduj + i o tp" + 1 {h)\\ < min{< 7 , e}, for all h S TL. 

Then define tpo = p 1 / and pi = Ad Ui o p'f, and one has 

\\<Pi(h) — ipi + i(h)\\ <min{< 7 ,e} for all h&TL. (e 16.66) 

Define the linear map tp : C —>• M s k([0, 1]) by 

^ <Pi(f) + a ' i+1 * <Pi+i(f), if t <E [xi,x i+ 1 ]. 

%i-\- 1 %i-\- 1 %i 

Since each p>i is a homomorphism, by (Ic 16.661) . the map tp is TL-e- multiplicative; in particular, 
it is .T-e-multiplicative. It is clear that </?*o = Kk. On the other hand, for any x € [ay,ay + 1 ] for 
some i = 1,..., n — 1, one has that for any h £ TL, 



It( r x )(h) - 

- t x o tp(h) | 








— 

ItC r x )(h) - 

( X-Xi 

■tr (tpi(f)) + 

%i-\- 1 

— 

tr(^j+i 

(/)))! 





1 X'i 

%i-\- 1 ~~ 

- Xi 




< 

It (r x )(h) - 

^ X - Xi 

■T (r* 4 )(/i) + 

1 

T( r x i+1 

)(fc))|+ 0 -/4 

(by 

de 

TR65D) 


1 

%i-\- 1 ~~ 

Xi 


< 

It (r x )(h) - 

- l{r Xi+1 )(h))\ +3cj/8 




(by 

de 

TMD1 

< 

a/2, 






(by 

(|e 

TfiRTDl 


Hence for any h £ TL, 

It (r x )(h) -T x o tp(h) I < It (T x )(h) -t x O L(h) I + a /2 < a, 


and therefore 

|T(r)(/i) -Totp(h)\ < a 

for any r € T(M sK (C([0, 1]))). 

Note that the restriction of tp to the boundaries are tpo and tp n which are homomorphisms. 
Thus the map tp satisfies the statement of the lemma. 

□ 

Theorem 16.10. Let C £ T> m be a unital C*-algebra with finite generated KfiC) (i = 0, 1). 
Let A : Cf 1 \ {0} —> (0,1) be an order preserving map. Let J,HCC be finite subsets, and let 
1 > a, e > 0. There exist a finite subset TL\ C C\ \ {0}, 5 > 0, a finite subset V C K 0 (C)and a 
positive integer K such that for any continuous affine map y : T(D) —)• T(C) satisfying 

t(t)(/i) > A (h) for all h £ TL\ for all r £ T(D), 

where D is a C*-algebra in C, any positive homomorphism k : Kq(C) —>• Kq{D) with k([1c]) = 
s[l£>] for some integer s > 1 satisfying 

\pc(x){pi(T)) - (1/s)t(k(x))| < 5 for all t £ T(D) 
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and for all x G V, there is a F-e-multiplicative positive linear map : C —> M s k(D) such that 

92*0 = Kk 


and 

|(1 /(sK))t o <p(h) — 7 (t)(/i)| < a for all h G 77 and r G T{D). 

In the case that C G C, the map ip can be chosen to be a homomorphism. 

Proof. As in the proof of 116.91 since C*-algebras in C are semi-projective, we will only prove the 
first part of the statement. Without loss of generality, one may also assume that F C 77. By 
replacing C by M m (C) for some integer m > 1, we may find a finite subset V of projections in 
C as in Remark 116.81 Without loss of generality, one may also assume that PCH, 

Since the K-group of C is finitely generated (as abelian groups), there is M G N such that 
Mx = 0 for all x G Tor(ATj(C')), i = 0,1. 

Let Tii i C C\ \ {0} (in place of 77i) and 07 > 0 (in place of 6 ) be a positive number required 
by Theorem 14.171 with respect to C (in the place of A), min{<j/4, e/2} (in the place of e), 77 (in 
the place of F) and A. 

Let Hip C C (in place of Hi) be a finite subset, let 02 (in place of 5) be a positive number, 
and Ki (in place of K) be an integer required by Lemma 116.71 with respect to H U Hi t i and 
^ min{cj/16, cti/ 4, min{A(h)/2 : h G 77i,i}} (in the place of a) and A. Note we can choose V 
above — see 116.81 

Let "Hi ,3 (in place of Hi), <73 > 0 (in place of 5) and K 2 (in place of K) be finite sub¬ 
set and constants required by Lemma [16.91 with respect to C, H U 77i,i (in the place of 77), 
min{fj/16, (Ti/ 4, min{A(/r)/2 : h G 77i,i}} (in the place of a), e/4 (in place of e), H (in place of 
F) and A (with the same V above). 

Put Hi = Hi t i 11771,2 ^Hi^UV, 6 = min{cri/2, < 72 ,1/4} and K = MTLiA^. Let 

D = A(Fi,F 2 ,ihM = {(/.“) € C([0,1], F 2 ) © F\ : /(0) = and /(1) = ifi(a)} 

be any C*-algebra in C, and let 7 : T(D) —> T{C) be a given continuous affine map satisfying 

7 (r)(h) > A (h) for all h G 77i for all r G T(D). 

Let k : Kq(C) —> Kq(M s (D)) be any positive map with s[1_d] = k([1c]) satisfying 

\Pc{.x){^{t)) — (1/s)t(ac(x))| < 5 for all r G T(D) 

and for all x G V. Write C([0,1], F 2 ) = Ii © I 2 © ■ • • © Ik with 7* = C([0,1 ],M n ), 7 = 1,..., k. 
Note that 7 induces a continuous affine map 7 j : T(7*) —> T{C) by 7 j : T(/j) —» T(C) defined 
by 7 i(r) = 7(7 o 7 Tj) for each 1 < i < k, where 7 is the restriction map D —>• 7j dehned by 
(/, a) —>• /|[ 0j i] .. It is clear that for any 1 < i < k, one has that 

7 i(r)(h) > A (h) for all h G 77 i ,3 and for all r G T(I t ) and (e 16.67) 

\pc{f)(^h(t)) - r((7Tj)*o o k(x))| < 5 < 03 for all r G T(M s (/j)) (e 16.68) 

and for all x G V and for any 1 < i < k. Also write Fi = Mr 1 © ■ ■ ■ © and denote by 
TTj : D —^ Mfy the corresponding evaluation of D. Since 

7 (r)(h) > A (h) for all h G 77 i ,2 and for all r G T(D), and 
\pc(x){l(j)) — (1/s)t(/c(x))| < 5 for all r G T{D) (e 16.69) 
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and for all x e V, one has that, for each j, 

70 (7Tj)*(tr)(/i) > A (h) for all h e "Hi ,2 and 
|pc(^)(7° ( 7 r')*(tr')) -tr([ 7 r'] ok(x))| < 5 < a 2 , (e 16.70) 

where tr is the tracial state on M s r. and tr 7 is the tracial state on Mr., for all x e Kq[C) and 
where 7 o ( 7 r' )*(tr) = 7 (tr o nj). 

It follows from Lemma 116.71 that there is a homomorphism ip'- : C —> Mji ;j <S> M s k 1 k 2 such 
that 

(<Pj )*o = (7Tj-)*o 0 KiK 2 k and (e 16.71) 

|tr o p'j(h) — (70 ( 7 r')*)(tr / )(/i)| < min{cr/16, 07 /4, min{A(/t)/2 : h e Hip}\e 16.72) 

for all h e HUH 1 . 1 , where tr is the tracial state on Mr. ®M s r and where tr' is the tracial state 
on Mr.. Denote by 

1 

ifj : C —> F\ < 8 ) 

3 = 1 

Applying Lemma 116.91 to (Ic 16.6711 and (Ic 16.68L one has that, for any 1 < i < k, there is an 
■H-e/4-multiplicative contractive completely positive linear map ipi : C —> Ii®M S K 1 K 2 such that 
(<Pi)*o = (tt *)*0 0 KiK 2 k and 

\(l/sKiK 2 )Tcup i (h)-(('yo(ir i )*)(T))(h)\ < min{cr/16,cr/4,min{A(/t)/2 : he'Hip}} (e 16.73) 

for all h e Hi U 'Hip U Qi, where r € T(/j). Furthermore, as in the conclusion of Lemma 116.91 
the restrictions of pi to both boundaries are homomorphisms. 

For each 1 < i < k, denote by 77.0 and 777 the evaluations of H <S> M s at the point 0 and 1 
respectively. Then one has 

■00,i 0 7T e = 77,0 0 77 . (e 16.74) 

It follows that 

1 

(V’o ,i o ^')* 0 = (V’0,i)*0 0 (y~!K0*o) 0 KiI\ 2 k (e 16.75) 

3 = 1 

= (V>o,i )*0 0 ( 7r e)*o 0 KiK 2 k = ( 7 Tj i0 o 7Tj)*o o KiK 2 k (e 16.76) 

= (t7,o)*o o (<Pi)*o- (e 16.77) 

Moreover, note that by (je 16.72p . 

tr o o ^p'){h) > A(h)/2 for all he Hip, (e 16.78) 

and by (le 16.73|) . 

tr o ( 77 ^ 0 <Pi)(h) > A(h)/2 for all he Hip. (e 16.79) 

It also follows from (jc 16.721) and (Ic 16.7311 that 

|tr o (-00,2 0 v')(h ) — tr o ( 77,0 0 l Pi)(h)\ < 07/2 for all h e Hip. (e 16.80) 

Consider amplifications 

<Pi : = Pi ® 1m m (€) '■ C Ii® M sK and 

ip" : = ip' ® 1 Mm (c) : C -)• Fi ® M sK . (e 16.81) 
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Then, one has 


[i’o ,i o ip"] = [( 7 r ii0 )*o ° (V’i)] in KL{C, M TisK )- 
Therefore, by Theorem 14.171 there is a unitary o G M Vi (8 M s k such that 

||Aduj j0 o 77,0 o (/?■(/) - ,i o <//'(/)|| < min{cj/4, e/2} for all / € 77. 

Exactly the same argument shows that there is a unitary u t j G M ri (8 M s k such that 

11 Actual o 77 , 1 o tpi(f) - O <//'(/) || < min{cr / 4, e/2} for all / G 77. 

Choose two paths of unitaries {uj,o(7) : 7 G [0,1/2]} <zM n ®M S K such that Ui t o(0) = Ui t o and 
^0(1/2) = lM ri ®M sX , and {ui,i(i) : 7 G [1/2,1]} C M n <8 M sI< such that ^*,i(l/2) = l Mri ®M aK 
and Uj,i(l) = Ui t i Put Ui(t) = u,,o(7) if 7 G [0,1/2) and Ui(t) = u^i(t) if 7 G [1/2,1]. Define 
M sK by 

■K t o(p i = Ad Ui(t) O 7T t o ip\, 

where 77 : 7, <8 MsK —>• M ri <g> M s k is the point-evaluation at 7 G [0,1]. 

One has that, for each i, 

11714,0 0 <Pi(f) - V’o ,i 0 <p"(f)\\ < min{<7 / 4, e/2} and 

IKi,i o tpi(f) - V’gj o <p"(f )|| < min{<7/4, e/2} for all / G 77. (e 16.82) 

For each 1 < 7 < k, let e* < 1/2 be a positive number such that 

II <Pi (/)(7) - V’o,i 0 </>"(/)II < min{cr/4, e/2} for all /G 77 for all 7 G [0, e»] and 

||&(/)(7) ~ Vh,i 0 7 ?// (/)|| < min{o-/4,e/2} for all / G 77 for all 7 G [1 - e*, l}e 16.83) 


Define <3?j : C —> Ii (8 M s k to be 


$i(*) 


,i 0 ¥>") + £<Pi(f)(ei), 

0-1+ed Q ^//) + TA^(/)( ei ), 


if 7 G [0,e;|, 
if 7 G [e,, 1 - e*| , 
if 7 G [1 - e*, 1|. 


The map is not necessarily a homomorphism, but it is 77-e-multiplicative; in particular, it is 
J--t- multiplicative. Moreover, it satisfies the relations 


7Tj,o 0 ®i(f) = V’o.i 0 <p"(f) and ij,i o $j(/) = ^ o/ (/) for all / G 77, i = 1, ..., k(e 16.84) 

Define <&'(/) : C ->• C([0, 1],F 2 ) (8) M s k by 7r ijt of' = 4>i, where 7 r ijt : C([0, 1],E 2 ) (8 M s k 
M n <8 Msx defined by the point evaluation at 7 G [0,1] (on the 7-th summand) and define 
<1>"C ^ Ei by $"(/) = y/(/) for all / G C. Define 

¥>(/) = ($'(/), <&"(/))• 


It follows from (Ic 16.841) that ip is E-e-multiplicative positive linear map from C to D (8 M s k- It 
follows from (le 16.7ip that 

[7T e o <^(p)| = [ip'ip)] = (7T e )*o o Kk(\p\) for all p G V. (e 16.85) 

Since ( 7 r e )*o : Kq{D) —>• is injective, one has 


ip* 0 = Kk. 

It follows from (Ic 16.731) and (Ic 16.721) that one calculates that 


(e 16.86) 


|(1/sAT)t o ip{h) — 7(r)(/i)| < a for all h G 77 

and for all r G T(D). 


□ 
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Lemma 16.11. Let C G C. For any e > 0 and any finite subset LL C C s . a ., there exists a finite 
subset of extremal traces T C T(C) and a continuous affine map A : T(C ) —>• V, where V is the 
convex hull of of T such that 

|A(r)(/i) — r(h)\ < e, /iGH, t G T(C). (e 16.87) 

Proof. Without loss of generality, we may assume that LL is in the unit ball of C. Write C = 
C(Fi,F 2 ,fio,ipi), where T\ = M^ © Mr 2 © ■ ■ ■ © M and F 2 = M ri © M r2 © ■ ■ ■ © M rk . Let 
Tr e j : C —» be the surjective homomorphism defined by the composition of 7 r e and the 
projection from F\ onto Mji t . and ttj j : C —>• C([0,1], M r .) the restriction which may also be 
viewed as the restriction of the projection from C([0,1 ],F 2 ) to C([0,1 ],M r f). Denote by 
the composition of nj .j and the point-evaluation at t G [0,1]. There is 5 > 0 such that, for any 
h£H, 


— 7i7j(/i)(t / )|| < e/16 for all h G LL (e 16.88) 

and \t — t'\ < 6 , t, t' S [0,1]. 

Let gi,g 2 , be a partition of unity over interval [5, 1 — 5] with respect to an open cover 
with order 2 such that each supp(gi) has diameter < 5 and g s g s ' 0 implies that |s — s ; | < 1 . 
Let t s € supp(g , s )n[5,1 — 5] be a point. We may assume that t s < t s+ 1 , We may further choose 
t\ = 5 and t n = 1 — 5 and assume that gi(<5) = 1 and g n ( 1 — 5) = 1 by choosing an appropriate 
open cover of order 2. 

Extend g s to [0,1] by defining g s (t) = 0 if t G [0,5) U (1 — 5,1] for s = 2,3,..., n — 1 and 

9 i(t) = gi(5){t/5) for t G [0,5) and g n (t ) = g n ( 1 - 5)(1 - t )/6 for t G (1 — 5,1]. (e 16.89) 

Define go = 1 — ^s=i 9s- Then goif) = 0 for all t G [5,1 — 5]. In what follows, we view g s as g s -idc 
as in the center of C. In particular, go is identified with (go, Ifi) so that go(0) = 'fo (1 Fi) and 
g 0 (l) = ^(IfJ- Let g s j = TT Itj (g s ), s = 1,2,...,n, j = 1,2,...,A:. Let pi G Fi be the projection 
corresponding to the summand M^. Choose di G C([0,1],^) such that dfit) = ifo{Vi) f° r 
t G [0, 5] and dfit) = fifipf) for t G [1 — 5,1] and 0 < dfit) < 1 for t G (5,1 — 5). Note that di G C. 
Moreover, )C!;=i 9 odi = go- Without loss of generality, we may assume that {t s : 1 < s < n} is a 
set of distinct points. Denote by tr* the tracial state on Mr € and tr'- the tracial state on M rj , 
* = 1,2,..., I and j = 1,2,..., k. Let 

n 

T = {trj o 7 T et i : 1 < i < 1} U {tiv, o ir ts o njj : 1 < j < k}. (e 16.90) 

S = 1 

Let V be the convex hull of T. Define A : T{C ) —>• V by 

k n l 

K T )(f) = '^2'52 T (9s,j)tr , j o (7r/j(/)(i s )) + ^r(g 0 dj)tri o tt e ,i(/), (e 16.91) 

j — 1 S=1 2—1 

where g s j = g s ■ l Vj G Co((0,1 ),M rj ) C C, for all / G C. It is clear that A is a continuous affine 
map. Note that if h G C, 


i 

= ^trj o TT e j(g 0 di)tri o n e fih) 

2=1 

= trj o TT e) j(godj)tVj o n e j(h) = tr j o ir e j(h). 


A(tr j o 7 T e j){h) 
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(e 16.92) 

(e 16.93) 
(e 16.94) 


(e 16.95) 


If t(/) = tr'- o (7 r/j(/)(i)) with t G (5,1 — <5), then if h G %, 


r(h) 


= tr'- 0 W(0) = E tr i 0 ( 7r hi( /l 5' s )(i))) 

S=1 
n 

~2e/16 E tTjOTr Itj (h(t s )g s (t)) (e 16.96) 

S=1 

n n 

= g s ,j(t)tr) o 7 T I}j {h(t s )) = r(ff SJ -)tr'- o ir Itj (h(t s )) (e 16.97) 

S=1 S=1 

k n l 

EE o7r 7) j(/i(f s )) + E 0 • trj o 7r e ,i(/i) = X(r)(h), (e 16.98) 

i=l s=l i =1 


where we notice that r(g St i) = 0 if i / j. If r has the form r(/) = tr'- o (7T/j(/)(f)) for some 
fixed t G (0,(5), then for /i G "H with h = (ho,hi), where /io G C([0,1],^) and h\ G F\ such 
that 'ipo(hi) = ho(0) = h( 0) and ipi(h\) = ^o(l) = ^(1), 


T (h) = tr'- o (tt/j (h(t))) 

= tr'- o (ir hj (h(t)gi(t))) + tr'- o (Tr Itj (h(t)g 0 (t))) 

~e/8 tr'- 0 (7T 7j (/l(<5) 5 i(f)) + tr'- O TT/j^O)^))) 

= gi(t)tr'- 0 KijihiS)) + go(t)tr'- o 7t 7j -(^o(^i)) 

1 

= T (5i,j) tr j 0 ni,j{h(t 1 )) + g 0 (i) 0 ^i,j(ipo(hiPi)) 

i—1 
l 

= r (5ij)tr'- o 7T/j(/i(fi)) + gp(f)E tr j 0 7r hi(V ; o(Pi))tri 0 ^(M) 

Z=1 

l 

= r (gij) tr j 0 Trj^i)) + 50 (i) X] tr'- o (7r/j(di(t)))tr i (7Te,i(/i)) 

Z—1 

l 

= r (gij)tr'- o 7r 7 j(/i(fi)) + y^tr' o (7r/j(5o(t)d i (Z)))tr i (7r e ,i(/i)) 

Z=1 

l 

= r (5i,i)tr'- o 7r/j(/i(ii)) + ^ T(g 0 di)trj(7r e)i (h)) 

= A(r)(/i). 


The same argument as above shows that, if 

T (/) = tr'- o ( 7 r/j(/)(£)), t G (1 - <5,1), 

then 

r(/i) ~ e /8 X(r)(h) for all h G hi. 

It follows that 

| r(h) — A(r)(/i)| < e/8 for all h G H 

and for all extreme points of r G T(C). By the Choquet Theorem, for each r G T(C), there 
exist a Borel probability measure p T on the extreme points d e T(C) of T(C ) such that 

r(f) = [ f(t)dg T for all / G Aff(T(C)). 

J d e T(C) 
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Therefore, for each h £PL, 


r(/i) 



^e/8 


>d e T(C) 


h(\(t))dp T for all t G T(C), 


as desired. □ 

Lemma 16.12. Let C be a unital stably finite C*-algebra, and let A G B\ (or Bo). Let a : 
T(A ) —>• T(C) &e a continuous affine map. 

(1) For any finite subset PL C Aff (T(C)), any a > 0, Ciere is a C*-subalgebra D C A and a 
continuous affine map 7 : T(H) —>• T(C') such that D G C for Co J and 

IMtW 7 "))) — /i(a(r))| < it for all r € T(A) for all h ePL, 

where 1 : T(A) 3r-> ^yr|£> € T(D), and p = Id- 

(2) If there are a finite subset "Hi C C + and o\ > 0 such that 

a(r)(g) > o\ for all g € %i for all r € T(A), 
the affine map 7 can 6 e chosen so that 

7 (tXsO > 01 for all 5 € Hi 

for any r € T(D). 

(3) If the positive cone of Kq{C) is generated by a finite subset V of projections and there is 
an order-unit map k : Kq(C) —>• Kq(A) which is compatible to a, then, for any 5 > 0 ; 
the C*-subalgebra D and 7 can be chosen so that there are positive homomorphisms Ko : 
Kq(C) —>• Ko((l —p)A( 1 — p)) and K\ : Kq{C) —>• Kq(D) such that k\ is strictly positive, 
k = Ko + 1 o where 1 : D —>• A is the embedding,, and 

l7( r )(p) — r(«;i([p])| < 6 for all p S V and r G T(D). (e 16.99) 

(4) Moreover, if A = A<S>U for some infinite dimensional UHF-algebra, for any given positive 

integer K, the C*-algebra D can be chosen so that D = Mk(D 1 ) for some D\ G C (D\ G 
Co) and k\ = where k\ : Ko{C) —>• Ko(Di) is a strictly positive homomorphism. 

Furthermore, kq can also be chosen to be strictly positive. 

Proof. Write PL = {h\, h ^,..., h m }. We may assume that \\hi\\ < 1, i = 1,2 Choose 
/ 1 , fii ■■■) fm € A such that that r(/j) = hi(a(r)) for all r G T(A) and ||/j|| < 2, i = 1,2, ...,m 
(see 9.2 of [63]). Put J 7 = {1a,/ 1 ,/ 2 ,/m}- 

Let 5 > 0 and let Ci (in place of Q) be a finite subset required by Lemma 9.4 of |63] for 
A, a/16 (in place of e) and F. Let a\ = min{cr/16, 5/16}. We may assume that Q 1 D F. Put 
Q = {g, gh : g, h G Gi}. Since A G B\ (or Bo) there is a D GC (or Co), and h' G (l — p)A(l — p) 
and h" G D with p = Id such that 

\\h — (h 1 + h")\\ < (ji/16, h £ Gi and r(l — p) < ui/ 2 , r G T(A). (e 16.100) 

Moreover, since H is amenable, without loss of generality, we may further assume that there 
is a unital contractive completely positive linear map L : A —>• D such that L(h) = h" and L 
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is Q-a\/2- multiplicative. By the choice of 5 and Q, it follows from Lemma 9.4 of [63] that, for 
each r E T(D), there is 7 '(r) E T(A) such that 


\r(L(h)) — 7 , (r)(h)| < <j/16 for all h E F. (e 16.101) 

Applying 116.111 one obtains t\,t2, E d e T(D) and a continuous affine map A : T(D) —>• A 
such that 

|r(/) — A(r)(/)| < 07/16 for all r E T(FA) (e 16.102) 

and /E L, where A is the convex hull of {t\,t 2 , Define Ai : A —>• T(A) by 

Ai(ti) = 7 / (*i), i = l,2, (e 16.103) 

Define 7 = a o Ai o A. Then 


hj( 7 (tt(t))) 


= hj(a o Ai o A(F(r))) 

= Ai o A(7r(r))(/j) 

«<r/16 A « r ))(/") 

~<r/16 *(!■)(/") 

~<r /8 T(ft') = M«( T ))> 


and this proves ©• Note that it follows from the construction that 7(7") E a(T(A)), and hence 
(J2J) also holds. With 1T531 Q and (J3D follows straightforwardly except the ’’Furthermore” part. 
To see that, we note that we may choose D C A <8) Ijj- Choose a projection e € U such that 


0 < to(e) < 6 q < 5 — max{| 7 (r)(p) — t(ki([p])| :pEP and r E T(D)}, 

where to is the unique tracial state of U. We then replace k\ by K 2 : Kq(A) —y FQ^FAj), where 
D 2 = D ® (1 - e) and K 2 ([p]) = «i([p]) ® [1 — e]. Define K 3 ([p]) = «i([p]) < 8 > [e]. Then let 
: Kq(C) —>• iFo((l — P + (1 < 8 > e))A(l — p + (1 < 8 > e)) be defined by K 4 = Ko + [*] o k 3 , where 
1 ■. D ® e ^ A ® U = A is the embedding. We then replace kq by /C4. Note that, now, K 4 is 
strictly positive. □ 


17 Maps from homogeneous C*-algebras to C*-algebras in C. 

Lemma 17.1. Let X be a connected finite CW-complex and let C = C(X). Let Ft C C be a 
finite subset, and let a > 0 . There exists a finite subset Ftpi C C + satisfying the following: 
for any 077 > 0 , there is a finite subset Ft 1,2 Q C + satisfying the following: for any 04.2 > 0 , 
there is a positive integer M such that for any D E C with the dimension of any irreducible 
representation of D at least M, for any continuous affine map 7 : T(D) —>• T(C) satisfying 

7 (t)(/i) > dip for all h E "Hip for all r E T(D), 

and 

7 (t)(/i) > < 71,2 for all h E Ft 1,2 for all r E T(D), 
there is a homomorphism : C -7- D such that 

|r o (p(h) — 7 ( 7 )(ti)| < cr for all h E Ft. 

Moreover, if D E Co, t/ien f/iere is a point-evaluation T : C —>• FA such that [<p] = [T], 
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Proof. Without loss of generality, one may assume that every element of PL has norm at most 1. 
Let rj > 0 such that for any / € PL and any x, x' G X with d(x, x') < 7 , one has 

1/0*0 - /0')l < cr/4. 

Since X compact, one can choose a finite subset Hip C C + such that for any open ball 
On /24 C X, of radius there is an nonzero element h G Hip with supp(/i) C O v / 24 - We assume 
that \\h\\ < 1 for all h G PL ip. Consequently, if there is crip > 0 such that 

r(h) > <7 ip for all h G 'Hip, 


then 

HriOn/ 24 ) > 01,1 

for any open ball O v /24 with radius 77 / 24 , where \x T is the probability measure induced by r. 

Fixed opp > 0. Let <5 and Q C C{X) (in the place of Q) be the constant and finite subset 
of Lemma 6.2 of m with respect to cr /2 (in the place of e), PL (in the place of F), and < 771/77 
(in the place of a). 

Let H 72 C C(X) (in the place of Hi) be the finite subset of Theorem 14.21 with respect to 5 
(in the place of e) and Q (in the place of X). 

Let op 2 > 0. Then let H 2 C C(X) (in the place of PL 2 ) and <72 be the finite subset and 
positive constant of Theorem 14.21 with respect to op .2 and H 72 (in the place of op and Hi). 

Let M (in place of N) be the constant of Theorem 2.1 of [50] with respect to H 2 UH 72 UH 1 P 
(in the place of F) and min{cr/4, < 72 / 4 , op^/2, opp/2} (in the place of e). 

Let D = D(F\, F 2 , ipo, ipi) be a C*-algebra in C with dimensions of the irreducible rep¬ 
resentations at least M. Let 7 : T(D ) —>• T{C ) be a map satisfying the lemma. Write 
C([0,1], F 2 ) = Ii © • • • © Ir with F = C([0,1], M ri ), i = 1 Then 7 induces a continu¬ 

ous map 7 i : T(F) —y T{C) by 7 j(r) = 7 (r o 7 Tj), where 7 Tj is the restriction map D —» /*. It is 
then clear that 

7 i( T )(h) > 01,2 for all h G H 72 , r G T(/j). 

Also write Fi = M/j 1 © • • • © , and denote by 7 r' : D —>• M/ . the corresponding evaluation 

of D. By Theorem 2.1 of [50] . for each 1 < i < fe, there is a homomorphism (pi : C(X) —> Jj 
such that 

|r o <fi(h) — 7 i(r)(/i)| < min{cr/4, < 7 2 / 4 , < 7 i i 2 / 2 , < 7 ip/ 2 } for all h G PL 2 U Hi ,2 U Hip; (el7.1) 

and for any j, there is also a homomorphism </?'■ : C{X) —>• Mrj such that 

|tr o ipj(h) —70 ( 7 Tj)*(tr)(H)| < min{a/4, ct 2 /4, 07 , 2 / 2 , opp/2} for all h G H 2 U H 72 U Hip. 

(e 17.2) 

Denote by </ = 0 ; - ip'j and by ir t : It —> M ri the point-evaluation at t G [0,1]. It follows that 

|tr o (ipo,i 0 <p') — tr o (7To o (pi) | < < 72/2 for all h G H 2 and 

tr o (^op o <^')(/i) > cti^/ 2 and tr o ( 77 ) o ipi)(h) > (Ji^/2 for all h G Hi, 2 . (el7.3) 

By Theorem 14.21 there is a unitary u ? ; o G M ri such that 

||AdiXj , 0 o 7 T 0 o tpi(f) - fa p o </(/)|| < d for all / G Q. 

Exactly the same argument shows that there is a unitary u t j G M ri such that 

||Adiiip o 7 ri o ipi(f) - ip lti o ip'(f )|| < 5 for all / G PL. 
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Choose two paths of unitaries {uifi(t) : t G [0,1/2]} C M ri such that Ui, o(0) = Ui ,o and 
^ 0 ( 1 / 2 ) = 1 M ri and {ui,i(t) : t G [1/2,1]} C M ri such that Uj,i(l/2) = lju r . and m, i(l) = Uj, 1 
Put = Uifi(t) if t € [0,1/2) and «j(f) = Uip(t) if t G [1/2,1]. Define <0 : (7 —» by 

VTi o Pi = Ad Ui(t) O 7T t O Pi. 

Then 

Iko 0 0(/) - ipo,i 0 ¥>'(/) || < and |ki 0 0(/) ~ ^i,i 0 ¥>'(/) II < <* (el7.4) 

for all / € Q, i = 1,..., k. 

Note that it also follows from (je 17.ip and (Ic 17. 2\) that 

tr o (-00,2 0 <p')(h) > cri,i/2 and tr o (7170 o p>i)(h) > cri i/2 for all /i G "Hyi/2. 

Hence 

t^To(ipQiO^>'){Orj/2i) — ®"l,l and ^To^iTQOipi) {,0-11/24 ) — Tl,i- 
Thus, by Lemma 6.2 of m, for each 1 <i < k, there are two unital homomorphisms 

$o,i,^:C'(X)->C'([0,1 ],M n ) 

such that 

vr 0 o ^>o,i = ko ,i 0 0, vr 0 o 4>' 0 i = TT 0 O pi, 

Ikt o 4> 0 ,i(/) - 0o,2 o k(/)ll < o'/ 2 , Ik * 0 <%(/) — ^0 0 0*11 < o/2 

for all / G "H and t G [0,1], and there is a unitary u^o € M ri (in the place of u) such that 

VTl O = Ad W ifi O 7Ti o $0 i. 

The same argument shows that, for each 1 < i < k, there are two unital homomorphisms 
i : C(X) —>■ C([0,1 ],M n ) such that 

ni°$l,i = ipi,i°<p f , TTl o = TTi o 0, 

Ik* 0 $i,i(/) - 01,2 0 0(/)|| < cr/2, Ik* 0 $'i,i(/) - ^0 0 0|| < 0-/2 

for all / G and t G [0,1], and there is a unitary G M r . (in the place of u) such that 

tto 0 $i,i = Adwi,i o 7r 0 o <b' X i . 

Choose two continuous paths {wifi(t) : t G [0,1]}, {wip(t) : t G [0,1]} in M ri such that 
Wi,o(0) = w ifi , Wifi(l) = l Mri and U 7 ,i(l) = 1 m h and 7 / 74 ( 0 ) = 7 / 7 , 1 - 

For each 1 < * < k, by the continuity of 7 j, there is 1 > > 0 such that 


\li{r x ){h) - 7i(r y )(/i)| < cr/4 for all h G U, 


provided that \x — y\ < e*, where t x and r y are the extremal trace of concentrated on x and 
y respectively. 

Define the map pi : C I t by 


■KtOPi 


7T34 o 4>0,i, 

Ad(wifi(^ - 1)) o 7T"i o 4>' 0 i 
71 3-— ° 


7T t — e 


Vi, 


1 / 2 -ei 
77 O $} i7 

1-2^73-1/2 


Ad(^,i ( (1 gff * )) 0 0 $' M , 

7r f ^i +e ./ 3 o $ 1 ^, 


^773“ 


t G [0, Cj/3), 

t G [e03, 2e03), 
t G [2e03, Cj), 

t € k, 1 / 2 ), 

t€ [1/2,1-2e03], 

t€ [l-2e03,1-603], 
tG [1-603,1], 
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Then, 

tto o (fi = ^o.i ° t' and 717 o (pi = o <//. (e 17.5) 

One can also estimate, by the choice of e* and the definition of (p l . that 

| r t o (pfih) - 7 j(r t )(/i)| < a for all t G [0,1], (e 17.6) 

where r* is the extremal tracial state of R concentrated on t G [0,1]. 

Define : C(A) -> C([0,1], F 2 ) by $(/) = ®f =1 &(/) for all / G C{X). Define <p : C(X) -7 
C([0,1], ) 0 7*2 by ($(/), <//(/)). By (lc 17.51) . ip is a homomorphism from C(X ) to D. By 

(le 17. 6 p and (le 17. 2p . one has that 

|r o <£>(g) — 7 (r)(/i)| < a for all h G TL 

and for all r G T(D), as desired. 

To see the last part of the lemma, one assumes that D G Cq. Consider 7 r e o p : C -A T\ (where 
D = D(F\, F 2 , ifo, ijj\) as above). Since 7 r e oy? has finite dimensional range, it is a point-evaluation. 
We may write 7 r e o p(f) = for all / £ C'(X), where { 27 , X 2 ,..., x m } C X and 

{pi,P 2 , -,p m } C F\ is a set of mutually orthogonal projections. Let I = {/ G C(X) : f(x 1 ) = 0} 
and <:/—> C(X) be the embedding. It follows that [ 7 r e o (/? o 1 ] = 0. Bv 13.51 [vr e ] is injective on 
each Ki(A) and each Ki(A, Z/A;Z) (A: > 2 , z = 0,1). Hence [</?o z] = 0. Choose T(/) = f(x) ■ 1 a- 
Since X is connected, [p\ = [T] (see the end of the Remark [4T4j). □ 

Corollary 17.2. Let X be a connected finite CW-complex, and put C = C(X). Let A : 
C ^’ 1 \ {0} -A (0,1) be an order preserving map. Let TL C C be a finite subset and let a > 0. 
Then there exists a finite subset TL\ C C\ \ {0} and a positive integer M such that for any D G C 
with the dimension of any irreducible representation of D at least M, for any continuous affine 
map 7 : T(D) -A- T{C ) satisfying 

7 (t)(/j) > A (h) for all h G TL\ and for all r G T(D), 

there is a homomorphism p : C -A D such that 


|r o p(h) — 7 (t)(/i)| < a for all h G TL. 

Proof. Let TL\p be the subset of Lemma 117.11 with respect to TL and a. Then put 

crgi = min{A(/i) : h G TLi.i}- 

Let TLip be the finite subset of Lemma fl 7.1 1 with respect to < 771 , and then put 

cri i2 = min{A(/j) : h G "Hi,21- 

Let M be the positive integer of Lemma 117.1 1 with respect to o\p. Then it follows from Lemma 
117.II that the finite subset 


TL\ TLia U TLip 

and the positive integer M satisfy the statement of the corollary. 


□ 


Theorem 17.3. Let X be a connected finite CW complex, and let A G £>o be a unital separable 
simple C*-algebra. Suppose that 7 : T(A) -A Tf(C(X)) is a continuous affine map. Then, for 
any a > 0, any finite subset TL C C(X) s . a ., there exists a unital homomorphism h : C(X) -A A 
such that 


[h] = [T] and |r o h(f) - 7 (t)(/)| < cr for all f G TL, 


where [T] is a point-evaluation. 


(e 17.7) 
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Proof. Without loss of generality, one may assume that every element of PL has norm at most 
one. Let PLi, 1 be the finite subset of Lemma 117.11 with respect to PL (in place of PL), d/4 (in 
place of a), and C (in place of C ). Since 7 (T(A)) C Tf(C(X)), there is dip > 0 such that 

7 (r)(/i) > crip for all h G "Hip for all r € T(A). 

Let PL\p C C+ be the hnite subset of Lemma 117.11 with respect to dip. Again, since 
y(T(A)) C T{(C(X)), there is dip > 0 such that 

7 (r)(h) > 07,2 for all h G "Hi ,2 for all r € T(A). 

Let M be the constant of Lemma III. II with respect to dip- Note that A G £>o- By ([T]) and 
d2D of Lemma 116.121 there is a C*-subalgebra D G A with D G Co, a continuous affine map 
7 ' : T(D) —> T(C) such that 

| 7 / (-t-t t Id)(/) - 7 W(/)I < cr/4 for all r € T(A) for all f e PL, (el7.8) 

T{p) 

where p = Id, t(1 — p) < a /(4 + d), 

7 / (r)(/i) > dip for all r G T(D) for all /i G "Hip and (e 17.9) 

7 / (r)(/i) > d 1,2 for all r G T(D) for all /i G PLip. (e 17.10) 

Moreover, since A is simple, one may assume that the dimension of any irreducible repre¬ 

sentation of D is at least M (see ll0.il) . Thus, by (le 17. 9p and (le 17.10p . one applies Lemma fl7.ll 
to D, C, and y (in the place of 7 ) to obtain a homomorphism ip : C —> D such that 

l r 0 P(f) ~ 7 , ( r )(/)l < o"/4 for all / G PL for all r G T(D). (e 17.11) 

Moreover, we may assume that [<p] = [<3?o] for some point evaluation <J>o : C —> D, since we 
assume that D G Co- Pick a point x G X, and define h : C —>• A by 

/ ^ f(x)( 1 ~p)@<p(f) for all f€C. 

For any / G PL, one has 

l r o h(f) — 7 (r)(/)| < \roip(f) - 7 (r)(/)| +d/4 

< \r°ip(f) - 7 , (- 7 L tt|d)(/)| + cr /2 

r(p) 

< k°<c(/)- 7 ~T r 0 <c(/)l + 3d/4 < d. 

t(p) 

Dehne : C —> A by <&(/) = /(x)(l — p) © <h 0 (/) for all / G (7. Then [L] = [$]. □ 

Corollary 17.4. T/ie statement of Theorem \ 1 7. 3\ holds for C = PM m (C(X))P, where X is a 
connected finite CW-complex and P is a projection in M m (C(X)). 

18 KK-attainability of the building blocks 

Definition 18.1. (9.1 of [63]) Let T> be a class of unital C*-algebras. A C*-algebra C is said to 
be KK-attainable with respective to T> if for any A G T> and any a G KK{C, A) ++ , there exists 
a sequence of completely positive linear maps L n : C —> A such that 

lim || L n (ab) — L n (a)L n (b)\\ = 0 for all a, b G C and (el8.1) 

n—>-00 

[L n ] = a. (e 18.2) 

In what follows, we will use B u 0 for the class of those C* -algebras of the form A®U, where 
A G Bo and U is any UHF-algebras of infinite type. 
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Theorem 18.2. (Theorem 5.9 of [52]) Let A be a separable C*-algebra satisfying UCT and let 
B be a amenable separable C*-algebra. Assume that A is the closure of an increasing sequence 
{A n } of residually finite dimensional C*-subalgebras. Then for any a E KL(A,B), there exist 
two sequences of completely positive contractions : A —>• B <g> /C (i = 1,2) satisfying the 
following: 

( 1 ) ||<^(a&) - iplfi {a)ipn\b) || -)■ 0 as n ->• oo, 

(2) for any n, the images of are contained in a finite dimensional sub-C*-algebra of B®1C 

and for any finite subset V C K(A), are well defined for sufficiently large n, 

(3) for each finite subset V C K(A), there exists m > 0 such that 

[v 4 1} ]\v = a + [</ 4 2) ]\v for all n>m , 

(2) 

(4) for each n, we may assume that <py n is a homomorphism on A n . 

Lemma 18.3. Let C = A(F\,F 2 ,pq,Pi) € C and let A E C be another C*-algebra. Let n : 
Kq(C ) —>• Kq(A) be an order preserving homomorphism such that, for any nonzero element 
p E Kq(C) + , there exists an integer N > 1 such that Nn(p) > [la]- Then there is a > 0 
satisfying the following: For any r € T(A), there exists t E T(C) such that 

t(h) > a / T(i(h(t)))dp(t) for all h € C+ and (e 18.3) 

■h o,i] 

= tip) for all p E K 0 (C) + , (e 18.4) 

where i : C C([0,1],^) © F\ is the natural embedding and T(b) = ff k j=l tr fib) for all b E F 2 
and where trj is the normalized tracial state on the i-th simple summand of F 2 , and p is the 
Lebesgue measure on [0,1]. 

Proof. Write A = A(F[, F^tp'^tp^) ={{g,c) E C([0,1], Ff) 0 F{ : g( 0) = y Q '{c) and g{ 1) = 

ipi(c), c E F[}. Suppose that F[ has V simple summands so that Kq(F[) = l} . Let TTi : 

Kq(F[) —> Z be the i-th projection. View 7Tj o k as a positive homomorphism from Kq(C) —>• M. 
Since 

Nk(x) > [1a] for all x E Kq(C) + \ {0}, 

one has that 


( 7 Tj o k){x) > 0 for all x € Kq{C) + \ {0}. 


(e 18.5) 


It follows from m that there are positive homomorphisms Lj : Kq(C([(), 1], Ff) © Ff) —> M such 
that Li o z * 0 = 7 Tj o k and Lfiefi = ajj>0, j = 1,2, ...k + 1 , i = 1,2,..., If where ej = ipj o z([lc]) 
and fij is the projection from C([0,1], Ff) © F\ to the j-th summand of C([0,1], Ff), 1 < j < k, 
and ipj is the projection from (^([O, 1], Ff) © F\ to (j — /c)-th simple summand of F\, k + 1 < j < 
k + l. Moreover, by (Ic 18.5|) . for each i, ff- aij > 0. Note that 


rankfij (p) 
A-fi rank^^lc) 


E 


i=i 


rank-0 j (jp) 
rank0j(lc) 


L t ( ej ) 


Li o **o([p]) = TTi o k([p\) 


(e 18.6) 


for any projection p E M m (C), where m > 1 is an integer. Choose 

ruin {a,; j : 1 < j < k + l, 1 < i < l'} 
k Ei,j «*,i 
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For any r G T(A), by 2.8 of [53], there is t' G T(F[) such that 

t' o 7 T e (x) = t(x) for all x G Kq(A). 

Write t' = E r trj, where 0 < \ < 1, Yli=i E,r = 1 and each tr, is the tracial state of the 
i-th simple summand of F[. 

For each i, define 


U(s) = (; 


k r. 

■)(E a y / 

; TA J fC 


tr j 00 


wt) + hi 


a 


i=fc+i 


tr'(s) . 
M tr'(lc)' 


for all s G C, where each tr'- is the tracial state on the j-th simple summand of F 2 for 1 < j < k, 
and each tr'- is the tracial state on the j-th simple summand of F\ for k + 1 < j < l. In general, 

if t G T(A), define t T = Yli=i \,Ai- It is straightforward to verify that 


t T (h ) > cr / T(z (h))dp(t) for all h G C+. 

J[ 0 , 1 ] 


Moreover, for each i, by (le 18.611 . 


U{p) = ( 


= ( 


1 


Ej a i,j 

1 


= ( 


Ej “h. 

1 

E i a 


£ 


a 


hi 


tr » , , v' tr W 

+ 2 ^ “hi rj 


j=fc+i 


tr'-(lc) 


\ J 1 

k 


'[0,1] tr'-(lc) 

rank(^j(p)) 

'rank(^-(lc)) + J rank^(lc)) 

AC-hl 


+ E 


rank0j (p) 


= 


Vi=i 

1 




rank^j (p) 

rank-ip j(l c ) 


+ 


i=fc+i 

)(7Tj O k(p)) = TTi O k(jd) / 7Ti O k([1 C ]) 


rank'0j (p) 

rank- 0 j(lc) 


E j a i,j 

for all projection p G M m (C). This implies that 

t T (x) = t(k(x))/t(k([1c})) for all x G Kq(C) and for all t€T(A). 


□ 

Proposition 18.4. Let S G C and N > 1. There exists an integer K > 1 satisfying the 
following: For any positive homomorphism, n : Kq(S) —>• Kq(A) which satisfies k([1s]) < [1a] 
and IVre([p]) > [1a] for any p G Ko(S)+ \ {0}, where A G C, there exists a homomorphism 
p : S —>• Mk(A ) such that <p*o = Kn. If we further assume /c([ls]) = [1a], then <p can be chosen 
to be unital. 

Proof. Write 

s = A(Fi,F 2 ,(po, <pi) ={(f,g) : (/,<?) € C([0, 1 ],F 2 ) © F\ : /(0 ) = <p Q {g), /(1 ) = <pi (<?)}. 

Denote by 1 : 5 —>• C([0,l],!^) © -Fi the embedding. To simplify the notation, without loss of 
generality, by replacing S by M r (S) for some integer r > 1, we may assume that projections 
in S generates Ko(S). Note that, by the assumption, k([p]) associated with a full projection of 
Mn(A). Without loss of generality, by applying 13. 191 we may assume that that [1 a] = k([1s]). 
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Let a > 0 be given bv 118.31 (associated with integer N). Define A : S+ 1 \ {0} — > (0,1) by 

A (h) = cr [ T(h(t))dfj,(t) 

A o,i] 

for all h £ S + , where T(c) = Yli= it r i(c) for all c € C([0,1], F2), tr^ is the normalized tracial 
state on the i-th simple summand of F2 (so we assume that F2 has k simple summands), and 
where p is the Lebesgue measure on [0,1]. 

Let Hi, 5 > 0, V and K be the finite subset and constants of Theorem 116.101 with respect 
to S, A, an arbitrarily chosen Ti and an arbitrarily chosen 1 > o\ > 0 (in place of cr). 

We may assume that V C S is a finite subset of projections such that every projection q 6 5 
is equivalent to one of projections in V. Let Q C M r i(A ) (for some r' > 1 be a finite subset of 
projections such that k(V) can be represented by projections in Q. It follows from [TIT. Ill that 
there is a finite subset T of extreme points of T(A) and there exists a continuous affine map 
7' : T(A) —> V such that 


1 7 , (r)(p) — r(p) I < 5/2 for all p £ Q, (el8.7) 

where V is the convex hull of T. 

Note that any C'*-algebra in the class C is of type I, it is amenable and in particular it is 
exact. Therefore, by [5] and m, for each s £ V, there is tracial state t s £ T(S) such that 

fs(ts)(x) = rA(s)(n(x)) for all x £ Kq(S), (el8.8) 

where rg : T(S ) —>• S\i s i(Kq(S)) and xa ■ T{A) -A- SWdiLo^)) are the induced maps from 
the tracial state spaces to the state space of Kq, respectively. It follows from 118.^1 that we may 
choose t s such that 


t s (h) > A (h) for all h £ S + . (el8.9) 

For each s £ T, define A(s) = t s which satisfies (Ic 18.8)1 and flc 18.911 . This extends to a continuous 
affine map A : V —>• T(S). Put 7 = A o 7 '. Then, for any r £ T(S), 

7 (r)(/i) > A(/i) for all h^Tii and (e 18.10) 

\l(r){q) ~ r(K{[q]))\ = |A( 7 , (r))(g) - 7 , (r)(«([?]))| + K(!■)(«([?])) - r («(M))l (e 18.11) 

= !'/(«([?]))-«([?])! <V 2 (e 18.12) 

for all projections q £ S. One then applies 116.101 to obtain a unital homomorphism ip : S —>• 
Mk{A) such that [ip] = Kk. □ 

Lemma 18.5. Let C € C. Then there is M > 0 satisfying the following: Let A\ £ B\ and 
let A = A\®U for some infinite dimensional UHF-algebra and let k : (Kq(C), Kq + (C)) —>■ 
(Kq(A), Kq + (A)) be a strictly positive homomorphism with multiplicity M. Then there exists a 
homomorphism ip : C —>• M m (A) (for some integer m> 1) such that p* 0 = k and \ = 0. 

Proof. Write C = A{F\,F 2 ,<po,<p{). Denote by M the constant of 115.31 for G = Kq{C) C 
K()(F\ ) = 1}. Let k : Kq{C) —>• KfiA) be a unital positive homomorphism satisfying the 
condition of the lemma. Since Kq(A) is finitely generated, simple and k is strictly positive, 
there is N such that for any nonzero positive element x € Kq(C)+, one has that Nk(x) > 2 [ 1 ^]. 
Let K be the natural number of Proposition 118.41 with respect to C and N. 
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We may also assume that M r (C ) contains a set of minimal projections such that every 
minimal element of Kq(C)+ \ {0} is represented by a minimal projection from the set. 

By Lemma ll5.6l for any positive map k with multiplicity M, one has k = k\ + n 2 and there 
are positive homomorphisms Ai : Ko(C ) —)■ Z n , 71 : Z n — Kq(A), A 2 : Kq(C) —> Kq(C') such 
that Ai has multiplicity M, A 2 has multiplicity MK, «i = 71 o Ai, re 2 = 1*0 0 A 2 and C' C A is a 
C *-subalgebra with C’ G C, where 1 : C 1 A is the embedding. Moreover, 

A 2 ([1c]) = [lc'] and NX 2 (x) > A([l c ]) > 0 (e 18.13) 

for any x G Ao(C')+ \ {0}. 

Let R 0 be as in 115.31 associated with K 0 (C) = G C Z ! and Ai : K 0 (C ) —>• Z n , which 
has multiplicity M. Let Ai([lc]) = (n, r 2 , ■■■, r n ), where r % G Z + , i = l,2,...,n. Put T 3 = 
M ri © M r2 © • • • © M rn . Since A has stable rank one, there is a homomorphism ipo : F 3 —>• A 
such that (i/>o)*o = 7 i- Write U = lim n _ 5 . 00 (M i j( n ), h n ), where h n : M R ^ —>■ M^ re+1 ) is a unital 
embedding. Choose R(n ) > 7?o. Consider the unital homomorphism jp 3 : F 3 —>• F 3 © Mjp n ^ 
defined by jp 3 (a) = a®lM flW for all a G F 3 , and consider the unital homomorphism ifto®h n}0 , 0 : 
F © M R i n j —)• A © t/ defined by ^0 < 8 > /in, 00 (a®b) = ipQ (a) © /i n ,oo(&) for all a G T 3 and b G M R ( n \. 
We check, for any projection p G T 3 , 

(Oo © /in, 00 ) 0 J> 3 )*o(b]) = [V’o(p) ® If/] = Oo)*oOD € i^o(A). (e 18.14) 

It follows that 


(V’o ® /in,oo )*0 0 0> 3 )*0 = (V’o)*o- (e 18.15) 

Now the map (jf 3 )*o 0 Ai : Kq(C) —> Kq(F 3 ) = Z n has multiplicity MR{n). Applying 115.31 
we obtain a positive homomorphism A' x : A'o(Fi) = Z* —>■ Kq(F 3 ) such that (A))*o 0 (/r e )*o = 
(jF 3 )*o 0 A/. The above can be summarized by the following commutative diagram: 


Z l 

1'(’Te)*0 

K 0 (C) 



Ko(F 3 ) © 
T(1f 3 )*o 

Ko(F 3 ) 


("00 & hn , 00 ) * 0 


71—('0o)*o 


K 0 (A®U) 
Ko(A). 


We obtain a homomorphism h 3 : F\ —>• F 3 © M#( n ) such that (/io)*o = A]. Define hi = ho o ir e : 
C —> F 3 © and /12 = (V’o < 8 > ip n , 00 ) 0 /ii : C —>• A © 17. Then, by the commutative diagram 

above, 


(/i 2 )*o = «i- (e 18.16) 

Since A 2 has multiplicity /\, there exists A 2 : Ko(C) —>• Kq(C') such that 77A 2 = A 2 . Since 
Kq(C') is weakly unperforated, A 2 is positive. Moreover, by (le 18.131) . 

KNX! 2 (x) > KX’ 2 ([1 C }) = A 2 ([1c]) = [lc'] > 0. (e 18.17) 

Since Kq(C') is weakly unperforated, we have 

NX' 2 (x) > A' 2 ([1 c ]) > 0 for all x G K 0 (C)+ \ {0}. (e 18.18) 

There is a projection e G Mfc(C') for some integer k > 1 such that A 2 ([lc]) = [e]. Define 


C" = eMk{C')e. By (le 18.171) . e is full in C'. In fact K[e] = [1 c"]- In other words, M R {C") = C. 
By 13.191 C" G C. By applying 118.41 we obtain a unital homomorphism h ' 2 : C —>• C" such 
that (v^)*o = ATA 2 = A 2 . Put h 2 = 1 o A 2 . Note that [1^] = k([1c]) = «i([lc]) + « 2 ([lc])> by 
conjugating a unitary, without loss of generality, we may assume that h\{lc) + h 2 (lc) = 1 a- 
Then it is easy to check that <p : C —> A defined by <p(c) = h\{c) + / 12 (c) for all c G C meets the 
requirements. □ 
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Lemma 18.6. (cf. Lemma 9.8 of [63]) Let A be a unital C* -algebra and let B\ be a unital 
separable simple C* -algebra in Bo and let B = B\ <g) U for some UHF-algebra of infinite type 
and C £ Co be a C* -subalgebra of B. Let G C KfA ) be a finitely generated subgroup. Suppose 
that there exists an T-5-multiplicative contractive completely positive linear map ij) : A —> C C B 
such that [4 >]\g is well defined. Then, for any e > 0, there exists C* -subalgebra C\ = C of B 
and an T-5-multiplicative contractive completely positive linear map L : A C\ C B such that 

[ L ]\GnK 0 (A,z/kZ) = bl>]\Gr\K 0 (A,z/kZ) and T (lCi) <£ (e 18.19) 

for all t £ T(B) and for all k > 1 so that G n Ko{A,'L/k'L) ^ {0}, where L and if are viewed 
as maps to B. Furthermore, if [if]\GnK 0 (A) positive then so is [L]\gck 0 {A)- 

Proof. We use the fact that U <8> U = U. So we may write, without loss of generality, that 
C C B\ <g) U <g> 1. Without loss of generality, we may assume that = P is a projection. Let 

1 > e > 0. Suppose that 


Gfl K 0 (A,Z/kZ) = {0} for all k> K 

for some integer K > 1. Find a projection eo £ U such that ro(eo) < e and Ijj = eo + Pi) 
where m = 2 IK\ and l/l < e and pi,P 2 , ■■■,Pm are mutually orthogonal and mutually equivalent 
projections in U. Choose C\ = C<8ieo- Then C\ = C. Let tp : C —> C\ be the isomorphism defined 
by cp(c) = c<8) eo for all c € C. Put L = cp o ip. Note that K\{C) = K\{C{) = {0}. Both [L\ and 
[i/j\ maps Ko(A,7j/kJj) to K(B)/kKo(B) and factor through Ko(C, TL/kX). It follows that 

m\Gr\K 0 {A.Z/kZ) = W\\GnKo{A,Z/kZ)- 

In case that [^Wg^k^A) is positive, from the definition of L, it is clear that [L]\cc\K 0 (A) is also 
positive. □ 

Theorem 18.7. Let C and A be unital stably finite C*-algebras and let a € KK e {C,A) ++ . 

(i) IfCe H, or C € C, and A\ is a unital simple C*-algebra in Bo and A = A\®U for 
some UHF-algebra U of infinite type, then there exists a sequence of completely positive linear 
maps L n : C -A A such that 

lim || L n (ab) — L n (a)L n (b)\\ = 0 for all a, b G C and [L n \ = ct; (e 18.20) 

71—>-00 

(ii) If C £ Co and A\ £ B i, the above also holds; 

(hi) If C = M n (C(S 2 )) for some integer n > 1, A = A®U and A\ £ B i, then there is a 
unital homomorphism h : C -A A such that [h] = a; 

(iv) IfC £ H with torsion K\{C), C / M n (C(S 2 )), and A = A\ ®Q, where A\ is unital and 
A has stable rank one, then there exists a unital homomorphism h : C -A A such that [h] = a; 

(v) If C = M n (C{ T)) for some integer n > 1, then for any unital C*-algebra A with stable 
rank one, there is a unital homomorphism h : C -A A such that [h] = a. 

Proof. Let us first consider (iii). This is a special case of Lemma 2.19 of [83]. Let us provide 
a proof here. In this case one has that Kq{C) = Z © ker pc — Z © Z is free and K\(C) = {0}. 
Write A = A\ (g) U, where Kq(U) = D C Q is identified with a dense subgroup of Q and 1 u = 1. 
Let ao = ot\K 0 (C)- Then ao([lc]) = [1 a] and ao(^) £ ker/ 3,4 for all x £ ker pc- Let £ £ ker pc = Z 
be a generator and ao(£) = C £ kerp^. Let Bq be a the unital simple AF-algebra with 

{K 0 {B),K 0 (B)+, [l Bo ]) = (D © Z, (D © Z)+, (1, 0)), 

where 

(D © Z) + = {( d , m) : d > 0, m £ Z} U {(0,0)}. 
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It follows from [29] that there is a unital homomorphism ho : C B such that h*o(£) = 
(0,1). There is a positive order-unit preserving homomorphism A : D —>• Kq(A) (given by the 
embedding a —>• 1a® a, from U —>• Ai (g> U). Define a homomorphism no : Ko(B) —>• Kq{A) by 
K o( r ) = A(r) for all r £ D and ko((0, 1)) = C- Since A has stable rank one, it is known and easy 
to find a unital homomorphism p : B A such that 

p* o = K o- (e 18.21) 

Define L = ip o ho- Then, \L\ = a. This proves (iii). 

For (iv), we note that Ki(A ) is torsion free and divisible. Write C = PM n (C(X))P, where 
X is a connected finite CW complex and P £ M n {C(X)) is a projection. Note that X / S 2 . In 
this case Kq(C) = Z © Tor(iTo(C')), K\(C) = {0}, or Kq(C) = Z and K\(C) is finite. Suppose 
that P has rank r > 1. Choose xq € X. Let 7r xo : C —>• M r be defined by vr xo (/) = /(xo) for all 
/ € (7. Suppose that e = (1,0) € Z © Tor(A"o(C')) or e = 1 € Z. Choose a projection p & A such 
that [p] = ao(e ) (this is possible since A has stable rank one). There is a unital homomorphism 
ho : M r —> A such that /io( e i,i) = where epi £ M r is a rank one projection. Define h : C —>• A 
by h = ho o ir XQ . One verifies that [h] = a. 

Now we prove (i) and (ii). If C € H and C / 5 2 , the statement follows from the same 
argument as that of Lemma 9.9 of [63] by replacing Lemma 9.8 of [63] by 118.61 above (and 
replace F by C and F\ by C\) in the proof of Lemma 9.9 of [63] . 

Assume that C € C. By considering Ad re o L n \c for suitable unitary w (in M r (A)). we 
may replace C by M r {C ) for some r > 1 so that Ko(C)+ is generated by minimal projections 
{PhP 2 , ,Pd } C C (see 13.151) . Since A is simple and a(C + \ {0}) C Ko{A) + \ {0}, there exists 
an integer IV > 1 such that 

Na(\p\) > 2[U] for all [p\ € K 0 {C)+ \ {0}. (e 18.22) 

Let M > 1 (in place of K ) be the integer given by 118.41 associated with N and C. Since C 
has a separating family of finite-dimensional representations, by Theorem 118.21 there exist two 
sequences of completely positive contractions <p$ \ C — >-A<g)/C(z = 0,l) satisfying the following: 

(a) || (pn\ab) — Pn\ci)(pn\b) || —> 0, for all a, b £ C, as n —> oo, 

(b) for any n, is a homomorphism with finite dimensional range and, consequently, for any 
finite subset V C K_{C ), the map [p^]|-p are well defined for all sufficiently large n, 

(c) for each finite subset V C K(C ). there exists m > 0 such that 

YPn ] \\v = a + [<pi 1) ]|V for all n > m, 

Since C is semiprojective and the positive cone of the Ao-g r o u P is finitely generated, there 
are homomorphisms po and ip\ from C —>• A ® JC such that 

[p 0 ] = a+ {p i]. 

Without lose of generality, let us assume that po and p\ are *-homomorphisms from C to M r (A) 
for some r. Note that M r (A) £ Bo (or in £>i, when C € Co). 

Since ICj(C') is finitely generated (i = 0,1), there exists no > 1 such that every element 
k £ KL(C,A ) is determined by k on Ki(C ) and A'j(C,Z/nZ) for 2 < n < no, i = 1,2 (see 
Corollary 2.11 of [TT]). Let V C K_{C) be a finite subset which generates 

©(FQ(C')© ® Ki(C, Z/nZ)). 

2—0,1 2 <n<no 

Choose K = no!- Let Q be a finite subset of M r (A) which contains {po{Pi), Pi{Pi)',i = 1, ...,d}. 
We may assume that {[pi],i = 1, 2, • • • d} C V. 
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Let 


T = max{r(^ 0 (Pi)) + KMr((pi(pi)) ■ 1 < % < d;r G T(^4)}. 

Choose 7*0 > 0 such that 


NTr 0 < 1/2. (e 18.23) 

Let Q = [t^o] (P) U [yq](P) U a(V). Let 1 > e > 0. By Lemma 114.121 for e and ro above, there is 
a non-zero projection e € M r (A), a C*-subalgebra B G Co (or B G C for case (ii)) with e = 1#, 
t/-£-multiplicative contractive completely positive linear maps Pi : M r (7L) —>• (1 — e)M r (7l)(l — e) 
and L 2 : M r (A ) —>• B with the following properties: 

(1) ||Li(a) + P 2 (a) — a|| < e/2 for all a G f/; 

(2) [Lj]|g is well defined, i = 1,2; 

(3) [Li]|q + [* o P 2 ]|g = [id]| Q ; 

(4) t o [Li\(g) < r 0 r(g ) for all 5 G Po and r G T(A); 

(5) For any igQ, there exists y G K_(B) such that x — [Pi] ( 2 ) = [jo L 2 \(x) = KM[i](y) and, 

(6) There exist positive elements {/*} C Kq(B) + such that for i = 1, ...,n, 

a(N) - [Pi](«(M) = V 0 L 2](a([p*])) = KMi* 0 (fi). 


where 7 : B —>• yl is the embedding. 

By (J5]) , since K = no!, 

[7 o P 2 0 <Po]|.K j (C,Z/nZ)rff’ = b 0 P 2 0 ( £l]|iC i (C,Z/nZ)U'P = 0 j 7 = 0, 1, 
and n = 1,2, ...,no- It follows that 

[Pi ° 7 , o]|if i (C',Z/nZ)rTP = [Vo\\Ki(C,Z/nZ)nV an d 
[Pi ° Vl}\Ki(C,Z./nZ)nV = VPl\\Ki{C,l./n2.)C!Pi 


(e 18.24) 


(e 18.25) 
(e 18.26) 


i = 0,l and n = 1,2, ...,7io. Furthermore, for the case B G Co we have K\{B) = 0, and 
consequently 


[7 o L 2 ]\ Kl ^c)rrp — 0. 


(e 18.27) 


It follows that 


[Pi 0 VoWk^op ~ [<A)]|ir 1 (c)n7>> [Pi 0 ‘Fi]lxi(C)n'P - [ l fi]\K 1 {C)nv- ( e 18.28) 

(e 18.29) 

In the second case when we assume that C G Co an cl A\ G 8 1 , then K\(C) = 0. Therefore 
(|c 18.281) above also holds. 

Denote by T := Lpo © (Bkm-i 74 • O ne B ien has 


[Pi ° ^}Ki(C, Z/nZ )rV 


[Pi ° ¥>0 \Ki(C, Z/nZ)nV + (AM - l)[Pi o ^>1 ^(C, 1/nl)rv 
[Pi ° <Po]Ki(c, z/nz)nv - [Pi ° Pi],fG(c, z/nZ)rrp 

[polif^c, Z/nZ)C\V - VPl]Ki(C, Z/nl^CtP 

“I Ki(C, Z/nZ)fTP> 
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where i = 0 , 1 , n = 1 , 2 ,no! 

By (lei 8 . 221 ) . gj) and (je 18.281) . 

N(-r(a(\pi}) - [Li o T](b*])) > 2 - Nr 0 T > 3/2 for all r € T(A). (e 18.30) 

Since the strict order on K 0 (A) is determined by traces, one has that a{\pj\) — [L 1 o’I'](bj]) > [1 a]- 
Moreover, one also has 


a(H) - [Li o ^]([PiD 

= a{\pi\) - {[Li o a]{\pi ]) + KM[L\ o ^i]([pi])) 

= («(N) - i L i ° «KM)) - KM[Li o ¥?i](bi]) 

= KM(i*o(fj)-[Li\o[<pi](\pi])) 

= KMfj, where// = /, -[Li] o [^[(bi]). 

Note that f- € Kq{A) + \ {0}, j = 1,2Define a homomorphism /3 : Kq{C ) —> Kq(A) by 
/3(bj]) = M fp J = 1) 2, d. Since the K 0 (C) + is generated by bi], [P 2 ], [Pd], P(K 0 {C)+ \ 
{0}) C K 0 (A)+ \ {0}. Since j3 has multiplicity M, By the choice of M and by Lemma 118.51 there 
exists a ^-homomorphism h : C —>• M r (A) (may not be unital) such that 

K o = f3 and /i* 1 = 0. 

Consider the map p' := L\ o 'll © (®f) =1 h) : C —> A (g) 1C, one has that 
W\\k 0 {C)c(P = [Li o ^]\k 0 (C)c\V + N/3 = a\K 0 (C)r\V- 

It is clear that 

K[h\\Ki(C, z/nZ)rv = 0, * = 0,1, n = 1,2, ...,n 0 

and therefore 

]Ki(C, Z/nZ)nr = [L\ ° ^}\Ki(C, Z/nZ)HP = a Ui(C, Z/nZ)(TP> 
where i = 0,1, n = 1,2,..., no . We also have that 


[¥’ , ]ki(C)dp — [-^1 0 vJ/ ]liei(C)n'P — “li^CCOn-p- 


Therefore 

Yp']\v = a \v- 

Since [p'{lc)\ = [1a] and A has stable rank one, there is a unitary u in a matrix algebra of 
A such that the map p = ad(n) o p' satisfies p(lc) = 1 a, as desired. 

Case (v) is standard and is well known. □ 

Corollary 18.8. Any C*-algebra A of Theorem \1 4 . 8 \ is KK-attainable with respective to B u q. 

Proof. Note that A is an inductive limit of C*-algebras which are finite direct sums of C*- 
algebras in H and Co- Since KK-attainability passes to inductive limits, by Theorem 118.71 A is 
KK-attainable with respective to B u 0 . □ 

Corollary 18.9. Let C G C, let A G B u 0 and a : KK(C,A) ++ be such that a([lc]) = b] for 
some projection p £ A and a is strictly positive. Then there exists a homomorphism p : C —>• A 
such that p *0 = a. 

Proof. This is a special case of Theorem 118.71 since C is semiprojective. □ 
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Corollary 18.10. Let A £ B u o- Then there exists a unital simple C*-algebra B\ = lim(C' n , <^ n ), 
where each C n is in Co, and a UHF algebra U of infinite type such that for B = B\ 0 U , we 
have 

(K 0 (B),K 0 (B) + ,[l B ],T(B),r B ) = (p A (K 0 (A)),p A (K 0 (A) + ),p A ([l A }),T(A),r A ). 
Moreover, for each n, there is a unital homomorphism h n : C n (&U -A A such that 

PA ° {hn)*o = (^n,oo ® id[/)*o- (e 18.31) 

Proof. Consider the tuple 

( Pa (Ko(A)), Pa (K 0 (A) + ), p A ([l A }), T(A), r A ). 

Since A = A®U\, for a UHF algebra U\ of infinite type, it has the (SP) property (see [4]), and 
therefore the ordered group (Kq(A), Kq(A) + , [1a]) has the (SP) property in the sense of Theorem 
114.81 that is, for any positive real number 0 < s < 1, there is g £ Kq(A) + such that r(g) < s for 
any r £ T(A). Then it is clear that the scaled ordered group (p A (Ko(A)), {pa(Ko(A)+), p A {l A )) 
also has the (SP) property in the sense of Theorem 114.81 Therefore, by Theorem 114.81 there is 
a simple unital C*-algebra B\ = \\m{C n ,tp n ), where each C n € Co such that 

(K 0 (B 1 ),K 0 (B 1 ) + , [l Bl \,T(B\),r Bl ) (p A (K 0 (A)), Pa (K 0 (A)+), p A (l A ), T(A), r A ). 

Let U = U\ and B = B\®U. Recall that A®U = A. Therefore 

(K 0 (B),K 0 (B) + , [1 B \,T(B),r B ) - (p A (K 0 (A)), p A (K 0 (A)+), p A (l A ), T(A), r A ). 

Clearly, B has the inductive limit decomposition 

B = lim (C n ®U,y n ® id[/). 

For each n , consider the positive homomorphism (</7n iOO )*0 : Ko(C n ) -A Ko(B±) = p A (Ko(A)). 
Since Ko{C n ) is torsion free, Ko{C n ) + is finitely generated, and the strict order on the projections 
of A is determined by traces, there is a positive homomorphism K n : Ko(C n ) —» Kq(A) such that 

p A ° K n = (tp n , oo)*o and k([ 1 c„]o) = [ 1 a]o- 

By Corollary 118.91 there is a unital homomorphism h' n : C n -A A such that (h' n )*o = « n■ It 
is clear that h n := h' n ® id(/ satisfies the desired condition. □ 

Lemma 18.11. Let C £ C. Let a > 0 and let 71 C C s . a . be any finite subset. Let A £ B u o- Then 
for any k £ KL e (C, H) ++ and any continuous affine map 7 : T(A) -A TfiC) which is compatible 
to k, there is a unital homomorphism tp : C -A A such that 

[<£>]* = k and |r o <p(h) — 7 (r)(/i)| < a for all h £ TL. 

Moreover, the above also holds if C £ Co and A £ B u \. 

Proof. Without loss of generality, one may assume that every element of TL has norm at most 
one. Let k and 7 be given. Define A : C ^' 1 \ {0} -A (0,1) by 

A (h) = inf{ 7 (r)(/i )/2 : r £ T(A)}. 

Let 7L\ C C + , 5, and K be the finite subset, positive constant and the positive integer of 
IlG.lOl with respect to C, A, TL and < 7/8 (in place of a). Let V C Kq(C) + be a finite subset which 
generates Kq(C)+. 
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By Lemma 116.121 there is a C*-subalgebra D C A with D £ C and with I/5 = p £ A, a 
continuous affine map 7' : T(D) —>• T(C) such that 

|V(—rr' r )(/) — 'T('7“)(/)I < o-/8 for all r € T(A) for all / € H, (e 18.32) 

T\P) 

where p = l' D , r(l — p) < <7/(8 + a), 

7 , (r)(/i) > A(/i) for all r € T(D) for all h £ (e 18.33) 

Denote by * : D —>• pAp the embedding. Moreover, by 116.121 there are positive homomorphisms 
«o,o : -Ko(C) —>• J<o((l — p)A{l —p)) and kj.o : Kq(C) —>• Kq{D) such that kj.o is strictly positive 
and has the multiplicity K , 

«k 0 (A) = K o,o + Lo 0 «i,o and |7'(r)(p) - t(ki, 0 (p))| <6, p £ P, r € T(Z>). 

Since we assume that A (g) U = A, by the last part of 116.121 we may assume that «o,o is also 
strictly positive. Therefore, by Lemma 116.101 (for suitable modified projection p which still 
satisfies (le 18.32p and (|e 18.331) 1. there is a homomorphism <p\ : C ^ D ® U C A® U such that 
(<Ai)*o = «i,o and 

|r o pi(h) — 7 / (t)(/i)| < <t/ 4 for all h £ TL. 

Since A is simple, LQ(( 1 — p)7l(l — p)) = Ki(A), z = 0,1. Let kq = k — [1 o ] € KL(C, A) = 
KL(C , (1 — p)7l(l — p)). Then /«o|ir 0 (C) = K o,o- Since Ko|ir 0 (c) = K 0.0) it is strictly positive. Note 
that (1— p)j4(l— p)®U = (1—p)j4(l— p). Therefore, by Theorem ll8.7l since C is semi-projective, 
there is a homomorphism po : C —>• (1 —p)7l(l —p) such that [<po] = «o- Note that, this holds for 
both the case that A £ B u 0 and the case that C £ Co and 7l € Consider the homomorphism 

ip := ipo ® 1 o <pi : C 

One has that [<p] = /c and, for all h € TL, 

\t o ip(h) — 7 (r)(/i)| < |r 

< |r 

< l r 


(1 — p)A(l -p)ffiDCA 


°<pi(/i) -7(r)(/i)| +a/ 4 

o <pi(/i) - 7 , (-^-rr|r>)(/)| + cr/2 
r(p) 

o <pi(h)-o (pi(/i)| + 3cr/4 < cr 

r(p) 


as desired. □ 

It turns out that the KK-attainability implies the following existence theorem. 

Proposition 18.12. Let A £ Bq, and assume that A is KK-attainable with respective to B u q. 
Then for any B € B u q, any a € KL ++ (A, B), and any affine continuous map 7 : T(B) —> T{A) 
which is compatible to a, there is a sequence of completely positive linear maps L n : A —>■ B such 
that 

lim || L n (ab) — L n (a)L n (b)\ \ = 0 for all a,b € A, 

n—foo 

[L n ] = a and 

lim sup{|r o L n (f) - 7(r)(/)| : r £ T(A)} = 0 for all f £ A. 

n—foo 

Proof. The proof is the same as that of Proposition 9.7 of [63]. Instead of using Lemma 9.6 of 
[63] , one uses Lemma fl8.111 □ 


191 





















Remark 18.13. The condition that A = A <g> U {A G B\, or A G £>o) in the statements in 
Section [18] can be easily eased to the condition that A G B\ (or Bo) such that A is tracially 
approximately divisible. As a consequence, with almost no additional efforts, one can also ease 
the the same condition for B. Since we eventually do not need to assume A = A® U, to shorten 
the length of this article, we conveniently use the stronger assumption. 

19 The class J\f\ 

Let A be a unital C*-algebra such that A®Q G B\. In this section, we will show that A®Q G Bo- 
Note that this is proved without assuming A® Q is nuclear. However, it implies that A/i = A/"o- 
If we assume that A © Q has finite nuclear dimension, using 118.111 and a characterization of of 
TAS by Winter, a much shorter proof of H9.2b ould easily given here. 

Lemma 19.1. Let A G B\ such that A = A © Q. Then the following holds: For any e > 0, 
any two non-zero mutually orthogonal elements Gq,a2 G A + and any finite subset T C A, there 
exists a projection q G A and a C* -subalgebra C\ G C with lc 1 = q such that 

(!) ||[z,<?]|| < e/16, iGJ, 

(2) pxp G £ /i6 Ci, x G T, and 

(3) 1 - q < ai. 

Suppose A : (Gi)^ 1 \ {0} (0,1) is an order preserving map such that 

r(c) > A(c) for all r G T(A) and c G (Gi)* \ {0}. 

( By \12.3\ such A always exists.) Suppose also that Ft C (Gi)+ \ {0} and T\ C C\ are finite 
subsets. Then, there exists another projection p G A and a C*-subalgebra C 2 G C with p = 1 c 2 
such that p < q, and a unital homomorphism H : C\ —>• C 2 such that 

(4) ||[x,p]|| < e/16, iGJ, 

( 5 ) II H (y) - pyp\\ < e/16, y G Ti, and 

(6) 1~P< ai +a 2 - 

Moreover KfiCfi) = Z m © Gq such that lL*i(Go) = {0}, and H*i|z™ and (j o H)* i|zm are both 
injective, where j : C 2 —>• A is the embedding (m could be zero, in this case, Go = K\(Ci)). 
Furthermore, we may assume that 

r{j o H(c)) > 3A(c)/4 for all c for all r G T(A). 

Proof. Since A G B\, there exists a projection q G A and a C'*-subalgebra Ci G C with lc\ = <7 
such that 

(a) ||[x,i?]|| < e/16, iGJ, 

(b) pxp G e /i6 Ci, iG J, and 

(c) i-g<ai- _ 

There are two non-zero mutually orthogonal elements a ' 2 and 03 G a 2 Aa 2 - Note that A = 
A® Q. Therefore K\(A) is torsion free. Denote by j : C\ —> qAq the embedding. Since K\{Ci) 
is finitely generated, we may write A'i(C'i) = G\ © Go, where Gi = Z mi , j*i|gi is injective and 
J*i|g 0 = 0- Define 

a = min{A(h)/16 : h G PL} > 0. 
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Choose an element a" G a!^Aa! 2 such that d r (a'/) < a for all r G T(A) , where recall d T (a) = 
lim^oo r(a«). 

Suppose that Go is generated by [ 17 ], [r^],..., [f/], where G U(C\) (note Gi has stable 
rank one). Then, we may write = nS exp(zh Sjfe ), (since j*i([u fe ]) = 0 inAd(A)) where 
hs,k € (qAq) sa , s — 1, 2 , l{k), A; — 1 ) 2 ,..., 1. 

Let J-\ be a finite subset of C\ which also has the following property: if x € J-, there is 
y G T\ such that || pxp — y\\ < e/16. 

Let F 2 be a finite subset of qAq to be determined which at least contains T U F\ U TL and 
h s> k, exp (ih Stk ), s = 1 , 2 , ..., l(k), k = 1 , 2 , ..., 1 . 

Let 0 < 5 < min{e/64, cr/4} to be determined. Since qAq G B\, one obtains a non -zero 
projection q\ G qAq and a G*-subalgebra C 2 <ZqAq such that 

(d) || [x, gi]|| < S, x G T 2 , 

(e) qixqi G 5 G 2 , x G Ti, 

(f) 1 - Qi < 02 "- 

With sufficiently small 5 and large J~ 2 , using the semi-projectivity of Gi, we obtain unital 
homomorphisms h\ : C\ —>• G 2 such that 

ll^i( a ) — giagi|| < min{e/16, a} for all aG/iUH. (el9.1) 

One computes that 

r(j o / 11 (c)) > 7A(c)/8 for all c G "H, (e 19.2) 

where we also use j for the embedding from C 2 into qAq. Note that, when J- 2 is large enough, 
(/ii)*i(Go) = {0}. 

We may write K\{Ci) = G 2 0 G 2 .o©G 2 ,o,o> where G 2 = Z m2 with m 2 < mi, G 2 is a subgroup 
of Gi, G 2 ,o,o © G 0 , (/ii)*i(G 2 ,o,o) = { 0 }, (j o /ii)*i|g 2 , 0 = 0 and U 0 M*i|G 2 is injective. Here 
we use the fact that K\{A) is torsion free. If G 2 fi = {0}, we are done. Otherwise m 2 < m\. We 
also note that (j o /ii)*i(G 2 ,o © ^ 2 , 0 , 0 ) = { 0 }. 

We will repeat the process to construct h 2 , and consider h 2 oh\. Then we may write Ai(Ci) = 
G 3 ®G 3 fi(BG 3 fifi with G 3 = Z '” 3 (m 3 < m 2 ) G 3 C G 2 , Gs^o © G , 2 ) o©G 2 ,o,o, (j°/i 2 °^i)*i(G 3 ! o) = 
{0} and (j o h 2 o /ii)*i|g 3 is injective. Again, if G 3 t o = {0}, we are done (choose H = h 2 o hi). 
Otherwise, m 3 < m 2 < m\. We continue this process. Since Gi is a commutative noetherian 
ring, this process stops at a finite stage. This proves the lemma. 

□ 

Theorem 19.2. Let A 1 be a unital separable amenable C*-algebra such that Ai©Q G B\. Then 
A\ © Q G Bq. 

Proof. Let A = A\ © Q. Suppose that A G B\. Let e > 0, let a G A + \ {0} and let Jc A. Since 
A has property (SP), we obtain three non-zero and mutually orthogonal projections eo,ei,e 2 G 
aAa. There exists a projection q\ G A and a G*-subalgebra Gi G C with 1 q 1 = q\ such that 

|| [x, 5 i]|| < e/16 and q\xq\ G e / 16 Gi for all x G T, (e 19.3) 

and 1 - qi < e 0 . (e 19.4) 

Let C Gj be a finite subset such that, for any x G F, there is y G T\ such that \\q\xq\ — y|| < 

e/16. For each h G (Gi)+ \ {0}, define 

A (h) = (1/2) inf{r(h) : r G T(A)}. 

Then A : (Gi )^ 1 \ {0} —> (0,1) preserves the order. Let TL\ C (Gi)^ \ {0} be a finite subset, 
71,72 > 0, 6 > 0, Q C Gi be a finite subset, V C KfCi) be a finite subset, TL 2 C (Gi) s . a . be a 
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finite subset and let U C J^{U (Ci) /Uq{C\)) be a finite subset required bv 112.51 and 112.61 for 
C = Ci, for e/16 (in place of e) and F\ (in place of F) and A/2 (in place of A). 

Bv 119.11 there exists another projection q 2 G A and a C*-subalgebra C2 G C with q 2 = 1 c 2 
such that q2 < q\, and a unital homomorphism H : C\ —>• C2 such that 


||[x,g , 2 ]|| < e/16 for all x G F, (e 19.5) 

II H(y) - q 2 yq 2 \\ < e/16 for all y G F\ , (e 19.6) 

t(J o H{c )) > 3A(c)/4 for all c G "H and (e 19.7) 

1 - <?2 < e 0 + er. (e 19.8) 


Moreover, we may write i'Ti(Ci) = Z m ® Goo, where H*i(Goo) = {0}, T7*i|z™ and (j o 7L)*i|^m 
are injective, where j : C 2 —>• H is the embedding. Let H2 = q 2 ^Q 2 and denote by j 1 : C2 —>• H2 
the embedding. 

Bv 114.81 there exists a unital simple C*-algebra B = B (g> Q such that B = lim n ^. 00 (i? n , i n ) 
such that each B n = B n ^ © B Uy 1 with B n $ G H and L> n j € Co, is injective, 

lim max{r(l/3 n 0 ) : r € T(H)} = 0 and Ell(H) = E11(H2). (e 19.9) 

n—> oo 

We may assume that U = U\ UZ7o, such that tt{Ui) generates Z m , and vr(Z7o) C Go, where 
7r : U{C\)/CU{C\) Ki{Ci) is the quotient map. Here : iCi(Ci) —> U{C\)/CU{Ci) is a 
fixed splitting map defined in 12.151 Suppose that vi,V 2 ,...,% form a set of free generators for 
Jc{ Z m ). Without loss of generality, we may assume that = {ui,^, ...,u m }. 

Put 

73 = min{(A/2)(/i) : h G 77i}. 

Note H${Uo) C Uq{C 2 )/CJJ{C 2 )■ Choose a finite subset 773 C (C2) s . a . and <7 > 0 which have 
the following property: for any two unital homomorphisms hi,h ,2 ■ C 2 —>• D (for any unital 
C*-algebra D of stable rank one), if 

| r o hi{g) - to h 2 {g)\ < a for all g G H 3 , (e 19.10) 

then 

dist(/i|(u), h\{v)) < 72/8 (e 19.11) 

for all v G H^(Uq) C Uq{C 2 ) / CU {C 2 ) ■ Without loss of generality, we may assume that ||/i|| < 1 
for all h G Tii U B .2 U B 3 . 

Let re : E11 (j 42 ) -g Ell(H) be the above identification. So ko [j 2 ] G KK e {C 2 ,B) ++ . It follows 
from llS.TTl that there exists a unital homomorphism p : C 2 —>• B such that 

\p\ = no [ 72 ] and (e 19.12) 

\r{p{h)) - 7 (r)(/i)| < minjyi, 72 , 73 , cr }/8 (e 19.13) 

for all h G H{T~ii) U B^H. 2 ) U B 3 , where 7 : T{B) —> T/(Ci) is induced by re and the embedding 
/1. In particular, <^*1 is injective on L7*i(Z m ). 

Since C2 is semi-projective, without loss of generality, we may assume that p{C 2 ) C B\. We 
may also assume that Bi = Bi$ © B 11 and 

r(l Bl , 0 ) < min{r(re([e 2 ]))/4, 71 / 8 , 72 / 8 , 73 / 8 ,( 7 / 8 } for all r G T{B). (e 19.14) 

Furthermore, identifying E11(H2) and Ell(B), we have (zi )0O 0 ( f)*i = P*i, which is is injective on 
iL*i(Z m ). Consequently one has that (*i l00 )*i is injective on <^*i(H*i(Z m )). 
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Let G\ = 6l(J c (1) (Z m )) C U(C 2 )/CU{C 2 ) and G 0 = (Goo)). Note, by the con¬ 

struction, Go C U 0 (C 2 )/CU{C 2 ). Since k|a'i(c) is an isomorphism and (ii j0 o)*i is injective on 
</?*i(6*i(Z m )), (/?i| g x is injective Let 64 = 6(<^(6i U%U 63)), where P : B\ —>• 61,1 is the 
projection. 

Let e 3 €vl be a projection such that [63] = k _1 ([*i,oo)( 1 .Bi j)]). It follows from the second part 
of 118. 11 1 that there is a unital monomorphism ip 1 : 64,1 —>• e 3 Ae 3 such that 

[ipi\ = kP 1 ° [(*i,oo)|bi.i] and (e 19 . 15 ) 

\t oipi{g) ~i (r)(zi i0O (ff))| < min{r(([e 3 ]))/ 4 ,71/8,72/8,73/8,(7/8} for all g G 64 (e 19 . 16 ) 

for all t € T(A), where 7' : T(A) —> Ty(6i,i) induced by k ~ 1 and ii )OQ . 

Write 61, 0 = -Bi,o,i©-Bi,o,2j where B 1,0,1 is a finite direct sum of circle algebras and 61(61,0,2) 
is hnite. Since B = B ® Q, we may assume that (zi i0O )*i| k 1 (b 1 0 2) = {0}. 

Since A 2 = A 2 < 8 > Q, by part (iii) and (iv) of 118.71 there exists a unital homomorphism 
ip 2 : 61,0,2 —>• e 4 A 2 e 4 such that [-02] = k _1 0 [(*i,oo)bi 0 ]> where e4 is a projection orthogonal to 
e 2 and [e 4 ] = k ~ 1 o [*i,oo]( 1 bi,o, 2 )- As in the proof of ll 8.71 (ip 2 )*i = 0. Let ip 3 : 61,1 © 61,0,2 —t 
(e 3 + e 4 )A 2 (e 3 + e 4 ) by ip 3 = ipi® ip 2 . 

Let 61 : 61 ->• 61, 0 ,i. Then, since (t,oo)*i|ai(b 1 , 0 , 2 ) = { 0 }, is injective. 

Also P\ is injective on (/pio6"i(Jc 1 ^(Z m )). Put G' x = p\cnp^oH^ (ji 1 ^(Z m ))c £/(6i,o,i)/GC/(6i,o,i). 
Then G\ = Z m . 

It follows from 118.71 that there is a unital homomorphism ip'^ : B 1,0.1 —>■ (1 — e 3 — e 4 )A 2 (l — 


e 3 - e 4 ) such that [ip^] = k 1 o [zi,oo|si, 0 ,i]- Let 

Zi = Pi oip* o H x {vi) and & = ip\ o (l Bl - Pi)* 0^0 6*(0), (e 19.17) 

i = 1,2, ...,m. It should be noted that, since (0i)*i = (ip 2 )*i = 0, & € Uq{A 2 )/CU{A 2 ), 
i = 1,2,. ..,m. Moreover, since 

(04)*i 0 (Pi)*i o ip*i(x) = j*i(x) for all x G Z m C iLi(Gi), (e 19.18) 

tt ^)^^)*^)) -1 = 0 in 61 (A). (e 19.19) 

Define a homomorphism A : G\ —> U (A 2 ) / CU (A 2 ) by 

A(zj) = * = 1 , 2 , ..., 777 . (e 19.20) 


Note that A (zi) € Uo(A)/CU(A), i = By 111.51 Uq{A)/CU{A) is divisible. There 

exists a homomorphism A : I/(6i,o,i)/GC/(6i,o,i) —>• U (A 2 ) / CU (A 2 ) such that A^ = A. Define 
a homomorphism Ai : 6(61,o,i)/GC/(6i,0,1) — t U(A 2 )/CU(A 2 ) by Ai(x) = (ip 1 ^ (x)X(x) for all 
x € C/(6i,o,i)/GL r (6i,o,i). Bv Ill.lOl the homomorphism 

U(( 1 - e 3 - e 4 )A(l - e 3 - e 4 ))/G6(( 1 - e 3 - e 4 )A 2 (l - e 3 - e 4 )) -> U(A 2 )/CU(A 2 ) 
is an isomorphism. Since 61,0,1 is a circle algebra, one easily obtains a unital homomorphism 

ip 4 ■ 61,0,1 ->■ (1 - e 3 - e 4 )A 2 (l - e 3 - e 4 ) 


such that 


[Vh] 


[t/> 4 ] = k 1 o [*i,oo|bi, 0 ,i] and = Ai. 


(e 19.21) 
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(e 19.22) 


Define ip : B\ —>• A 2 by ip = ips © ip 4 . Then, we have 

[ip\ = K _1 O [*i i0O ]. 

Since [*i i00 oi^] = ko [/], we compute that 

[ip o (p o H] = k -1 o [z 1;00 ] o [<p o H] = [j o H] in KK(C\,A). (e 19.23) 

Put C[ = H[C\) and ip' = ip > o <p| c ,. Then ip 1 : Ci —)• A 2 is a monomorphism. We have 

W} = \j\c 1 ]- (e 19.24) 

By (jUEISD , (Ic 19.141) and (Ic 19.1(H) . 

|r o ip o ip(g) - r(g)\ < min{< 7 , 71 , 72 , 73 , c} for all g G HifH\) U H(T~L 2 ) U "H 3 . (e 19.25) 
In particular, 

|t 0 ^/( 0 ) - r(j(g))| < min{ 7 i, 72 , 7 4 } for all 5 € tf(77i) U H(U 2 ). (e 19.26) 

We then compute that 

r o ip'{h) > A(h)/2 for all h G "Hi- (e 19.27) 

By (|c 19.201) and the definition of Ai, we have 

{ip')*(vi) = Vi, * = 1,2,..., m. (e 19.28) 

By the choice of 773 and a, we also have 

dist ((//)*(?;), (j 0 H)^(v)) < a 2 for all vGUq. (e 19.29) 

It follows from 112.51 and 112.61 that there is a unitary U G q , 2 ^4q , 2 such that 

||Ad U o ip'{x) — rc|| < e/16 for all x G T\. (e 19.30) 

Let C 3 = Adt/ o ip(B 1A ) and p = 1 c 3 . and p = Ad U oip{l Bl l ). For any y G J-i, <p(y)l_B 1;l = 


Ibh <p(y). Therefore Ad U o ip 1 (y)p = pAd U o ip o ip(y) = pAdU o ip'(y). Hence, 

II py - yp\\ < ||pp -pAdHo ip\y)\\ + ||pAd U o ip'(y) - yp\\ < e /8 + e /8 = e/4 (e 19.31) 
for all i /6 Li. Thus, combining with (Ic 19.31) and (|e 19.51) . 

||px — xp || = ||p<j 2 a; — xq 2 p\\ < 2e/16 + ||pg 2 a;g 2 — q 2 xq 2 p\\ < £ for all x G T. (e 19.32) 
Let x G T. Choose y G T\ such that || q 2 xq 2 — q 2 yq 2 1| < e/16. Then, by (Ic 19.301) . 

\\pxp — pAdU o ip' (y)p\\ < \\pxp - pq 2 xq 2 p\\ (e 19.33) 

+\\pq 2 xq 2 p - pyp || + ||pyp — pAd U o ip'(y)p\\ (e 19.34) 
< e/16 + e/16 = e/ 8 . (e 19.35) 

However, pAdU o ip'{y)p = Ad U o (ip(p(q 2 )<p(y)p(q 2 )) G C 3 for all y G T\. Therefore 

pxp G e C 3 . (e 19.36) 

We then estimate that 

[1 - p] < [1 - 92 ] + [(/(l-Bi.o)] < [eo ® ei © e 2 ] < [a]. (e 19.37) 

Since B\ \ G Co, by applying 13.201 A € Hq. □ 


Corollary 19.3. If A is a unital separable amenable simple C*-algebra such that A® Q G B 1 , 
i/ien, /or any infinite dimensional UHF-algebra U, A®U G Bq. 

Proof. It follows from 119.21 that A® Q G Bo- Then, bv 13.201 and by [75], A® U € Ho for every 
UHF-algebra of infinite type. □ 
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20 KK-attainability of the C*-algebras in Bq 


In the following, let us show an existence theorem for the maps from an algebra in the class £>o to 
a C*-algebra in Theorem ll4.8l The procedure is similar to that of Section 2 of [59], and roughly, 
we will construct a map factors through the C*-subalgebras (in Co) of the given C*-algebra in 
Bo, and also require this map to carry the given KL-element. But since positive cone of the 
Fo-groups of a C*-algebra in Co in general is not free, extra work has to be done to take care of 
this issue. 

20.1. Let us proceed as that of Section 2 of [59j. Let A £ Bo, and assume that A has the 
(SP) property. By Lemma 19.81 the C*-algebra A can be embedded as a C*-subalgebra of 
n m h j 0M„ t for some (n^), and therefore A is MF in the sense of Blackadar and Kirchberg 
(Theorem 3.2.2 of [3]). Since A is assumed to be amenable, by Theorem 5.2.2 of [3], the C*- 
algebra A is strong NF, and hence, by Proposition 6.1.6 of |3], there is an increasing family of 
RFD sub-C*-algebras {A n } such that their union is dense in A. 

Let {xi,X 2 , ..., x n , ...} be a dense sequence of elements in the unit ball of A. Let Vo C Moo(A) 
be a finite subset of projections. We assume that x\ and Vo C M 0 O (t4i). Consider a finite subset 
Fo C A\ C A with (1, aq} C Fo, c>o > 0, and a homomorphism ho from A\ to a finite-dimensional 
C*-algebra Fq which is non-zero on Fo- Since A is assumed to have the (SP) property, by Lemma 
2.1 of [Hi], there is a non-zero homomorphism h! : Fq —»• A such that 

( 1 ) ||eox — xeo|| < 5o/256 and 

( 2 ) || h! o ho(x) — eo*eo|| < 5o/256 for all x € Fq, where eo = h'{ 1 ). 

Since Fq has finite dimension, it follows from Arveson’s Extension Theorem that the ho¬ 
momorphism ho : A\ —» Fo can be extended to a contractive completely positive linear 
map from A to Fo, and let us still denote it by ho- 

Put H = h! o ho : A — > A. Note that eo = H( 1). Since the hereditary C*-subalgebra 
(1 — eo)A(l — eo) is in the class Bo again, there is a projection q[ < 1 — eo and a C*- 
subalgebra S[ £ Co with I 5 / = q[ such that 

(3) || q[x - xq[\\ < 5 0 / 256 for any x £ (1 - e 0 )F 0 (l - e 0 ), 

(4) dist(g / 1 xg , 1 , S [) < <5o/256 for any x £ (1 — eo)Fo(l — eo), and 

(5) t( 1 — eo — q'i) <1/16 for any tracial state r on A. Put q\ = q\ + eo and 5i = S[ © h'(Fo). 
One has 

( 6 ) \\qix — xq\\\ < do/64 for any x £ {ab : a, b € Fo}, 

(7) dist(gixgi, S}) < <5o/64 for any x £ {ab : a, b £ Fo}, and 

( 8 ) r( 1 — qi) = t( 1 — q[ — eo) < 1/16 for any tracial state r on A. 

Let Fq C Si be a finite subset such that dist(qiyqi, Fq) < 4'o/16 for all y £ {ab : a,b £ Fo}. 
Let Q 1 be a finite generating set of S\ which is in the unit ball. 

Since Si is amenable, there is a contractive completely positive linear map L{ : q\Aq\ —>• Si 
such that 


||Lo(s) — s|| < 5o/256 for all s € Q\ UFq. (e20.1) 

Set Lo(a) = L' 0 (qiaqi) for any a £ A. Then Lq is a completely positive contraction from 
A to Si such that 

||Fo(s) — s || < do/256 for all s £ Q\ UFq. (e20.2) 
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We estimate that L$ is (xi}-<5o/16-multiplicative. Since S\ is semi-projective, there is 
5[ > 0 and a finite subset Q[ D Gi in the unit ball such that for any C/j-^-multiplicative 
contractive completely positive linear map L from Si to any C*-algebra, there is a homo¬ 
morphism h from Si to that C*-algebra such that 

||L(a) — h(a)\\ < <5o/2 for any a € (LoOd)} U Q\. 

Set T\ = {* 2 } U Tq U Q[. 

Set hi = minj^, 5 0 /256}. Also there is a projection q 2 € A and a C*-subalgebra S 2 € Co 
with lg 2 = g 2 such that 

(9) ||g 2 x — xq- 2 \\ < <5i/16 for any x € {ab : a,b £ -Si}, 

(10) dist(g 2 xg 2 , S 2 ) < <5i/16 for any x £ {ab : a,b £ -Si}, and 

(11) t( 1 — q 2 ) < 1/32 for any tracial state t on A. 

Let T{ C S 2 be a hnite subset such that dist(g 2 yg 2 , J-}) < <5i/16 for all y £ (afe : a, 6 £ -Si}. 
Let t / 2 be a finite generating set of S 2 which is in the unit ball. 

Therefore there exists a completely positive contraction L\ : g 2 Ag 2 —> S 2 such that 

\\L'i(a) — a|| < hi/16 for all a £ C? 2 U-S{. 

Define Li(a) = L / 1 (g 2 ag 2 ) for all a £ A. It is a completely positive contraction from A to 
S 2 such that 

||Li(a) — a|| < e>i/16 for all a £ G 2 U-7 7 !, 

We estimate, from (9), the choice of -S{ and the above inequality, that L\ is F\-5i/2- 
multiplicative. Therefore, there is a homomorphism h\ : Si —> S 2 such that 

||Li(a) - hi (a) 11 < 5 0 /2 for any a € {L 0 (x 1 )} U Q\. 

Since S 2 is semi-projective, there is S 2 > 0 and a finite subset Q ’ 2 D G 2 hi the unit ball 
such that for any (^-(^-multiplicative contractive completely positive linear map L from 
S 2 to any C*-algebra, there is a homomorphism h! from S 2 to that C*-algebra such that 

||L(a) - h'(a)\\ < <5 x /2, a € {Li{x 1 ),Li{x 2 )} U G 2 - 

Put J ~2 = {(C 3 } u J-\ u J-'i u G'\ u G 2 ■ 

Set 62 = min}#,, 5i/256}. Also there is a projection q^ £ A and a C*-subalgebra S 3 £ Co 
with lg 3 = qs such that 

( 12 ) \\q 3 x — 2 :^ 3 !| < <5 2 /16 for any x € {ab : a,b £ J-^}, 

(13) dist(g 3 X(/ 3 , S 3 ) < <5 2 /16 for any x £ {ab : a, b £ J^}, and 

(14) t( 1 — 92 ) < 1/64 for any tracial state r on A. 

Let T ' 2 C S 3 be a finite subset such that dist^yq^, J 7 ^) < £ 3/16 for all y € {ab : a,b £ J^}. 
Let Q 3 be a finite generating set of S 3 which is in the unit ball. 

There then exists a completely positive contraction L ' 2 : q^Aq^ —>• S 3 such that 

||L 2 (a) — a|| < <5 2 /16 for all a £ G 3 U T' 2 . 
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Define L 2 {a) = L^qsaq^) for all a £ A. It is a completely positive contraction from A to 
S 2 such that 

\\L 2 {a) — o|| < S 2 /I 6 for all a £ Q 3 U T' 2 . 

As estimated above, L 2 is J 7 2 -^ 2 / 2 -multiplicative. Since S 3 is semi-projective, there is 
> 0 and a finite subset Q 3 D Q 3 in the unit ball such that for any t/g-^g-multiplicative 
contractive completely positive linear map L from S 3 to a C*-algebra, there is a homo¬ 
morphism h! from S 3 to that C*-algebra such that 

||L(a) - h'(a) || < 5 2 / 2, a £ {L 2 (xi), L 2 (x 2 ), L 2 (x 3 )} U Q 3 . 

Put J -3 = {£ 4 } u J - 2 u J -2 U Q 2 U Q' 3 . 

On the other hand, there is a homomorphism and h 2 : S 2 —» S 3 such that 
||L 2 (a) - h 2 (a)\\ < 5i, a£ (Li(xi), Li(x 2 )} U Q 2 . 

Repeating this construction, one obtains a sequence of finite subsets To, F\, ..., with dense 
union in the unit ball of A, a decreasing sequence of positive numbers {<5 n } with $n < 

00 , a sequence of projections {q n } C A, a sequence of C*-subalgebras S n £ Co with 
1-Sn = Qn with finite generating subsets Q n C S n , and a sequence of homomorphisms 
h n : S n —>• S n+ \ and a sequence of J r n -(5 n /2-multiplicative contractive completely positive 
linear maps L n : A —>• S n +i such that 

(15) || q n x - xq n \\ < 5 n - 1 /I 6 for all x £ T n . 

(16) dist (q n Xiq n ,S n ) < 6 n - 1 /I 6 , i = 

(17) r( 1 — q n ) < l/2 n+1 for all tracial states t on A. 

(18) Q n C J 7 n + 1 ; where Q n is a finite set of generators for S n . 

(19) ||L n+ i(o) - h n+ i(a)\\ < 5 n for all a £ L n (F n )AQ n . and ||L„(a) - a|| < 5 n for all a £ Q n +i- 

20 .2. Let : A —>• (1 — q n+ i)A(l — q n +i) denote the cut-down map sending a to (1 — q n+ i)a(l — 
q n+ 1 ), and let J n : A —>• A denote the map sending a to ^'n(o) © L n (a). Note that 'L n and J n 
are J r n -(f n / 2 -multiplicative. Set J m>n = J n -i 0 ■ ■ ■ o J m and /i m>n = h n -\ o ■ ■ ■ o h m : S m —>• S n . 
Note that J m ^ n is F rn - - mu 1 1 ip li c at i ve. We also use L n , i $! n ,J ri ,J mtn ,h rn , and h m>n for their 

extensions on a matrix algebra over A. 

Using the same argument as that of Lemma 2.7 of [59], one has the following lemma. 

Lemma 20.3 (Lemma 2.7 of [59]). Let V C Mk{A) be a finite set of projections. Assume that 
F\ is sufficiently large and do is sufficiently small such that [L n o Ji, n ]|-p and [L n o «/i,n] |go are 
well defined, where Go is the subgroup generated by V. Then 

lim sup |r([i n+ i oi„o Ji, n }([p])) ~ r([p])| = 0 

n— *°° tGT(A) 

for any p £ V. 

Furthermore, for any projection p £ V and k > 1, we have 

\T{h k ,k+n+l o [Lfc_i]([p])) - T(h k ,k+n ° [Lfe-l]([p])l < (l/ 2 )”' +fc 

for all t £ T(A) and 

n 

lim rfhkk+n 0 [L k _i](\p]) > (1 - V] l/2* +fc )r([L fc _ 1 ]([p])) > 0 

n—>• 00 z ' 

i =1 

for all p £V and r € T(A). 
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Remark 20.4. Since A is stably finite and assumed to be amenable, therefore exact, any positive 
state of Ko(A) is the restriction of a tracial state of A ([5] and (42j). Thus, the lemma above 
still holds if one replaces the trace r by any positive state tq on Kq(A). 

20.5. Fix a finite subset V of projections of M r (A) (for some r > 1) and an integer N > 1 such 
that [Ljv+iIIp, [Jjv+i ]\v and [\Hjv+i]|p are all well defined. Keep notation in 120.21 Then, on V, 



[Ln+i 0 Ttv] = [Tat + i 0 Ln] © [Ln+i 0 ^n] 

= [h N +i oL n ] © [L n +i o^jv], and 

(e 20.3) 

[Tat_|_2 0 Tjv,W+2 ] 

= [Ln+2 0 Ln+i 0 Jn] © [Ln+2 0 ^at+i 0 J N ] 



= [Ln+2 0 Ln+i 0 Ln] © [Ln+2 0 Ln+i 0 ^n] 

(e 20.4) 


®[Ln+2 0 ^n+i 0 Jn] 

(e 20.5) 


= [^7V+i,iv+3] 0 [Ln] © [Ln+2 0 Ln+i 0 U'jv] © [Ln+2 0 Hf/v+i 0 J N ]. 

(e 20.6) 

Moreover, on V, 


(e 20.7) 


[Ln+ti ° JN,N+n—\\ = [hN+l,N+n+l] ° [Ln] © [Ln+ti ° 'I'Ar +n _i o J Nj N+n-l] 


®[Ln +ti O Ln+u-1 ° ^N+n-2 ° Jn,n+u-2] (e 20.8) 

®[Ln+u ° Ln+u -1 ° Ln+tl -2 ° d'TV+n-3 ° Jn,N+u-3 ] (e 20.9) 
® ■ ■ ■ ©[Ltv+ti ° T^v+n-i ° ■ ■ ■ ° Ln +2 ° 'hjv+i ° Jn] (e 20.10) 
® [Ln+ti ° Ln+u-i o ■■■ o Ln+i o Ttv]- (e 20.11) 


Set l/)% = L n , V’jy+i = L N+ 1 O Ttv, ^ +2 = Ln +2 ° ^iV+l> -An+u = TAr+n o TjV+n— 1 , 

n = 1, 2,.... 

20.6. For each S n , since the abelian group Ko(S n ) is finitely generated and torsion free, there 
is a set of free generators (ef,e 2 , ...,ef n } C Ko(S n ). By Theorem 13.151 the positive cone of the 
Ko(S n ) is finitely generated; denote a set of generators by {sf, sf ,..., s” } C Kg'(S n ). Then 
there is an r n x l n integer-valued matrix R' n such that 


where r n = (sf, sf ,..., sf n ) T and e n = (ef, ef ,..., ef ) T . In particular, for any ordered group H , 
and any elements hi, h^, ■■■, hi n € H, the map ef *-+ hi, i = induces an abelian-group 

homomorphism tp : Kq{S u ) to H , and the map p is positive (or strictly positive) if and only if 

R’ n heH ;» (or<he(R + \{0}D, 


where h = (h\,h 2 , ■■■,hi n ) T € H ln . Moreover, for each ef, write it as ef = (ef)+ 
(ef) + , (ef)_ € K’o(S' ri ) + and fix this decomposition. Define ar„x 21 n matrix 


Then one has 


/ 1 

-10 0 - 

• 0 

0 \ 

0 

0 1 - 1 - 

• 0 

0 

u 

0 0 0 - 

• 1 

-1 ) 




n^n,d= 5 


(ef)_ for 
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where e nj ± = ((e”)+, (e”)_,(e" )+, (e™ )_) T . Hence, for any ordered group H, and any ele¬ 
ments hi-,..., hi ni +, hi n> - G H, the map ef >-)• (hj,+ — hi-), i = 1 induces a positive 

(or strictly positive) homomorphism if and only if 

Rnh± € H;" (or i? n K± G (H+ \ (0}) r ») , 

where h± = (^i,+, ^1,-, h n& , h tn _) T G H /n . 

Since {e™, e^} is a set of generators of Ko(S n ), for any projection p in a matrix algebra 

of S n , there are integers mf([p\), ...,m” ([p]) such that for any homomorphism t : I\o(S n ) —» M, 
one has 

In In 

r([p]) = (rh n (p),T(e n )) = ^ m”([p])r(e”) = ^ m”([p])r((e( l )+) - m"([p])r((e”)_), 

2=1 2=1 

where m n ([p]) = (m”([p]),([p])) T and e„ = (ej\ ef n ). 

For eachp G M m (A), for some integer m > 1, denote by [fk,k+j('P)\ an element in Ko(Sk+j+\) 
associated with r if kyk+ j(p). Let i n : S n —>■ A be the imbedding. Denote by 

(*n)*0 ■ e - ^ (((^n)*o(®l )j (in)* 0(^2 )j (^n)*o(^2 n ))- 

Then, by Lemma 120.31 and Remark 120.41 one has the following lemma. 

Lemma 20.7. With the notion same as the above, for any p G Vo, for each fixed k, one has 
that 

n h+j+l 

r(p)= lim J^( mf +J+1 ([V’fe +i (p)])r((* fe+n o/i fc+j:fe+n )*o(e l fe+:,+1 ))) 

i=i *=i 

- " 1 * fc+ ' ?+1 ( , 0fc+i(p)])^((*fc+n o h k+j)k+n )* !0 (ef +J+1 )_)) 

uniformly on S(Ko(A)). Moreover, pa ° (in )*o ° h k+ j >k+n (e^^f) converges to a strictly positive 
element in Aff(S(iFo(^4))) as n —>• oo uniformly. 

Proof. We first compute that, if j > 1, 

^fc+j + l 

£ ^ fc+ - 7+1 ([V’fe+iKb]))' r ((*fe+n o %+j,fe+n)*o(e l fc+J+1 )) (e 20.12) 

2=1 

= r([L i+n o ■ • • o I H j +1 o L i+ j o %3-Jdj)])) (e 20.13) 

and, if j = 1, 

Z fc-j-1 

E»>? +1 ([VLi]([p]))^((!t+nO^ +1 , i+ „).o(e‘ +1 )) (e 20.14) 

i=l 

= T([L k+n o ■■■ o L k+j+1 o L k \(\p])). (e 20.15) 
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Thus (see l20.5|) 


71 ^k+j 

52 E m < + 5 (^fc+j(p)]) r ((**» ° h k+j,k+n)* o( 4 ’ +J ))) (e 20 . 16 ) 

3 =1 i I 

= r([L fc+n o • • • o L fc+i+1 o L fc ]([p])) (e 20 . 17 ) 

n 

+ ^2 T (i L k+n o • • • O L fc+j+ i o L k+j o 'L fe+j _ 1 ]([p])) (e 20 . 18 ) 

3 =2 

= r([L fc+n o • • • o L fc+j+ i o L fc ]([p])) (e 20 . 19 ) 

n 

“I - ^ ^ \L k +n o ■■■ O o L k +j ° ^fc+j—l ° Jkyk+j— l] ([p])) (e 20 . 20 ) 

1=2 

= r([Lfc +ri o Jfc, n +fc-i](bD)- (e 20 . 21 ) 


Thus the hrst part of the lemma then follows from 120.31 The second part also follows. 

□ 


One then has the following 

Corollary 20.8. Let V be a finite subset of projections in a matrix algebra over A, let Gq be 
the subgroup of Kq{A) generated by V and let k > 1 be an integer. Denote by p : Go —>• IIZ the 
map defined by 


(mi (go), -mi(q 0 ),Tn$(q 0 ), -m§(? 0 ), • • • m? k (q 0 ), -mjf k (qo), 

mi +1 (qi ), - m k { +1 (qi ), m k 2 +1 (qi ), - m k 2 +1 {qi ),..., (?i), -m £+* (?i), 

^ +2 fe), - m k 1 +2 (q 2 ),m k 2 +2 (q 2 ), -m* +2 ( g2 ),..., fe),-mf^fe), • • • ),(e 20.22) 

where qi = (p)], i = 0,1, 2,.... If p(g) = 0, then r(g) = 0 /or any trace over A. 

By the definition of the map p and H = hi o ho : A —> Fo >■ A, using the same argument as 
that of Lemma 2.12 of [ 59] . one has the following lemma. 

Lemma 20.9. Let V be a finite subset of projections in M k (A\) C M k (A). Then there is a 
finite subset T\ C Ai and 6 q > 0 such that if the above construction starts with F\ and 6 q, then 


ker p C ker[JL] and ker p C ker[/io]. 

The JLo-part of the existence theorem will almost factor through the map p, and this lemma 
will help us to handle the elements of Kq(A) which vanish under p. Moreover, to get a such 
iLo-homomorphism, one also needs to find a copy of the generating set of the positive cone of 
Ko(S) inside the image of p as an ordered group for certain algebra S € Cq. In order to do so, 
one needs the following technical lemma, which is essentially Lemma 3.4 of [ 59 ]. 

Lemma 20.10 (Lemma 3.4 of [59]). Let S be a compact convex set, and let Aff(S') be the 
affine continuous functions on S. Let D be a dense ordered subgroup of Aff(S'), and let G be 
an ordered group with the strict order determined by a surjective homomorphism p : G —> B. 
Let {xij}i<i< r ,i<j<oo be an r x oo matrix having rank r and with Xij € Z for each i,j. Let 
g^ € G such that p(g = a^ n \ where {a^} is a sequence of positive elements in D such that 
a ^ — > a,j(> 0) uniformly on S as n —>• oo. 
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Further suppose that there is a sequence of integers s(n ) satisfying the following condition: 
LetUn = (gj n) )s( n )x 1 be the part of (g^)i<j <00 and let 

Un = ( X ij)rxs{n) v n 

Denote by y n = p^ffyfi). Then there exists z = (zj) rx 1 such that y n —>• z on S uniformly. 

With the above condition, there exist 5 > 0 and a positive integer K > 0 satisfying the 
following: 

For some sufficiently large n, if M is a positive integer, and if z! € (i.e., there is 

-// g Qr K 3 z" = z') satisfies \ \z — Mz'\\ <5, where z' = (z[, z' 2 , ■ ■ ■ , z' r ) with z'j = p(z'j) 

then there is a u = (cj) s (n)xi € Gfi 1 ' such that 

( , x ij) r xs(n) u ■ • 

Moreover, if each s(n ) can 6 e written as s(n) = Ylk=i where are positive integers, and 
for each k, R & is a r*. x 4 matrix with entries in Z so that 

R n = diag(i?i, i? 2 , -Rn) 


satisfies 


R n g n > 0 (e 20.23) 

as an element in G^^=i Tk , where g n = (gf,gf, ...,gf (n ^) T , n = 1 , 2 ,...,, i/ien we may choose u 
that 


R n u > 0. 


(e 20.24) 


Proof. The proof is repeating the argument of Lemma 3.4 of [59], and we need to show that if 
(le 20.231) holds, then u = (cj) s ( n ) xl can be chosen to make (le 20.241) hold. 


(n) 


,(") 


By (le 20.231) . any entry of 4(-i t) T is strictly positive. Since 


,00 


aj and 


the strict order on G is determined by p, there exists an integer L & > 1 and 5 k > 0 such that if 
n > Lfc and 

p ( q ( n h 

\\p(fj k) ) - JJ— \\<b' k /2 and \\aj/M - aJ n) /M|| < S k /4, j = s(k - 1) + 1,..., s{k) 


for some /j fc) € G + , then any entry of Rk(f^l_^ +V •••, •/'.!(A-) ) T positive- We may assume that 
Lfc+i > Lfc, k = 1, 2,. One may assume that {(%} is decreasing. 

Without loss go generality, let us assume that ( Xij) rxr has rank r. Set A' n = ( x ij) r xs(n)- 
Then there is an invertible matrix B' € M r (Q) such that B'A' n = C n , where C n = ( I r ,D' n ) for 
some r x (s(n) — r) matrix D' n . Moreover, there is an integer K such that all entries of KB' 
and K(B ')^ 1 are integers. Evidently, KD' n is also a matrix with integer entries. 

Since O is dense in Aff(S), there are f n € G s ^ such that f n = (d^ l> ) and, for all n > L n , 


I K 3 p{^) - 


(n) 

i_i 

M 


< min{ 


s(n ) 2 ■ 2 1 


"> /4}, j = 1 , 2 ,...., s(n). 


(e 20.25) 


Let w n = K 3 f n , and let p(d^) = d!'f ;> . Then 

iL 3 dJ n) -> K 3 dj = > 0 
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uniformly on S. Set y' n = A' n w n = K 3 A' n £ n , and set y' n = p^A n ))(y' n ) } where G m —> D m is 
the nature map induced by p : G —>• D. Then one has y' n —>• z/M uniformly on S. 

We then has 

C n w n = K^Cnin = K 3 B'A' n Cn = B% 

and 

IrV n = B y n D n w n , 

where v' n = (K 3 d ^'\..., K 3 d^) T and D n = (0 ,D' n ). 

(n) 

Since d- ' —>• dj > 0 uniformly on S, there is Ni > 0 such that 

df > inf{^(r) : r G 5} > 0 

for all n> N\ and j = 1, 2, r. Let k r be a natural number such that r < s(k r ), and set 
0 < e < min{<5^/8,inf{dj(T) : r € S}/32K 4 : j = 1,2, 

There is IV 2 such that if n > IV 2 , then 

H-B'l/n - 5^1 loo < e/4; 


and there is IV 3 > 0 such that 


\\B , (i/ n )-B , (z/M)\\ 00 < e/4, n > JV 3 . 

There is 5 > 0 depending only on B' such that if ||z — 1WV|| <5, one has 

\\B'y' n - B'z'Woo < e/2, n>N 3 . 


Let z' and z" be described in the lemma. Set N = max{lVi, IV2, IV3}. Since both KB' and 
KD n are matrix over Z, v! = KB'z" — KD n ^ n G G' r . Let 

5V - L>„u) n = K 3 B'z" - K 3 D n £ n = I< 2 u ', (e 20.26) 

where v! = (ci, c~ 2 ,..., c r ) G G r and n> N. Set u" = K 2 v! , and let 

p {r \v!) = (ci,c 2 , ...,cv) e B r . 

One may write 

I r u" = B'z' — D n u> n , 


and one has 

II P {r \u") - P (r \v ' n )Moo = || P {r \B'~z' - D n w n ) - p^\B'y' n - D n w n )|U < e. 
Set 

u = (K 2 c 1 ,...,K 2 c r ,K 3 d^ 1 ,...,K 3 d^l ) ) T . 

We calculate that 

B' A' n u = (I r , D' n )u = u" + (0, D' n )u = B'z' — D n w n + (0, D' n )u = B'z'. 


Consequently, A' n u = z', since B' is invertible. 
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In order to show that R n u > 0, it suffices to verify that 


I K 2 p{cj) - 


p(a 3 


(L kr )s 


and, if n > L r 


\K 3 p(d ( 'J l) ) - ——yy -11 < 5'J2, j = r + 1, s(n). 


p{g 


M 


(L n )\ 


<d' kr /2, j = 1 ,r 


M 


(e 20.27) 


(e 20.28) 


Equation (le 20.281) follows from (le 20.251) directly. Let us verify (le 20.271) . By (le 20.261) . one 


has 


Rapin')-p(g') || = 

< 
< 


II B'p(z') - D n p(w) n - p(g') || 

II B'y'n - D n p(w)n - p(g')\ \ + e/2 
II B'p(A' n w n ) - D n p(w) n - p(g ')|| + 5 ' kr /16 
\\p{( B 'A! n - D n ){w n ) - 5OII + ^fe,/ 16 
||p((C n - D n )(u> n ) - sOH + S' k J16 

\\K 3 p((d i ; ) ) rxl )-p(g , )\\ +6' kr /l6 < 61/2, 


where g' = (g[ Lk ^/M, g^ kr ^/M ,..., g^ kr ^/M), and p r : G r —>• D r is denoted by p. This verifies 
Equation (le 20.27j) . Thus, u is the desired solution. □ 


Definition 20.11. A unital stably finite C*-algebra A is said to have the iLo-clensity property 
if the image p(Ko(A)) is dense in Aff(S[i](ATo(A)), where Sp] (ATo(A)) is the convex set of the 
states of Kq(A), i.e., the convex set of all positive homomorphisms r : K$(A) —>• M satisfying 
r([l]) = 1. 

Remark 20.12. By Corollary 7.9 of [39], the linear space spanned by p(Ko(A)) is always dense 
in Aff(Sp](A'o(A)). Therefore, the unital stably finite C*-algebra in the form of A®U for a UHF- 
algebra U always has the A'o-density property. Moreover, any unital stably finite C*-algebra A 
which is tracially approximately divisible has the Ao-density property. 

Remark 20.13. Not all C*-algebras in B\ with the (SP) property satisfy the density property. 
The following is one example: Consider 

G = {(a, b) € Q © Q : 2a — b € Z} and 

G + \ {0} = (Q+ \ {0} © Q+ \ {0}) n G (e 20.29) 

and 1 = (1,1) € G + as unit. 

Then (G, G+,1) is a weakly unperforated rational Riesz simple ordered group (but not a 
Riesz group—see 176]). Evidently G has (SP) property; but the image of G is not dense in 
Aff(S[i](G) = M® R, as (1/2,1/2) € RffiR is not in the closure of the image of G. We leave the 
details to the readers. 

Proposition 20.14. Let A € Bo satisfy the density property and let B\ he an inductive limit 
C*-algebra in Theorem \14-S\ such that 

(A 0 (A),Ao(A) + ,[U],A!(A)) ^ (K 0 (B), K 0 (B) + , [l s ], Ai(R)), 

where B = B\®U for a UHF-algebra U of infinite type. Let a € KL(A , B ) be an element which 
implements the isomorphism above. Then, for any V C P{A), there is a sequence of completely 
positive linear maps L n : A —» B such that 

lim ||L n (a6) — L n (a)L n (b)\\ = 0 for all a,b G A 

n—>-oo 

and [L n ]|-p = a\p as n —>• 00. 
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Proof. By Lemma 19.81 A is the closure of an increasing union of RFD C*-subalgebras {A n }. 
We may assume V C K_{A\). Let G = G(V) be the subgroup generated by V and let Vo C V 
be such that Vq generate Gfl Ko{A). Write Vo = {pi, ...,pi}, where p\,...,pi are projections 
in a matrix algebra over A. Let Go be the group generated by Vq■ Let T\ be a finite subset 
of A\ and let 5o > 0 be such that any Ti-^o-multiplicative linear map, the map [L]\-p is well 
defined. Moreover, one requires that T\ and So satisfy Lemma 120.91 Let ko be an integer such 
that G{V) H Kj(A, Z/fcZ) = {0} for any k > ko, i = 0,1. 

By Theorem 118.21 there are two J-i-So/2 multiplicative contractive completely positive linear 
maps <&o, $1 from A to B <S) K. such that 

[<h 0 ]|-p = a\-p + [$i]|p 

and the image of <hi is in a finite dimensional C*-subalgebra. Moreover, we may also assume 
that d>i is a homomorphism when it is restricted on Ai, and the image is a finite-dimensional 
C*-algebra. With <Li in the role of ho, we can proceed with the construction as described at the 
beginning of this section. We will keep the same notation. 

Consider the map p : G(V) n Ko(-A) —>• l°°( Z) defined in Corollary 120.81 The linear span of 
{p{pi)i ■■■ipi.Pl)} over Q w ill have finite rank, say r. So, we may assume that {p{pi), ...,p(p r )} 
are linearly independent and the Q-linear span of them give us the whole subspace. Therefore, 
there is an integer M such that for any g € p(Go), the element Mg is in the subgroup generated 
by {p(Pi)i ■■■! PiPr)}- Let Xij = ( p{pi))j , and Zi = p B {a(\pi]) € D, where D = p B (K 0 (B )) in 
Aff(S'[ 1 ] (Ko{B)). Since A is assumed to have the density property, so is B. Therefore the image 
D is a dense subgroup of AfF(Sni (Ko{B))). 

Let {Sj} be the sequence of C'*-subalgebras in Co in the construction at the beginning of this 
section. Fix k > 1. Let e^ +J , € Ko(Sk+j)i i = 1,2, ...,4+j and Rk+j be rk+j x 2 lk+j matrix 

as described in 120.61 Let s(j) = J2i=i 2 h+ii 3 = 1, 2,.... Put 

a([i n o hk+j,n( e iX 3 ^ = ^y-i)+2i-i’ “([*" ° ^fc+j,iVo+n(ep)]) = 9^- i)+2i> ( e 20 - 30 ) 

i = 1,2,...,4, and a^ = PBig'f’), j = l,2,...,s(n) = Y%=i l k+j, n = 1,2,.... Note that a^ <E 
D+\{0}. It follows from Lemma [203] that lim^oo a^_ 1)+2i = a s(i _ 1)+2i = PB{oc{g^j _ 1)+2i )) > 
0 and lim^oo a^_ 1)+2i _ 1 = a s(i _i) +2 *-i = i) +2i _i)) > 0 uniformly. Moreover, by 

1 20.71 YJj=i ->• Zi uniformly. Furthermore, by| 20.6[ R n g n > 0, g n = (gf, g %,..., g™ (n) ) T ■ 

So, Lemma 120.101 applies. Fix K and 5 obtained from Lemma 120.101 

MK 3 {k 0 +l)\-l 

Let T := <ho © (3>i © • ■ • © <hi). Since dq factors through a finite-dimensional C*-algebra, it 
is zero when restricted to K\(A) n G and Z/feZ) n G for 2 < k < ko- Moreover, the map 

MK 3 (k 0 +l)\ 

, -^-s 

($1 0 ... 0 (Jq) vanishes on Kq(A, Z//cZ) for 2 < k < ko- Therefore we have 

['L]|i ; s:i(A)nG = «Ui(A)nG, [^IjsTRA.z/fcijnG = “liCRA.z/fcZjnG 

and [^]\K 0 (A,z/kZ)nG = «k 0 (A,z/jfcZ)nG- We may assume T(1. 4 ) is a projection in M r (B) for 
some integer r. 

We may also assume that there exist projections {p^, ...,P;} in B 1C which are sufficiently 
close to {'L(pi),..., ^(pi)} respectively, so that [p'J = [’F(pj)]. Note that B G Bo, and hence the 
strict order on the projections of B is determined by traces. Thus there is a projection q[ < p[ 
such that [q'f\ = MK 3 (ko + l)\[®i(pi)]. Set e- =p' i ~q' i , and let V\ = ^(V)U$i(V)U{p^q^e^i = 
1Denote by G\ the group generated by V\. Recall that Go = G(V) C K 0 {A), and 
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decompose it as Goo © Goi, where Goo is the infinitesimal part of Go- Fix this decomposition 
and denote by {di, ...,dt} the positive elements which generate Goi- 

Applying Corollary 114.111 to M r (B) with any finite subset Q, any e > 0 and any 0 < ro < 
5 < 1, one has a Q-e- multiplicative map L : M r (A>) —>• M r (A) with the following properties: 

( 1 ) [L\ |-pj and [L]\g 1 are well defined; 

(2) [A] induces the identity maps on the infinitesimal part of GinKo(-B), Gi n Ki(A), Gi n 
Ko(.B, Z//cZ) and G\ n Ki(A?, Z/A;Z) for the k with G\ n Kj(A?, Z/fcZ) ^ {0}, i = 0,1; 

(3) t o [L](g) < ror(g) for all g G G\ n Ko(-B) and r € T{B)\ 

(4) There exist positive elements {/*} C K${B)+ such that for i = 1, 

a{di) - [L\(a(di)) = MK 3 (k 0 + I)!/*. 


Using the compactness of T(B ) and the strict comparison for positive elements for B , the 
positive number ro can be chosen sufficiently small such that r o [A] o [\l/]([pj]) < 6/2 for all 
r € T(B), and a([pi]) - [To T]([pj]) > 0, i = 1,2,...,/. 

Let [pi] = ^* =1 m,jdj + Sj, where rrij € Z and Sj € Goo- Note, by (2) above, (a — [A]oa)(si) = 
0. Then we have 

«(M) - i Lo ^](\Pi]) 

= a{\pi j) - ([Loa](\pi]) + MK 3 (k 0 + 1)![A o 4>i]([pi])) 

= (a(Y J mjdj) — [L o a\(Y J m j dj)) - MK 3 (k 0 + 1 )![A o $i]([p*]) 

= MK 3 (k 0 + 1)!(£ nrijfj - [A] o [$i](bi])) = Mtf 3 (fc 0 + 1)!/', 

where /' = -[L]o[T,]([p,;]), for 1 = 1,2,...,/. Define /3([p*]) = A' 3 (/c 0 + l)!/', * = 1,2,...,/. 

Let us now construct a map h! : A —>• B. It will be constructed by factoring through the 
Ao-group of some G*-algebra in the class Co in the construction given at the beginning of this 
section. Let z{ = /3(\pi\), and z\ = pn(zi) € Aff(•S'rii(Ao(-B))). Then we have: 

\\Mz' — z||oo = m&Xi{\\pB(a(\pi]) -[Lo^](\pi])) - p(a(\pi]))\\} 

= maxi{sup TeT(B) {r o [A] o ['F]([p*])} < 6/2, 

where z = (zi, Z 2 , ■■■, z r ) and z' = (z[, z’ 2 ,z' r ). By Lemma r20.101 for sufficiently large n, one 
obtains u = (u\, U 2 , u s (n)) € A'o(A)^"' such that 


More importantly, 


J2 X V U 3 = 


(e 20.31) 


R n u>0. (e 20.32) 

It follows from 120.61 that the maps 

^ (u s ( j _i) +2 j_i - « s(j -_i) +2 i), 1 < j < n, 1 < i < /fc+j 

defines strictly positive homomorphism, from Ko(Sk+j) to Kq(B) which defines a strictly 

positive homomorphism from Kq(D) to Kq(B), where D = Sfc+i © ■ ■ • © Sk + n • Since B G B u o, 
by Corollary 118.91 there is a homomorphism h' : A> —» M m (A>) for some large m such that 
Ko\s k = 4 fc) - ^ He 20.311) . one has, keeping the notation in the construction at the beginning 
of this section, 

Ko(.[^k+i(Pi)}d^k+ 2 ^i)],---A^n+k(Pi)}) =0(b*])> * = h-,r. 
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Now, define h" : A —» D —>M m (B) by 

h" = ti O (V>fe +1 ffi ^fc+2® ' • • © V’fc+n)' 

Then h" is A-^-multiplicative. 

For any x G ker p, by Lemma [20.91 x G ker ps o ct n ker[H] and x G ker[/io] = ker[$i]. 
Therefore, we have [<3?i](x) = 0 and [ v L](x) = a(x). Note that a(x) also vanishes under any state 
of (Kq(B), Kq + (B)), we have [L] o a(x) = a(x). So, we get 

a(x) — [L o T](x) = 0. 

Therefore a-[Lo 'LJIkerp = 0. Therefore we may view a — [L o$] as a homomorphism from 
p{Gq). Since Mg is in the subgroup generated by p([pi ]),..., p{[p r ]) for any g G p(Gq). Recall 
that 

(a-[Lo ^])([pi]) = M(3(\pi]), i = l,2,...,r. (e20.33) 

Set h to be M copies of h". The map h is A-d-multiplicative, and 
[h]([Pi]) = a{\pi ]) - [L] o [®](|>i]) i = 1, •••, r. 

Note that [h] also has the multiplicity MK 5 (ko + 1)!, and D G Co with trivial K\ groups. One 
can concludes that h induces zero map on G 0 K\(A), G 0 Ki(A, Z/fcZ) and G 0 K\{A^ r LfkTk) 
for k < ko- Therefore, we have 

[h]\v = °\v ~ [L] o [\H]|p. 

Set L\ = (L o T) © h. It is F-5 multiplicative and 

[Li\\v = [h]\v + [L] o [^/]|-p = a\p. 

We may assume L\(\a) = 1_b by taking a conjugation with a partial isometry. Then L\ is an 
J r -(5-multiplicative map from A to B, and [Li]|-p = aj-p. □ 

Corollary 20.15. Let A be a amenable C*-algebra in the class B\, and assume that A satisfies 
the Kq- density property and the UCT. Then A is KK-attainable with respect to B u o. 

Proof. Let C be any C*-algebra in B u o, and let a € KL ++ (A, C ). We may write that C = C\®U 
for some Ci € £>o an d for some UHF-algebra of infinite type. By Theorem 114.81 there is a C*- 
algebra B which is an inductive limit of C*-algebras in the class Co together with homogeneous 
C*-algebras in the class H such that 

(Ro(A),A- 0 (A) + ,[U]o,AR(^)) ^ (KoiB^KoW+^lB^KiiB)). 

Since A satisfies the UCT, there is an invertible f3 € KL ++ (A,B) such that f3 carries the 
isomorphism of K-theories of A and B. Applying Proposition 120.141 to (3 and applying Corollary 
118.81 to a o /? _1 , one has the desired conclusion. □ 

Theorem 20.16. Let A € £>i be a amenable C*-algebra satisfying the K^-density property and 
the UCT, and let B G B u o- Then for any a G KL ++ (A, B), and any 7 : T(B) —> T(A) which is 
compatible to a, there is a sequence of completely positive linear maps L n : A —>• B such that 

lim || L n (ab) — L n (a)L n (b)\ \ = 0 for all a,b G A 

n—> 00 

[L n ] = a and lim sup |r o L n (f ) — 7 (t)(/)| = 0 for all / G A. 
n ^°°reT(B) 

Proof. It follows from Corollary 120.151 and Proposition 118.121 directly. □ 
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21 The isomorphism theorem 


Definition 21.1. Put C' = PM n (C(X))P , where T U • • • U T UY for some connected finite 
CW-complex Y with torsion Ad-group (no restriction on Kq(C(Y))) and dimension no more 
than 3, and P is a projection in M n (C(X)) with rank r > 6 . Then Ki(PM n (C(X))P) = 
Tor(lYi(C' / )) © G\ for some torsion free group G\ = TL S . Let D' = ®‘ =1 M r (C(T)). Let II( : 
PM n (C\X))P Ei (Ei = AI r (C( T))) be defined by W i (f)(x) = f\j i , where T ? ; is the i-th circle, 
for all f € C', i= 1,2, ...,s. Define n' : PM n (C(X))P D' by n'(/) = n'(/), ...,n' s (/)) 

for all / £ C'. We have that Ki(D’) = G\ . 

Denote by C a finite direct sum of the C*-algebras of the form C' above, matrix algebras 
and (7*-algebras in Co (with trivial Ad-group). Denote by D the direct sum of D' corresponding 
to the C*-algebras in the form C'. In other words, C = D © Cq, where Cq is a direct sum of 
C*-algebras in Co and those with the form PM n (C(Y))P , where Y is a connected finite CW 
complex with KfiCiY)) is a finite abelian group. Then, one has that 

U(C)/CU(C) “ U 0 (C')/CU(C') © K\(D) © Tor(/Ci(C)). 

Here we identify A'i(D)©Tor(JCi(C')) with a subgroup of U(C)/CU ( C ). Denote by 7To, 7 Ti, 7r2 the 
projection maps from U(C')/CU(C') to each component according to the decomposition above. 
Define P' : C — > PM n (C(X))P to be the projection and n = T o P'. 

We will frequently refer to the above notation later in this section. 

As in |S3], we have the following lemmas to control the maps from U(C)/CU(C ) in the 
approximate intertwining argument in the proof of 121.91 The proofs are the repetition of the 
corresponding arguments in [63] . 

Lemma 21.2 (See Lemma 7.2 of [63]). Let C be as above, letU C U(C) be a finite subset, and 
let F be the group generated byU. Suppose that G is a subgroup of U(C)/CU(C') which contains 
F, the image of F in U{C)/CU(C), also contains 7 ri(U(C)/CU(C')), and 7 r 2 (U(C')/CU(C)). 
Suppose that the composition map 7 : F —>• U(D)/CU(D) —>• \J(D)/\Jq(D) is injective—that 
is, if x,y € F and x / y, then [x] / [ y ] in U(D)/Uq(D). Let B be a unital C*-algebra and 
A : G —>• U(H)/CU(H) be a homomorphism such that A(Gfl (Uo(C')/CU(C))) C Uo(-B)/CU(L>). 
Let 6 : 7 r 2 (U(C , )/CU(C)) U(H)/CU(H) be defined by d(g ) = A^^u^/cu^))^ -1 ) for any 
g € 7 T 2 (U(C')/CU(C')). Then there is a homomorphism ft : U(D)/CU(D) —> XJ(B)/CXJ(B) with 

/3(U 0 (D)/CU(D)) c U 0 (5)/CU(5), 

and such that 

/lotf o 7Ti(u;) = A (w)(9 o tt 2 (w)) for all w € F. 

If furthermore B = B± ig) U for a unital C*-algebra B\ £ £>o and a UHF-algebra U, and A(G) C 
U 0 (B)/CU(B), then /lotfo (^ 1 )| i? = A\ p . 

The above may be summarized by the following commutative diagram: 


F 


inclusion 


G 


vri(F) 

n* 


A+0O7T2 

U(B)/CU(B) 



U(D)/CU(D) 
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Proof. The proof is exactly the same as that of Lemma 7.2 of [63]. 

Let Hi : U ( D)/CU(D) —> K\(D) C U ( C)/CU(C) be the quotient map. Let r] : tti(U ( C)/CU (C)) —> 
K\ (D) be the map defined by r/ = k\ o nt| ni mtc)/CU(C))- Note that 77 is an isomorphism— 
as we regard both irfiU (C) / CU {C)) and K\(D) as the same subgroup of U(C)/CU(C ), this 
r] is the identity map. Since 7 is injective and 7 (F) is free, we conclude that ki o o 7Ti is 
also injective on F. Since Uq(C)/CU(C) is divisible (6.6 of [63]), there is a homomorphism 
A : K\(D) -> U 0 {C)/CU(C ) such that 

A U 1 onto,r 1 (F) =f 0° ((«1 O n J O TTi)^)- 1 , 

where ((/■cioILtc>7ri)|-p) _1 : goirfiF) —>• F is the inverse map of the injective map (fiq oil* 0717 )|p. 

This could be viewed as the following commutative diagram: 


Ki{D) 


f'/o-,!(/••)-— ^u 0 (c)/cu(c). 


Define 

P = A((7/ _1 o m) © (A o ki)). 

Then, for any w E F, 

/3(L1* o 7ri(yJ)) = A(r/ _1 («;i o n*(7Ti(uJ))) ® A o Ki(II*(7ri(uJ)))) = A(7Ti(uJ) ® ttq ( w )). 


Define 9 : n 2 (U(C)/CU{C)) -> U{B)/CU(B) by 

9(x) = A(x~ 1 ) for all x G ir 2 {U(C)/CU{C)). 


Then 

/3(11^(7Ti (H?))) = A(w)9(tt2(w)) for all w € F. 

For the second part of the statement, one assume that A (G) C Uq(B)/CU(B). Then 
A(tt 2 (U (C) / CU (C))) is a torsion subgroup of Uq{B)/CU(B). But \Jo(B)/CXJ(B) is torsion 
free by Lemma lll.5l and hence 0 = 0. □ 

Lemma 21.3 (See Lemma 7.3 of [63]). Let B £ B\ be a separable simple C*-algebra, and let 
C be as above. Let U C U(B) be a finite subset, and let F be the subgroup generated by U 
such that m(F) is free, where n\ : U(B)/CU(B) —>■ K\(B) is the quotient map. Suppose that 
a : K\(C) —>• K\(B) is an injective homomorphism and L : F —>• U(C)/CU(C) is an injective 
homomorphism with L{F n JJq{B)/CU{B)) C Uq(C)/CU(C) such thatnioL is one-to-one and 

a o k\ o L{g) = K\{g) for all g £ F, 

where : U(C)/CU(C ) —>• K\ (C) is the quotient map. Then there exists a homomorphism 
P : U(C)/CU(C) -> U{B)/CU(B) with p(U 0 (C)/CU(C )) C U 0 (B)/CU(B ) such that 

P o L(f) = f for all f £ F. 

Proof. The proof is exactly the same as that of Lemma 7.3 of (63] . 

Let G be the preimage of cco UfiU(C) / CU(C)) under n\. So we have the short exact sequence 

0 -> U 0 {B)/CU(B) -7 G ->• ao dfiU {C) / CU (C)) -> 0. 
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Since Uq{B)/CU{B) is divisible, there is an injective homomorphism 

7 : a o k' 1 {U(C)/CU(C)) -> G 

such that o 7 (g) = g for any g € a o k'^U(C)/CU(C)) . Since a o o L(f) = K\(f) for any 

/ € F, we have F C G. Moreover, note that 

(7 o a o o L(/))'V € Uq{B)/CU{B) for all / G F. 

Define i/j : L(F) -»• U 0 (B)/CU{B) by 

^(a:) = 7 o a o k , 1 (x _1 )L _1 (x) 

for x e L(F). Since Uq{B)/CU{B) is divisible, there is a homomorphism f : U(C)/CU(C) —>■ 
Uq(B)/CU(B) such that = ip. Now define 

/ 3 (x) = 7 o a o 


Hence j3(L(f)) = f for / € F. □ 

Lemma 21 . 4 . Let A be a unital separable C*-algebra such that {pa{\p\) ■ p € A projections} 
is dense in real linear span of {M/74([p]) : p G A projections}. Then, for any finite dimensional 
C*-subalgebra B C A, U(B) C CU(A). 

Proof. Let u € U(B). Since B has finite dimensional, u = exp (ih) for some h € B sa . We may 
write h = \pi, where A* € M and {pi,P 2 , is a set of mutually orthogonal projections. 

By the assumption and applying Proposition 3.6 of [38], one has u € CU(A). □ 

Lemma 21.5 (See Lemma 7.4 of |63]). Let B = A © U, where A € Bo and U is an infinite 
dimensional UHF-algebra. Let C = CiffiC^, where C\ = PM n (C(X))P with X be as defined in 
\21.1l C 2 € Co- Let F be a group generated by a finite subset U C U(C) such that (7Ti)|^ is one- 
to-one. Let G be a subgroup containing F, ni(U(C)/CU{C)) and vr 2 ( U(C)/CU(C)). Suppose 
that a : U(C)/CU(C) -A U(B)/CU(B) is a homomorphism such that ol{Uq{C)/CU(C)) C 
Uq{B) / CU(B). Then, for any e > 0, there are 6 > 0 and finite subset Q C C satisfying the 
following: if <p = ipo © p>\ : C -A B (by such decomposition, we mean there is a projection eo 
such that po : C —>■ e^Beo and : C -A (1b — e^Btfls — eo )) is a Q-5-multiplicative completely 
positive linear contraction such that 

(1) ipo maps identity of each summand of C to a projection, 

(2) Q is sufficiently large and 5 is sufficiently small depending only on F and C (such that tp+ is 
well defined on a subgroup of U(C)/CU(C) containing all of F, tto(F), 717 ( U{C)/CU{C)), 
and vr 2 (U(C)/CU(C))), 

(3) <pq is homotopic to a homomorphism with finite dimensional image, [<£o]|/f 0 (C) we ^ 
defined and [<^]| Kx(C) — «*, where ct* : K\(C) -A K\(B) is induced map, 

(4) t(</9 0 (1c)) < <5 for all r € T(B) (assume e 0 = (p 0 (lc)), 

then there is a homomorphism : C -A e^Be® such that 

(i) 4>|cj is homotopic to a homomorphism with finite dimensional image and (<h)*o = 

Vpo]\k 0 (C) an d 

(ii) © (/ 9 i)^(u)) = g~ w where g w € Uq(B) and cel(g w ) < e for any w € 7/. 
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Proof. The argument is exactly the same as that of Lemma 7.4 of [63] (see also [27] and [80]) . 
Since the source algebra and target algebra in this lemma are different from the ones in 7.4 of 
[63] . we will repeat some of the argument here. We will retain the notations in 121.11 By 121.21 
there are homomorphisms / 3 i ,/?2 : U(D)/CU(D) —> U(B)/CU(B) with /3i(Uo(D)/CU(D )) C 
Uq(B)/CU(B ) (i = 1,2) and homomorphisms 

01,02 : tt 2 (U(C)/CU(C)) -> U(B)/CU(B ) 


such that 


Pi o II*(7Ti(u;)) = a(w) 9 i(iT 2 (w)) and = ^(w*)d 2 (ir 2 (w)) (e21.1) 

for all w € F. Moreover, 9\(g) = a(g~ l ) and 62 (g) = <p*(g) for all g £ 7t 2 (.F). Since tpo is 
homotopic to a homomorphism with finite dimensional range, using condition (3), we compute 
that 


Oi(g)0 2 (g) € Uo(B)/CU(B) for all g € n 2 (F). (e21.2) 

Since ^(U(C)/CU(C)) is torsion free and Uq(B)/CU(B) is torsion free (see 111 .5)1 . we conclude 
that 


0i( 5)02(5) = 1 for all g € 7 t 2 (F). (e21.3) 

To simplify notation, without loss of generality, we may write C = D ® Cq as in 121.11 To keep 
the same notation as in the proof of 7.4 of [63], we also write D = C and Co = ©^ 1 _ 2 C'^, 
where each is in Co and is minimal (cannot be written as finite direct sum of more than 
one copies of C*-algebras in Co), or a (7*-algebra of the form PM n (C(Y))P with connected 
spectrum Y. Note K\(C^) = {0} for all j > 2. 

We then proceed the proof of 7.4 of [63] and construct 4>i exactly the same way as in the 
proof of 7.4 of [63]. We will keep the notation used in the proof of 7.4 of [63]. We will again use 
the fact, by Corollary 111.71 the group Uo(L>)/CU(B) is torsion free, and by Theorem 111.101 the 
map 

U(eBe)/CU(eBe) -> TJ(B)/CU(B) 

is an isomorphism, where e € B is a nonzero projection. By the assumption, </?o|co is homotopy 
to ipoo : Co —>• (po(\c)B(po(lc) such that Bq = ipoo(Co) is a finite dimensional CT-subalgebra 
in (eo — E\)B(eo — E{) with 1 b 0 = eo — E\, where E\ < eo is a non-zero projection such that 
[Ei] = (¥> 0 )*o([1dD- Let d> 2 : C B 0 be defined by 4> 2 (/,5) = ^ 00 ( 5 ) for all f £ D and g £ C 0 . 
It is important to note (as the main difference from this lemma and that of 7.4 of [63]) that, 
with the assumption, bv 121.41 for any w £ U(C ), ^(ic) € CU(B). In other words, the general 
case could be reduced to the case that C = D. The rest of the proof is exactly the same as that 
of 7.4 of [63]. 

□ 

Lemma 21.6 (See Lemma 7.5 of [63]). Let B — A (^) U , where A £ 13\ and U an infinite 
dimensional UHF-algebra. Let U C U(B) be a finite subset and F be the subgroup generated by 
U such that (F) is free, where k\ : U(B)/CU(B ) —>• K\(B) is the quotient map. Let C be 
as above and let (p : C —>• B be a homomorphism such that (y?)*i is one-to-one. Suppose that 
j,L : F —>• U(C)/CU(C) are two injective homomorphisms with j(F n Uq(B)), L(F n Uo(B)) C 
Uq(C)/CU(C) such that k\ o o L = k\ o gfi o j = K,\\p, and they are one-to-one. 

Then, for any e > 0, there exists 5 > 0 such that if ip can be decomposed as ip = (p 0 © ^1 : 
C —^ B, where <po and pi are homomorphisms satisfying the following: 
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(1) t(<^o(1c)) < $ for all r G T(R) and 

(2) ipo is homotopic to a homomorphism with finite dimensional image, 
then there is a homomorphism fi : C —>• eo Be 0 (e$ = <^o(lc)j such that 

(4) [/>] = [</?o] in KL(C,B) and 

(5) (</>to j (w)) 1 (fi ® ipi)$(L(w)) = g w where g w G Uq(B) and cel(g w ) < e /or any w GW. 

Proof. The proof is the same as that of Lemma 7.5 of [63]. Note that instead of using Lemma 
7.4 of [63], one uses Lemma f21 .51 □ 

Remark 21.7. Roles of Lemma 121.51 and Lemma 121.61 played in the proof of the following 
isomorphism theorem (121.91) are the same as those in the proof of Theorem 10.4 in [63] . 

The following statement is well known. For the reader’s convenience, we include a proof. 

Lemma 21.8. Let (A n ,ip njn +i) be a unital inductive sequence of separable C*-algebras, and 
denote by A = lim A n . Assume that A is amenable. Let F C A be a finite subset, and let e > 0. 
Then there is an integer m > 1 and a unital completely positive linear map T : A —>• A m such 
that 

ll^m.oo ° ^(/) - /II < e for all / G F. 

Proof. Regard A as the C*-subalgebra of [”[ A n j 0 A n generated by the equivalence classes of the 
sequences (xi,X 2 , ...) satisfying that there is N with x n+ \ = ip n {x n ), n = N, N + 1,... . 

Since A is amenable, by the Choi-Effros lifting theorem, there is a unital completely positive 
linear map : A —>• |Q^4n such that it o 4> = id^, where n is the quotient map. In particular, 
this implies that 

lim ||7Tfc o <L(a) — afc|| = 0, (e21.4) 

k—> oo 

if a = (ai, a 2 ,..., afc,...) G A. 

Write F = {/i, / 2 , fi}, and for each /,;, fix a representative 

fi (/i,l, fi,2i fi,ki •••)• 

In particular 

lim <Pk,oo(fi,k) = fi- (e21.5) 

k—t oo 

Then, for each fi, one has 

lim sup ||</5fc,oo o o 4>(/j) - fi\\ 

k —/oo 

= lim sup \\<Pk,oo ° TTfc O $(/j) - tpk,oo(fi,k)\\ (by ( jc 21.5Q ) 

k—> oo 

< lim sup \\n k o ®(fi) - / ijfc || = 0 (by (j c21.4 |)). 

k —/CXD 

There then exists m G N such that 

|| 9^772,00 O 7T m o 4>(/j) - fi\\ < e, 1 < i < l. 

Thus, the unital completely positive linear map 

'I' := o <F 


satisfies the lemma. 


□ 
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Theorem 21.9. Let A\ G Bq be a unital separable simple C*-algebra satisfying the UCT, and 
denote by A = A\®U for a UHF-algebra U of infinite type. Let C be a C*-algebra in Theorem 
1 14-8\ //Ell(C) = E11(.A), then there is an isomorphism ip : C —>• A which carries the identification 
of Ell(C') ^ Ell(A). 

Moreover, if there is a homomorphism T : Ell(C') —>• Ell(A), then there is a *-homomorphism 
ip : C —>• A such that p induces T. 

Proof. We only prove the first part of the statement. The second part can be proved in a similar 
way (one only has to do one-sided intertwining arguments in this case). 

Let a G KL(C, A) with oT l G KL(A , C ) and 7 : T(A) —»• T(C ) be given by the isomorphism 
Ell(C') = Ell {A). 

Assume that C = hr^(C' ri , i n ) be as in 114.81 Let and Ji C C • ■ • C A 

be increasing sequences of finite subsets with dense union. Let £1 > £2 > ■ ■ ■ > 0 be a decreasing 
sequence of positive numbers with finite sum. 

We will repeatedly apply Theorem 112.91 Let Ac 1 " 1 > 0 (in place of 5), Q^ C (in place of 
G), . < 7^2 > 0 (in place of 07 and a 2 respectively), C K(C) (in place of V), C U(C) 

(in place of U) and Tie © C s _ a (in place of FLf) be as required bv 112.91 for C (in the place of A 
with A being a point), £1 (in the place of e), Gi (in the place of F). Note, in this case, A is a 
point, by Remark 112.101 we do not introduce the map A and Ti\. 

As in the remark of 112.101 with sufficiently large n > 1 , we may assume that U ^ is in 
the image of U(C n ) for some large n > 1. Moreover, as 112.101 we let Uc C U(C) (instead in 
U(M 2 (C))). 

Denote by F c C U(C) the subgroup generated by U^\ Write F c = (F c )o©Tor(i ? c ) according 
to the decomposition described in 121.11 where (F c )0 is torsion free. Without loss of generality 
(by choosing smaller u^), one may assume that 

uP=u§uuV 

where uS c ^ generates (F c )0 and generates Tor(F c )—namely, we can choose uj; q* and uj :so 
that Uc^ C U ( r jl ■ ; then by choosing smaller < 7^2 one can replace by U U^}. Note 

that for each u G Idj. ^, one has that u k G CU(C), where k is the order of u. 

By Theorem 120.161 there is a Gc^-bc 1 ^-multiplicative map Li : C —> A such that 

[ L i]\ v m = a \ r m and (e 21.6) 

\t o L\(f) — 7 (r)(/)| <a^l/3 for all / G 71^ for all r G T(A). (e21.7) 

Without loss of generality, one may assume that L\ is well defined and injective on (F c )q. 
Moreover, if k is the order of u, one may also assume that 

dist(Li(n fc ), CU(A)) < a^/2 for all mGmJ]. 

To apply Theorem 112.91 second time, let > 0 (in the place of <5), G^ © C (in the place 
of G), a^iFal > 0 (in the place of 07 and a 2 respectively), V d 1 ^ C K(A) (in the place of V), 

Ida 1 ' 1 C U(A) (in the place of U) and TL^ C A s , a (in the place of FLf) be as required by Theorem 
112.91 for A (in the place of A with X being a point), £1 (in the place of e), and T\ (in the place 
of F). Again, note that A is a point, in the application of Theorem 112.91 
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Denote by F a C U(A) the subgroup generated by uff. Since uff is finite, we can write 
F a = (F a )o © Tor(F a ), where (F a ) 0 is torsion free. Fix this decomposition. Without loss of 
generality (by choosing smaller ffffi one may assume that 

U ff = U afi U w£l 

where liffl generates (F a )o and Liff\ generates Tor(F a ). By enlarging Va \ we can assume 
'Pa 1 ' 1 D Ki,A((F a )o)(in Ki(A)), where ki : a ■ U(A)/CU(A) —>■ K\ (A) is the quotient map. Note 
that for each u £ uff, one has that u k £ CU(A), where k is the order of u. 

By Theorem l20.16l and amenability of C, there are a finite subset Q' D Ga \ a positive number 
5' < dff , a sufficiently large integer n > 1 and there is a (/'-^'-multiplicative map d') : A —> C n 
such that, with crff cl = minla^ 1 ], cr^}/3, 

^ ° LJ(pW) = V>U[L lK P«) and ( e2L8 ) 

|r o o $!(/) - 7 _1 (^)(/)l < crilir for all / £ U Li(T^) and r £ T(C). (e 21.9) 


Moreover, one may assume that d?) o L\ is (/c^-f^-multiplicative, (d^)* is defined and injective 
on (F a ) o, and (d>' 1 oLi) : l : is well defined and injective on (F c )q. Furthermore, one may also assume 
that 

dist(z n o d> / 1 ('it fc ), CU(C)) < < 7 ^ 2/2 for all u£Uff, (e21.10) 

where k is the order of u, and 

dist((i n o d^ o L\){y k ), CU (A)) < aff for all v^uff, (e21.11) 

where k! is the order of v. It then follows from (le 21.6p and (|c 21.811 that 

[i n o $i 0 L 1 ]l^i) = [id] 1 ^,( 1 ); (e21.12) 

and it follows from (jc 21.71) and (je 21.9[) that 

|r o i n o d^ o L\(f) — t(/)| < 2aff/3 for all / € %ff for all r £ T(C). (e 21.13) 


Recall that (F c ) 0 C U(C)/CU(C) is the subgroup generated by iff. . Since we have assumed 

that iff Q* is in the image of U(C n )/CU(C n ), there is an injective homomorphism j : (F c ) 0 — > 
U(C n )/CU(C n ) such that 

4°J = id l (e 21.14) 

Moreover, by (je21.12|) , m t c o i\ o (d>', o = k^a 0 ° j = where k^c ■ 

U(C)/CU(C) —> K\(C) be the quotient map. 

Let 6 be the constant of Lemma 121.61 with respect to C n (in place of C), C (in place of B), 
c C 2 (in place of e), i n (in place of ip), j and (d^ o Li) ^ f (in place of L). By the construction 

of C, one has a decomposition i n = iff © iff such that 

(1) T(iff(lc n )) < min{5 ,cj^/ 3} for all r £ T(C), and 

(2) iff has finite dimensional range. Then, by Lemma 121.61 there is a homomorphism h : 
C n eoCeoj where eo = 4?(1 c„), such that 
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(e 21.15) 


(3) [h] = [4° } ] in KL{C n: C), and 

( 4 ) for each u G li\. g\ one has that 

(4 ° j(^)) _1 (/i © ° L 1 )*(«)) = 

for some g u G Uq{C) with cel(g u ) < cr• 

Define = (h © 44) ° T) • By (le 21.81) and Q, one has 

- a lpWu[Li]( vi 1) ) 

Note that 4>i is still Qa -<4' "*-multiplicative, and hence (le 21.10P and (le 21.111) still hold with 


replaced by 4> i • That is 

dist($i (u k ),CU(C)) < <t$/ 2 for all u G uQ, (e 21.17) 

where k is the order of u, and 

dist(($i o L\){v k ), CU(A)) < <j ^2 f° r all (e 21.18) 

where k' is the order of v. By (Ic 21.1211 and (jc 21.1311 , one has 

[$i ° Li]\ v m = [id]l^i) and (e21.19) 

|r o 4*! o L\(f) — r(/)| < (T^i for all / € for all r E T(C). (e 21.20) 

Moreover, for any u E U r q , one has (by (Ic 21.141) and (Ic 21.15(1 ) 

(4>i o Li)l(7t) = (tloj(u)) -g^ = m u. (e 21.21) 

^c,2 


Let u E U r y with order k. By (Ic 21.181) . there is a self-adjoint element b E C with ||6|| < a 4 2 
such that 

(u*) fc ($i o L]){u k ) exp(2vri6) G CU(C), 

(where, we notice that ( u*) k G CU(C )) and hence 

((u*)($i o L\)(u) exp(2mb/k)) k G CU(C). 

Note that 

(u*)(4>i o Li){u) exp(27ri6/fc) G Uq(C) 
and Uq(C)/CU{C) is torsion free fCorollarv lll.7D . One has that 

(u*)(<hi o L\)(u) ex.p(2nib/k) G CU(C). 

In particular, this implies that 

dist(($i o Li)l(u), u) < (T^\/k for all u G U^l (e 21.22) 

Together with (jc 21.211) . one has that 

dist(($i o Li)^(u), u) < crj?2 f° r all u€U^\ (e 21.23) 
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Therefore, by (Ic 21.191) . (le 21.201) . and (le 21.231) . applying Theorem 1 12. 91 one obtains a unitary 
U\ such that 

||CT($i o L^f))U - /|| < ei for all / € ft. 

By replacing <3?i by Ad(17) o dq, without loss of generality, one may assume that 

||$i ° -M/) - /|| < £i for all / € ft. 

In other words, one has the following diagram: 

Li 

A 

which is approximately commutative on the subset ft within £\. 

____ /o\ /q\ 

We will continue to apply Theorem 112.91 Let Sc > 0 (in the place of 5), Gc C C (in the 

(2 \ /o') /o') 

place of Q), o K c {,o). 2 > 0 (in the place of <7i and a 2 respectively), Vi ; Q K.{C) (in the place 

of V ), uP C U(C) (in the place of U) and vP C C s _ a (in the place of V. 2 ) be as required by 
Theorem 112.91 for C (in the place of A with X being a point), £2 (in the place of e), and ft (in 
the place of F). 

Denote by fP C U(C) the subgroup generated by uP. Since U ^ is finite, we can write 
/o') (o') (o) ( 0 ) 

Fc ; = (Fc ')o © Tor(iy; '), where (iv; ')q is torsion free. Fix this decomposition. Without loss 

(2) 

of generality (by choosing smaller cr 2 ), one may assume that 

UP=U§UU?} 

( 2 ) ( 0 ) (2) (2) (2) 

where W c 0 ' generates {F c ; )o and U c { generates Tor(iy; ; ). Note that, for each u € U y c {, one has 

that u k € CU{C ), where k is the order of u. 

There are a finite subset ft C C and a positive number So > 0 such that, for any two 
ft-<5o-multiplicative contractive completely positive linear maps L",L 2 : C —» A, 
if ||L"(c) — Z/ 2 (c)|| < <5o for all c € Go, then 

[L \)\pW = [L' 2 \\ v ( 2 ) and 

|r o L'[{h) — r o Z/ 2 (It)| < min{c7^/3, <r^/3}/2 for all h, £ TiP U for all t£T(A). 

Note, by Lemma 121.81 for any finite subset Q" C C and any S" > 0, there exists a large m 
and a unital contractive completely positive linear map Lo,2 : C —>• C m such that 

||im 0 L 0t2 (g) - g\\ < S" for all g € G”. (e 21.24) 

Let Ki,c m '■ U(Cm)/CU(C m ) K\ (C rn ) and K\ t A '■ U(A)/CU(A) —> K\(A) be the quotient 

maps, respectively. We may assume that, with sufficiently large G" and sufficiently small 5", 
(Lq :2 o $ 1 )t is defined and injective on (F a ) 0 , and moreover, 

«i ,Cm 0 ( l 0,2 o Qpig) = [L 0 ,2 0 $i](«i ,A(g))> 9 € (F a ) 0 , 

and by (|c 21.161) . for any g € (F a )0 (note that vP D Ki,A((^a)o)(in Ki(A))), 

ao[i m }o[L 0 , 2 °$i}(Ki,A(g)) = ao [* m oL 0 ,2] ° [$i]( k m(s)) 

= ao[$i](f{i , A (g)) = Ki,A(g)- 
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Hence 


a o [i m ] o Ki t Cm ° ( l o,2 ° $1)*(g) = a o [t m ] o [L 0j2 ° $i](ki,a( 9 )) = «i, a(#) for all g G (-F a )o- 

It follows from Lemma 121.31 that there is a homomorphism /3 : U (C m ) / CU (C m ) —> U(A)/CU(A) 
with /3(Uo(C m )/CU(C m )) C Uo(A)/CU(A) such that 

P O (Lo ,2 o $i)*(/) = / for all / G (T^. (e 21.25) 

By Theorem 120.161 there is a (/"-^''-multiplicative map L 2 : C —>• H such that 

[^ 2 ] 1^,(2) = “IpW and (e 21.26) 

k oL 2 (/)-7(t)(/)I < m in{^ 2 1 ) /3,o-y/3}/2 for all /€W[ 2) U ^(W^) (e 21.27) 

and for all r € T(A). We may choose that 

G" A Go U G^ and 6 " < min{5 0 , ^ 2) }. 

Define L 2 : C —> A by L 2 (c) = L 2 o i m o Lo, 2 . Then, by (le 21.24p . since L 2 is contractive, 

||L' 2 '(c) — L 2 (c) || < 5o for all c G (/o- 

It follows that 


MpCO = MpW = “l^) and 

|r o L"(/) - 7 (r)(/)| < min{0-^/3, ctJJ/ 3} for all / G Uf 1 U ^i(^i i} ) 
and for all r G T(H). 

By choosing Q" sufficiently large and 5" sufficiently small, one may assume that L 2 o $1 is 
Ga ^ -5^'t -multiplicative, and 

dist((L' 2 ' o $i)(u fc ), CU(A)) < for all u G U^, 
where k is the order of u (see (Ic 21.1811 ). 

Moreover, by the construction of C (see 114.8p . one may assume that L 2 o t m = ho © 
im , where ho , t ; m ■ C m A are (/'-//-multiplicative for a sufficiently large (/' and suffi¬ 
ciently small rf (only depends on C m and (<I>i)l : ((F a )o)) so that (L 2 o i m )t is dehned on a sub¬ 
group of U(C m )/CU(C m ) containing ($1 )*((F a ) 0 ), 7r 0 ((d>i)l ((F a ) 0 )), iti(U(C m )/CU(C m )) and 
(U(C m )/CU(C m )). Moreover, since every finite dimensional C'*-algebra is semi-projective 
and since L 2 is chosen after C m is chosen, we may assume that the map ho is a homomorphism 
and has finite dimensional range, and r(ho(lc m )) < min{5', <x 0) i/3} for any r G T(A ), where 5' 
is the constant (in place of 5) of Lemma 121.51 with respect to cr a 2 (in place of s). 

Then, by Lemma T2 1.5 1 there is is a homomorphism />o : C m —>• e' 0 Ae' 0 , where e' 0 = '/o(lcv„) ; 
such that 

(i) ipo is homotopically trivial, and ["0o]o = [ho]c>) and 

(ii) for any u G , one has 

^(^lfa)) -1 ^©^™ )*($*(“)) = lh (e 21.28) 

for some g u G U 0 (A) with cel(g u ) < cr a , 2 - 
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Define L 2 = (ipo © ^m) 0 L 0,2 : C m A. Then, for any u £ U a , by (le 21.28)) and (le 21.251) . 
one then has 

(L 2 o $i) } (k) = /3($i(m)) ■ = « • ft! ^.,2 « for all «6W^. (e21.29) 

Moreover, it is also clear that 

[L 2 o $i]| (i) = [id]| (i) and (e 21.30) 

1 a / a 

\t o L 2 o d>i(/) — r(/)| < a^i f° r for all r £ T{A). (e21.31) 

Note that L 2 is still -5^-multiplicative. One then has that for arbitrary u £ u\] \ (with u 
has order k), 

dist((L 2 o $i)(u k ),CU(A)) < < 7 ^ 2 - 

Therefore, there is a self-adjoint element h £ A with ||/i|| < such that 

(u*) k (L 2 o $ 1 )(u fc )exp(27ri/i) € CU(A), 

and hence 

((u*)(L 2 o d>i)(ri) exp(27 xih/k)) k £ CU (A). 

Note that 

(u*)(L 2 o <hi)(u) exp(2-7r ih/k) £ Uq(A) 
and Uo(A)/CU(A) is torsion free (Corollary II 1.71) . On has that 

(it*)(L 2 o 4>i)(u) exp(27r ih/k) £ CU (A). 

In particular, this implies that 

dist((L 2 o d>i) J (tt),u) < 

Together with (le 21.291) . one has that 

dist((L 2 o (jR)*^), u) < for all u£U^\ (e 21.32) 

Then, applying Theorem 112.91 with (|e 21.30|> . (jc 21.3111 and (le 21.321) . one obtains a unitary 
W £ A such that 

\\W*(L 2 o $ 1 (/))IT — /|| < ei for all f £ T 
Redefine L 2 to be Ad(R7) o L 2 , and one has 

11^2 0 4*i(/) - /|| < £1 for all / € T\. 

That is, one has the following diagram 





with the upper triangle approximately commutes on Gi up to £\ and the lower triangle approx¬ 
imately commutes on T\ up to £\. Since 8 c 2 \ Gc 2 \ o^, cr^, 'Pc 2 ' 1 and kLcP have been chosen 
and embedded into the construction of L 2 , the construction can continue. 
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By repeating this argument, one obtains the following approximate intertwining diagram 




id 


c 


id 


c 


Lx 

A 



where 

||<h n o L n (g) - g\ \ <e n for all g € Q n and 
\\L n+1 o 4> n (/) - f\\ <e n for all / € F n . 

By the choices of Q n , T n and the fact that Y^=i e n < 00 > the standard Elliott approximate 
intertwining argument applies, which shows that A = B, as desired. This proves the first part 
of the proof. 

The proof of the second part is basically the same but simpler since we only need to have a 
one-sided approximate intertwining. In particular, we do not need to construct 4>i. Thus, once 
L\ is constructed, we can go to construct L2. We can first construct L ' 2 as above right after 
(le 21.251) . It is important that we do not need to assume that L\ is injective on F c 0 , since we 
will apply 121.51 but not 121.61 □ 


Theorem 21 . 10 . Let A\,B\ € £>o be two unital separable simple C*-algebras which satisfying the 
UCT. Let A = A\®U and B = B\®U, where U is a UHF-algebra of infinite type. Suppose that 
E11(.A) = Ell(il). Then there exists an isomorphism p : A —» B which carries the identification 
of Ell (A) = Ell(5). 

Proof. By Theorem ll4.81 there is a C*-algebra C as in ll4.81 such that Ell(C) = Ell(^4) = Ell(5). 
By the first part of Proposition 121.91 one has that C = A and C = B. In particular, A = B. □ 

Corollary 21 . 11 . Let A and B be as in \21.1(A Suppose that there is a homomorphism T from 
E11(.A) to Ell(i?) such that T ([1^4]) = [1b]. Then there exists a unital homomorphism p \ A—> B 
such that tp induces T. 

Proof. By Theorem 121.101 one may assume that A is a unital C*-algebra described in 114.81 
Then the Corollary follows from the second part of Theorem 121.91 □ 


22 More existence theorems 

Lemma 22.1. Let X be a finite CW complex, C = PMk(C(X))P and let Ai € Bo be a unital 
simple C*-algebra. Assume that A = A\ ® U for an infinite dimensional UHF-algebra U. Let 
a € KK e {C, A) ++ . Then there exists a unital monomorphism p : C —>• A such that [p\ = a. 
Moreover we may write p = p' n (BPn, where p' n : C (l—p n )A{l—p n ) is a unital monomorphism, 
p'f : C —>• p n Ap n is a unital homomorphism with [p'fi\ = [<h] in KK(C,p n Ap n ) for some point 
evaluation map and 

lim max{r(l — p n ) : r € T(A)} = 0 for all r € T(A), 

n —^00 

where p n € A is a sequence of projections. 

Proof. To simplify the matter, we may assume that X is connected. It is also easy to check 
that the general case can be reduced to the case that C = C(X). It is routine to prove that 
a € KK(C, A) ++ implies that a(kerpc') C kerp^- 
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Since Ki(C) is finitely generated, i = 0,1, KK(C,A) = KL(C,A). Let a G KL e (C, A) ++ 
which we will identify with an element in HomA(ik(C),iL(^4)) by a result in ([17]). 

Write A = \im. n -+ 00 (A 1 ®M rn ,i njn +i), where r n \r n+ i, r n+1 = m n r n and i n ,n+i{a) = a®l Mmn , 
n = 1,2,.... Since K*{C) is finitely generated and consequently, K_(C) is finitely generated 
modulo Bockstein A operations, there is an element a± G KK(C,Ai ®M rn ) such that a = a\ x 
[z n ], where [z n ] G KK(A\® M rn , A) is induced by the inclusion i n : A\®M rn —>• A. By increasing 
n, we can assume that ai(kerpc) C kerpAi®M r „ and further that aq G KK e (C,A\ (g> M rn ) ++ . 
Replacing A\ by A\ <g) M Tn , without lose of generality we can assume that a = aq x [z], where 
aq G ALR e (C,Ai) ++ and i : Aq —> A is the inclusion. 

It induces an element oq G KL(C< 8 >U, A<g>U). Let Kq(U) = B, a dense subgroup of Q. Note 
that Ki(C ®U) = Ki(C ) <8> B, i = 0,1, by the Kunneth formula. 

We verify that q.\{Kq{C ® £/)+ \ {0}) C Kq(A ® [/)+ \ {0}. Consider x = x Xj (8) di G 
Kq(G <g> U)+ \ {0} with Xj € Kq(C) and dj € D, i = 1, 2,..., m, There is a projection p G M r (C) 
for some r > 1 such that [p] = x. Let t G T(C), then 

m 

^2 t(xi)di > 0. (e22.1) 

It should be noted that, since C = C(X) and X is connected, t(xi) G Z and i(xj) = t'(xi) for 
all t, t! G T(C). Since aq([lc]) = [IaJj Toaq(xj) = t(xi) for any r G T(Aq) and t G T(C). By 
fle 22.1 jl . 


r(di(x)) = o (y.\ ^ ^ t(xi)di 0 ^e 22.2) 

2=1 2=1 

for all r G T(A\). This shows that a.\ is strictly positive. For any C*-algebra A ', in this proof, 
we will use ja' : A! —> A' ®U for the homomorphism jA'( a ) — cl ® \\j for all a G A '. Evidently, 

a = di o j c = j'ai o«i. (e 22.3) 

Write U = lim n ^ 00 (M rn , z n ), where r n |r n4 q, r n+i = m n r n and z n (a) = a<g>lM mn , n = 1,2,.... 
We may assume that ri = 1. The UHF algebra U corresponds to the super natural number 
n^m*. Evidently, we can choose m* carefully so that we can write the super natural number 
IIin another way Il^mi = IIwith Zj|mj and lim^oo ^ = 00. 

Let {x n } be a sequence of points in X such that {xk,Xk+ 1, ...,x n ,...} is dense in X for each 
k and each point in {x n } repeats infinitely many times. Let B = lim n _ 5 . 00 (R n =M rn (C),iJj n ), 
where 

'•Pnif) = diag(/,/,•••/, f(xi),f(x 2 ),...,f(x rnn -i n )) for all / G M r „(C), 

V ^ 

In 

n = 1,2,.... Note that 4> n is injective. Denote e n = diag(lqf r7i . iri , 0,..., 0) G M Tri+1 (C), n = 1,2, ... 

It is standard that B has tracial rank zero and K*(B) = R*(C*<8> U). Note that B is a unital 
simple AH-algebra with no dimension growth, with real rank zero and with a unique tracial 
state. Note that 

{Kq{B),Kq(B) + , [ 1 B ], K^B)) = (Kq(C ®U),K q (C® U) + , [1 cvulK^C ® U )). 

Thus we obtain a KK -equivalence k G KL e (B,C <8) U) ++ (by the UCT). It is standard to 
construct a unital homomorphism h : C B such that KK(h ) = k -1 o jc (see [39]). In 
particular if N is lager enough, we can choose homomorphism h! : C —> Bjy such that h = ijyoh', 
where in ■ B^ —>• B is the inclusion. 
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We also have that aq o k £ KL e (B,A) ++ , where recall A = A\ ® U. We also note that 
B has a unique tracial state. Let 7 : T(A) —>• T(L?) by 7 (r) = to where to € T(B) is the 
unique tracial state. It follows that ctq o k and 7 is compatible. By the second part of Theorem 
121. there is a unital homomorphism H : B ^ A such that [H] = aq o k. Define p : C A 
by (p = Hoh = Hoi]yoh'. Then, p is injective and by (|e 22. 3p and [h] = o jc , we have 
[p\ = a. 

To show the last part, define q n = ^n+ 1 , 00 (e n ) £ B, n = N + 1, N + 2, • • • . Define p n = 
1 — H (q n ), n = N + 1,N + 2, ■■■ . One checks that 

lim max{r(l — p n ) : r £ T(A)} = lim —— =0 (e22.4) 

n-to o 771,), 

Note that for n > N, q n commutes with image of h and the homomorphism (1 — q n )h(l — q n ) : 
C —y (1 — q n )B(l — q n ) is defined by point evaluation. Define p' n : C (1 — p n )A(l — p n ) by 
p' n {f) = H(q n )H o h(f)H(q n ). Define p'f(f) = PnH o h(f)p n , which is a point-evaluation map. 
The lemma follows. 

□ 


We also have the following: 

Lemma 22.2. Let C = Mk(C( T)) and A be a unital infinite dimensional simple C*-algebra 
with stable rank one and with the (SP) property. Then the conclusion of \22.1\ also holds. 

Proof. The existence of a implies that A contains mutually equivalent and mutually orthogonal 
projections ei, e 2 , such that Yli=i e i = 1 a■ Since eiAei are unital infinite dimensional 

simple (7*-algebra with stable rank one and with (SP), the general case can be reduced to the 
case that k = 1. Fix 1 > 6 > 0. Choose a non-zero projection p E A such that t(j>) < 5 for 
all r € T(A). Note that K\{pAp) = K\{A), since A is simple. Let aq : K\(C(T)) —> KfipAp) 
be the homomorphism given by a. Let z £ C(T) be the standard unitary generator. Let 
x = ai([z]) £ KfipAp). Since pAp has stable rank one, there is a unitary u £ pAp such that 
[w] = x in KfipAp) = KfiA). Define p' : C'(T) —»■ pAp by p' (/) = f(u) for all / € C(T). 
Dehne p" : C(T) —> (1 — p)A{l — p) by p"(f) = /(1)(1 — p) for all / € C(T) (where /(1) is a 
point-evaluation at 1 on the unit circle). Define p = p' © p' : C7(T) —> A. The lemma follows. 

□ 


Corollary 22.3. Let X be a connected finite CW complex, C = PM m (C(X))P, where P £ 
M m (C(X )) is a projection, let A\ £ Bo be a unital separable simple C*-algebra which satisfies 
the UCT and let A = A\ <S> U, where U is a UHF-algebra of infinite type. Suppose that a £ 
KK[C,A) ++ and 7 : T(A) —» Tf(C(X )) is a continuous affine map. Then there exists a 
sequence of contractive completely positive linear maps h n : C —>• A such that 

(1) lim^oo || h n (ab) - h n (a)h n {b)\\ = 0, for any a,b £ C, 


(2) for each h n , the map [h n \ is well defined and [h n ] = a, and 


(3) lim^^oo max{|r o h n (f) - 7 (r)(/)| : r 6 T(A)} = 0 for any f £C. 


Proof. By Theorem 121.101 one may assume that A is a unital C*-algebra described in 114.81 It 
follows from Lemma 122. II that there is a unital homomorphism h n : C —>• A such that [h n ] = a. 
Moreover, 


h n = h' n © h'f, 


where h" : C -£ p n Ap n is a homomorphism with [h'f] = in KK(C,p n Ap n ) for some point 
evaluation map , where p n is a projection in A with r( 1 — p n ) converge to 0 uniformly as 
n —> 00 . We will modify the map h n = h' n ® h'f to get our homomorphism. 
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Assert that for any finite subset TL C C s . a , and e > 0, and any sufficiently large n, there 
is a unital homomorphism h n : C —>• p n Ap n such that [h n ] = [<f>] in KK(C,p n Ap n ) for some 
point-evaluation <L, and 

I t o h n (f) - 7 (t)(/)| < e for all r € T(A) 

for all / £ hi. The corollary then follows by replacing the map h'f by the map h n —-of course, 
we use lim n ^oo r( 1 - p n ) = 0 . 

Let % 14 (in place of hiip) be the finite subset of Lemma 117.11 with respect to TL (in place 
of TL), e/8 (in the place of a), and C (in the place of C). Since y(T(A)) C Tf(C(X )), there is 
cr ip > 0 such that 

7 (t)(/i) > crip for all h £ "Hgi for all r £ T(A). 

Let Hi t 2 C C + (in the place of be the finite subset of Lemma [17.ll with respect to a\,\. 
Since j(T(A)) C Tf{C(X)), there is erg 2 > 0 such that 

7 (r)(h) > u"i 5 2 for all h £ for all r £ T{A). 

Let M be the constant of Lemma 117.1 1 with respect to <rg 2 - Using a same argument as that 
of Lemma 116.121 for sufficiently large n, there is a C*-subalgebra D C p n Ap n C A such that 
D £ Co, a continuous affine map 7 ' : T(D) —>• T(C) such that 

l7'(^y T lr>)(/) - 7( T )(/)I < e / 4 for all r £ T(A) for all f eH, 

where p = Id, r(l — p) < e/(4 + e), for all r £ T(A), 

7 / (r)(/i) > dip for all r £ T(D) for all h £ and (e22.5) 

7 / (r)(h) > U 12 for all r £ T(D) for all h £ (e22.6) 

Since A is simple and not of elementary, one may assume that the dimensions of the irreducible 
representations of D are at least M. Thus, by Lemma fl7.ll there is a homomorphism ip : C —>• D 
such that [p] = [<h] in KK(C,D ) for a point evaluation map <L, and that 

l r 0 <p(/) ~ 7 , ( T )(/)| < e / 4 fo r ah / £ "H for all r £ T(D). 

Pike a point x € A, and define h : C —» p n Ap n by 

/ ^ f{x){p n - p) © p(f) for all / € C. 

Then a calculation as in the proof of Theorem 1 17.3 1 shows that the homomorphism h! n ®h satisfies 
the assertion. 

□ 


Corollary 22.4. Let C £ H (where H is defined in lfi6) and let A\ £ £>o 6 e a unital separable 
simple C*-algebra which satisfies the UCT and let A = A\ for some UHF-algebra U of 
infinite type. Suppose that a £ KK e (C, A) ++ , A : U(C)/CU(C) —>■ U(A)/CU(A) is a continuous 
homomorphism and 7 : T(A) —>• Tf(C) is a continuous affine map such that a, A, and 7 are 
compatible. Then there exists a sequence of unital contractive completely positive linear maps 
hr, : C —>• A such that 


(1) ling^oo \\h n (ab) - h n (a)h n (b)\\ = 0 for any a,b € C, 

( 2 ) for each h n , the map [h n \ is well defined and [h n ] = a, 
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(3) lim, woo max{|r o h n {f) - 7(r)(/)| : r € T(A)} = 0 for all f eC, and, 

(4) lim^^oo dist(/tn(u), A (u)) = 0 for any u e U(C). 

Proof. Let e > 0. Let U be a finite generating set of J c (Ki(C)), where J c (Ki(C)) is as in 12.151 
Let 6 > 0 and Q be the constant and finite subset of Lemma f21. 51 with respect to U , e and A (in 
the place of a). Without loss of generality, one may assume that <5 < e. 

Let J be a finite subset such that T D Q. Let % C C be a finite subset of self-adjoint 
elements with norm at most one. By Corollary 122.31 there is a positive completely linear map 
h! : C —>• A such that h is J-'-J-multiplicative, [h'} is well-defined and [h'} = a, and 

-7(t)(/)I < C tGT(4), feTi. (e 22.7) 

By Theorem 121.91 the C*-algebra A is isomorphic to one of the model algebras constructed 
in Theorem 114.81 and therefore there is an inductive limit decomposition A = lim(T,, ipf), where 
Ai and (pt are described as in Theorem 114.81 Without loss of generality, one may assume that 
h!(C) C Ai. Therefore, by Theorem 114.81 the map <p\ t0 o ° h has a decomposition 

<Pi,oo o h! = ip 0 ® ipi 

such that VlnVh satisfy the (l)-(4) Lemma 121.51 with the above 5. 

It then follows from Lemma 121.51 that there is a homomorphism : C —>• eoAleo, where 
e 0 = '(po^c), such that 

(i) is homotopic to a homomorphism with finite dimensional range and 

[4>]*o = [V’o] and (e 22.8) 

(ii) for each w eU, there is g w € Uo(-B) with cel(5„,) < e such that 

A(u)) _1 (4> ffi ififiw) = g~ w (e 22.9) 

Consider the map h := © ipi. Then h is J~-e- multiplicative. By ()e 22. 8p . one has 

[h] = [ipo\ ® [ipi\ = [ti] = a. 

By (le 22.71) and Condition (4) of Lemma f2 1.51 one has that, for all / € P, 

I r(h(f)) - 7(r)(/)| < |r(h'(/)) - 7(r)(/)| + 5 < e + 6 < 2e. 

It follows from (le 22.91) that, for all u elA, 

dist(/i(u), X(u)) < e. 

Since J 7 , P, and e are arbitrary, this shows the Corollary. □ 

Corollary 22.5. Let C e H and let A\ e Bo be a unital separable simple C*-algebra which 
satisfies the UCT and let A = A\ <g) U for some UHF-algebra U of infinite type. Suppose 
that a e KL e (C, A) ++ , A : U(C)/CU(C) —>• U(A)/CU(A ) is a continuous homomorphism and 
7 : T(A) —>• Tf{C ) is a continuous affine map such that a, A, and 7 are compatible. Then there 
exists a unital homomorphism h : C —>• A such that 

(1) [h] = a, 

(2) r o h(f) = 7(r)(/) for any f e C, and, 
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(3) hi = A. 

Proof. Let us construct a sequence of homomorphisms h n : C A which satisfies (l)-(4) of 
Corollary 122.41 and moreover, the sequence {h n (f)} is Cauchy for any / G C. Then the limit 
map h = lim n ^oo h n is the desired homomorphism. 

To construct such a sequence of homomorphisms, it is enough to construct a sequence of 
homomorphisms satisfying (l)-(4) of Corollary 122.41 such that {h n (f)} is Cauchy for any / G C. 

Let {J~ n } be an increasing sequence of the unit ball of C such that its union is dense in the unit 
ball of C. Define A (a) = min{7(r)(a) : r € T(A)}. Since 7 is continuous and T(A) is compact, 
the map A is an order preserving map from \ {0} to (0,1). Let G(n),7ii(n),'H 2 (n) C C, 
U{n ) C D 00 (C'), V(n) C K_(C ), 71(71), 72(71), 5(ri) be the finite subset and constants of Theorem 
I12.5l with respect to J- n , l/2 n+1 and A/2. Without loss of generality, one may assume that 5(n) 
decrease to 0 if n —>• 00 and V{n) C V(n + 1), n = 1, 2,..., and U ™ =l V(n) = K{C). 

Let Q\ C Q 2 C ■ ■ ■ be an increasing sequence of finite subset of C such that (J Q n is dense in C, 
and let U\ C U 2 C ■ ■ ■ be an increasing sequence of finite subset of U(C) such that (J U n is dense 
in U(C). One may assume that G n A G(n)\jQ(n — l), G n A 'Hi{n)\J'Hi{n+\)\J'H 2 {n)^J'H 2 {n— 1), 
and U n A U(n) U 14 (n — 1). 

By Corollary 122.41 there is a G\-S( 1 )-multiplicative map h'± : C —^ A such that 

(4) the map [h\ ] is well defined and [h\] = a, 

(5) |r o h n (f) - 7(r)(/)| < min{7i(l), ^A(/) : / € Hi} for any / G Q\ and, 

(6) dist(/i|(u), \{u)) < 72(1) for any u G U n . 

Define hi = h\. Assume that hi, fi2, ■■■, h n : C —>• A are constructed such that 

(7) hi is f/j-(5(i)-multiplicative, i = l,...,n, 

(8) the map [hi] is well defined and [hi] = a, i = 

(9) | r o hi(f) - 7(r)(/)| < minjiy^i), 5A (/) : / 

(10) dist(/i|(u), A (ft)) < 572(7) for any u € U L , i = 

(H) \\hi-i(g) - hi{g)\\ < for all g G Gi- 1, i = 

Let us construct h n+ \ : C —>• A such that 

(12) h n +i is Gn+i-5(n + l)-multiplicative, 

(13) the map [h n+ 1] is well defined and [h n+ 1] = a , 

(14) |r o /i n+1 (/) - 7(r)(/)| < min{i7i(n + 1), 5A(/) : / G PLiin + 1)} for any / G £„ +1 , 

(15) dist(/i„ +1 ('[Z), A(u)) < -772(71 + 1) for any u G W, i = 1,..., 77, and 

(16) ||/7 n (sO - /7 n+ i(sr)|| < for all g G 
Then the statement follows. 

By Corollary 122.41 there is G(n + l)-<5(n + l)-multiplicative map h' n+1 : C —> A such that 
h' n+ i is Gn+i-S{n + l)-multiplicative, the map [f7^ +1 ] is well defined and [/i^ +1 ] = a, 

\ T °h' n +i(f) -7(t-)(/)| < min{^7i(n +1), ^A(/) :f€'H 2 {n + l)} (e 22.10) 


1, —; 77, 

G PL\ ( 7 )} for any / G G i} i = 1, ..., 77 , 
1,..., 77 , and 
2,3, ..., 77 . 
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for any / £ G n +i and 


dist((/4j +1 )*(w), \{u)) < -72(77,+ 1) 
for any u GW i = 1, In particular, this implies that 

[h'n+i\\v = [h n ]\v, 

and for any / £ H2W (note that "H 2 (77) C £7 n ) 

l r 0 h n {f) — to h' n+1 (f)\ < 7i(n) + |7(r)(/)-ro^ + i(/)| 

< 7i(n)/2+ 7i(n +l)/2 < 7i(n). 

Also by (|e 22.10p . for any / € TLi(n), one has that 

T (^n+i(/)) ^ 7 (t)(/) - ^ A (/) > 

By the inductive hypothesis, a same argument shows that 

T(h n (f )) > 7( t )(/) - ^ A (/) > ^ A (/) for a11 / e TLi(n). 

For any u £ U(n), one has 

dist(/i / n+1 (u), h n (u)) < ^72(77, +1)+ dist(7(u),/i n (u)) 

< ^72(n + 1) + ^72(n) < 7i(")• 

Note that both h! n+1 and h n are G(n)-S (n)-multiplicative, by Theorem ll2.5l there is a unitary 
W £ A such that 

|| W*h' n+1 (g)W - h n (g)\\ < 1/2" for all g £ F n . 

Then the map h n+ \ := AdW o h' n+1 satisfies the desired conditions, and the statement is proved. 

□ 

Lemma 22.6. Let C £ Co- Let e > 0, F C C be any finite subset. Suppose that B is a 
unital separable simple C*-algebra in Bo, A = B <S> U for some UHF-algebra of infinite type, 
a £ KK e (C (g C'(TT), A) ++ . Then there is a unital e-F-multiplicative contractive completely 
positive linear map p : C <g C(T) —>■ A such that 

[p\=ot. (e 22.11) 

Proof. Denote by «o and 07 the induced maps induced by a on Ao-groups and Ai-groups. 

By Theorem 118.21 there exist an A-e-multiplicative map p\ : C <g C'(T) —>• A <g /C and a 
homomorphism p 2 ■ C (g C'(T) —> A (g 1C with finite dimensional range such that 

[pi] = a+ \p 2 } in KK(C, A). 

In particular, one has that (</?i)*i = 07. Without loss of generality, one may assume that 
pi , p 2 '■ C —>• M r (A ) for some integer r. 

Since M r (A) £ Bo, for any finite subset G C M r (A) and any e' > 0, there are G-C- 
multiplicative map L\ : M r (A) -£■ (1 — p)M r (A)( 1 — p) and L 2 : M r {A) —>• So C pM r (A)p 
for a C*-subalgebra So £ Co with ls 0 = p such that 

(1) ||a — Li(a) © L 2 (a)|| < e' for any a £ G, and 
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(2) t(( 1 — p )) < e' for any r £ T(M r (A)). 


Since iCi(.S'o) = {0}, by choosing Q sufficiently large and e' sufficiently small, one may assume 
that L\ o ipi is J r -e-multiplicative, and 

[Li o </?i]|_fc 1 (C(giC , (T)) = (<Cl)*l = Oil. 

Moreover, since the positive cone of Kq(C © C(T)) is finitely generated, by choosing e' even 
smaller, one may assume that the map 

k := ao — [. L\ o Pi]\k 0 {C®C(T) : B 0 (C © C'(T)) — )• K 0 (A) 


is positive. 

Pick a point xq £ T, and consider the evaluation map 

7r : C <g> C'(T) € / © g i-> f ■ g(x 0 ) € C. 

Then 7r*o : Kq(C © C(T)) —>• Kq(C) is an order isomorphism. 

Pick a projection q € A with [q] = /c([l]). Since qAq £ Bo, by Theorem 118.71 there is a unital 
homomorphism h : C —> qAq such that 

[h] 0 = K oTT~^ on Kq(C), 


and hence one has 

(h o 7r)*o = k, on Kq(C © C'(T)). 

Put p = (Li o pi) © (h o 7r) : C © C'(TT) —> A, and it is clear that 

P*0 = [Li o ^i]|k 0 (C®C(T)) + K = [L\ o ^i]|a' 0 (C(S)C , (T)) + «0 - [Li o <y?l]|A7(C®C , (T)) = «0 

and [p\i = [Li o <^i]|a' 1 (c®C( T )) = a i- 

Since iC*(C © C'(T)) is finitely generated and torsion free, one has that [p] = a in KK(C © 
C(T),A). □ 

Lemma 22.7. Let C £ Co- Let e > 0, T C C © C(T) be any finite subset, a > 0, TL C 
(C © C'(T)) s . a . be a finite subset. Suppose that A is a unital C*-algebra in Bo, B = A®U for 
some UHF-algebraU of infinite type, a £ KK e (C ®C(Y),B) ++ , and 7 : T(B) —> Tf(C © (7(T)) 
is a continuous affine map such that a and 7 are compatible. There is a unital F-e-multiplicative 
contractive completely positive linear map p : C © C(T) —>• B such that 

( 1 ) [p] = a and 

(2) |r o <^(h) — 7 (r)(h)| < a for any h £ TL. 

Moreover, if A £ B\, (3 £ KK e (C, A) ++ , 7 ' : T(A) —>• Tf(C) is a continuous affine map which 
is compatible with (3 and TL' C C s , a . is a finite subset, then there is also a unital homomorphism 
if : C —>■ A such that 

[if\ = (3 and |r o ip(h) — 7 , (r)(/i)| < cr for all f £%'. (e 22.12) 

Proof. Since K*(C © C'(T)) is finitely generated and torsion free, by the UCT, the element 
a £ KK(C<S>C(T),A) is determined by the induced maps ao G Hom(iCo(C© C(T)). Kq{A)) and 
ot\ £ Hom(/\i(C' © C(T)), K\(A)). Without loss of generality we may assume that projections 
in M 2 (C © C(T)) generates Kq(C © C(T)). 
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To simplify the proof, without loss of generality, we may assume that ||/i|| < 1 for all h £ B. 
Fix a finite generating set Q of Kq(C © C(T)). Since j(t) £ Tf(C © C(T)) for all r £ T(B ) and 

r(B) is compact, one is able to define A : (C © C'(T ))^ 1 \ {0} —> (0,1) by 

= ^inf{7(r)(h) : t£T(B)}. 

Fix a finite generating set Q of K$(C © C(T)). Let Hi C C® C(T), <5 > 0, and K £ N be the 
finite subset and the constants of Lemma [16.101 with respect to J 7 , Ti, e, u/4 (in the place of a), 
and A. 

Since A £ Bo and U is of infinite type, for any finite subset Q' C B and any e' > 0, there are 
t/'-gLmuhiplicative maps L\ : B —>• (1 — p)B( 1 — p ) and L 2 : B —>• D © 1a% C D® Mk C pLip 
for a C*-subalgebra D £ Co with 1 d®m k = P such that 

(3) ||a — Li(a) © L 2 (a)\\ < e' for any a £ Q ', and 

(4) r(( 1 — p)) < minje', <r/4} for any r € T(B). 

Put S = D <gi Mr. By choosing Q' large enough and e' small enough, one may assume [L 1 ] and 
[L 2 ] are well-defined on a(K_(C © C'(TT))), and 

a = [Li\ o a + [j] o [L 2 ]o a, (e 22.13) 

where j : S ^ A is the embedding. Note that since K\(S) = {0}, one has that 

«i = [L 1 ] o ajir 1 (c'®C'(T))- 

Define k' = [L 2 ] o a\K 0 (c®C{T)), which is a homomorphism from Kq(C © C(T)) to Kq(D) which 
mapping [lo<s>C 7 (T)] to [Id]- Let {e^j : 1 < i,j < K} be a system of matrix units for Mk- 
View £ D © Mk- Then e*.j commutes with the image of L 2 . Define L' 2 : B —>• D © eyi by 
L' 2 (a) = £ 2 ( 0 ) © eip for all a € M r {A). 

Put k = [L' 2 \ o a|ftr 0 (c®c(T))- Put D' = D © em- 

Moreover, by choosing f/' larger and e / smaller, if necessarily, there is an continuous affine 
map 7 ; : T(D') —> T(C © C(T)) such that, for all r G T(A), 

(5) W(T{^) T \D')(f) ~ 7 (t)(/)I < u/4 for any / G U, 

( 6 ) 7 / (r)(h) > A(h) for any h G %i, and 

( 7 ) l7 / (y(^7y r b')(p) “ r («([p]))l < 5 for a11 projections p £ M 2 {C ® C(T)). 

Then it follows from Lemma 116.101 that there is an J r -e-multiplicative map p >2 '■ C © C(T) —>• 
Mk{D ) = 5 such that 

(<P2)*o = Kk = k' 


and 


|(1 /K)t o Lp 2 {h) - 7 / (f)(h)| < cj/4, h£'H , f G T(D'). 


On the other hand, since (1 — p)A{l — p) £ Bo , by Lemma 122.61 there is a unital J 7 -e- 
multiplicative map p>\ : C © C'(TT) —>• (1 — p)^4(l — p) such that 

[iff] = [Lx] o a in I\K(C © C(T), A). 

Define tp = tpi © j o <p 2 : C © C(T) —>• (1 — p)^4(l — p) © S C A Then one has 

V*0 = (Vl)*0 + (j 0 V 7 2)*0 = ([-bi] o a)|K 0 (C<8>C(T)) + ([j o L 2 \ o a)|ii- 0 (Cf®C7(T)) = a o 
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and 


T*i = (<Ci)*i + (j o <^2)*i = ([Ti] ° a|ftri(c®C(T)) = ai. 

Hence [p] = a in KK(C ® C'(T)). 

For any h € 7i and any r £ T(A), one has (note that we have assumed ||/i|| < 1 for all 

h £ ft). 

|r o <yc(/i) — 7 (r)(/i)| 

< |r o p(h) — t o j o p 2 (h)\ + \r o j o p 2 (h) — 7(r)(/i)| 

< <r/4+|Tojoy 2 (/t)-7 / ( 1 r| D /)(fe)| + |V( 1 r| 

r ( e i,i) r ( e i,i) 

< |r o p(h) - l/'{-^-T\ s )(h)\ + |y(-^-rr|s)(/i) - 7(r)(/i)| 

r(p) r(p) 

< cr/4 + cj/4 + a/4 < a. 

Hence the map p satisfies the lemma. 

To see the last part of the lemma holds, we note that, when C <g> C(T) is replaced by C 
and A is assumed to be in B i, the only difference is that we may not use 122.61 But then we 
can appeal to 118.71 to obtain p\. The semi-projectivity of C allows us actually obtain a unital 
homomorphism. □ 

Corollary 22 . 8 . Let C £ Co- Suppose that A is a unital separable simple C*-algebra in Bo, 
B = A®U for some UHF-algebra of infinite type, a £ KK e (C, B) ++ and 7 : T(B) —> Tf(C)) 
is a continuous affine map. Suppose that (a, A, 7) is a compatible triple. Then there is a unital 
homomorphism p : C —>• B such that 


[<£>] = a and px = 7- 


In particular, p is a monomorphism. 

Proof. The proof is exactly the same argument employed in 122.51 by using the second part of 
122.71 The reason p is a monomorphism because j(t) is faithful for each r £ T(A). □ 

Lemma 22.9. Let B £ Bo which satisfies the UCT, A\ £ Bo, let C = B ®U\ and A = A\ ® U 2 , 
where U\ and U 2 are unital infinite dimensional UHF-algebras. Suppose that k £ KL e (C, A) ++ , 
7 : T(A) —> T(C) is a continuous affine map and a : U(C)/CU(C) —> U(A)/CTJ{A) is a 
continuous homomorphism for which 7 , a and n are compatible. Then there exists a unital 
monomorphism p : C —>• A such that 

(1) [p] = k in KL e (C, A) ++ , 

( 2 ) px = 7 and p* = a. 

Proof. The proof follows a same line as that of Lemma 8.5 of [69j- By the classification theorem, 
one can write 

C — liui ( (J n , pn.n-\- [ ) 

where C n is a direct sum of C*-algebras in Co or in H. Let k„ = ko [pn,oo\, ct n = ao </?| > 0 o, and 
7 n = (pn }0 o )t 0 7 - By Corollary 122.51 or Corollary 122.81 there are unital monomorphism 

VVi : C n —> A 

such that 

[p n ] = a n , ifi = a n , and ( ip n )x = In- 
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In particular, the sequence of monomorphisms if n satisfies 

[VVi+1 ° Tn,n+ 1] — [V’n]) 'fin+l 0 Tn,n+1 — (^n+1 ° ^n^+l) — (VAi)t- 

Let J- n C C„ be a finite subset such that ’p n ,n+i{^ r n) A F n+ \ and U </?n,oo(-^n) is dense in 
C. Applying Theorem 112.51 with A (h) = infjy(r)(^ ri>00 (/i)) : r € T(A)}, h G C+, there is a 
sequence of unitaries € A such that 

Adu n+ i o if n+1 o ip n)n+ 1 « 1/2 n Adu n o ?/> n on T n . 

The the maps {Adu n o ip n : n = 1,2,...} converge to a unital homomorphism (p : C —> A 
which satisfies the lemma. □ 

Lemma 22.10. Let C be a unital C*-algebra. Let p G C be a full projection. Then, for any 
u G Uo(C), there is a unitary v G pCp such that 

u = v ® (1 — p) in Uo(C)/CU(C). 

If, furthermore, C is separable and has stable rank one, then, for any u G U(C), there is a 
unitary v € pCp such that 

u = v ® (1 — p) in U(C)/CU(C). 

Proof. It is sufficient to prove the first part of the statement. It is essentially contained in the 
proof of 4.5 and 4.6 of [38]. As in the proof of 4.5 of [38], for any b G C s . a ., there is c G pCp 
such that b — c G Co, where Co is the closed subspace of A s . a . consisting of elements of the form 
x — y, where x = c n c n aR d V = c n c n (converge in norm) for some sequence {c n } in 

C. 

Now let u = nLi«P(«*) f° r some bk € Cg.a., k = 1,2, ...,n. Then there are Ck G pCp 
such that bi. — cu G Co, k = 1,2,...,n. Put v = p(TTk-i exp(*ct))p. Then v G UnlpCp) and 
v + (1 - p) = nLi exp(ic fc ). By 3.1 of [98], u*(v + (1 - p)) G CU(C). □ 

Lemma 22.11. Let C G Co- Let e > 0, J 7 C C be a finite subset, 1 > oq > 0, 1 > U 2 > 0, 
U C J c (K\(C 0 C(T))) C U(C 0 C(T))/CC(C 0 C(T)) be any finite subset (see \2.l9i) and 
P C (C 0 C(T)) s . a . be a finite subset. Suppose that A is a unital separable simple C*-algebra 
in Bq, B = A ® U for some UHF-algebra U of infinite type, a G KK e (C 0 C(T), R) ++ , A : 
J c (Ki(C 0 C(T))) — > U(B)/CU(B) is a homomorphism, and 7 : T(B) —> Tf(C 0 C(T)) is 
a continuous affine map. Suppose that (a, A, 7) is a compatible triple. Then there is a unital 
T-e-multiplicative contractive completely positive linear map p : C 0 C(T) —>• B such that 

(1) [if] = a, 

(2) dist(<^(x), X(x)) < &\, for any x G U, and 

(3) |r o ip(h) — 'y(r)(h)\ < ai, for any h G 7C 

Proof. Note that K(C 0 C(T)) is finitely generated modulo Bockstein operations and A'o(C 0 
C(T)) + is a finitely generated semi group. Using the inductive limit B = lim n _ >00 (A0M rn , z n ,n+i), 
one can find, for n large enough, a n G KK e (C 0 C(T), A 0 M rn ) ++ such that a = a n x [i n ] 
where [* n ] G KK(A 0 M rn ,B) is induced by the inclusion % n : A 0 M rn —» B. Replacing 
A by A 0 M rn , without lose of generality we can assume that a = ai x [1], where 07 G 
KK e {C 0 C(T), A) ++ and i:A—*A<g>U = B is the inclusion. Note that J c (Ki(C 0 C(T))), 
same argument as above, we know that if the integer n above is large enough, then there is a 
A n : J c (ifi(C0C(T))) —> U(A®M rn )/CU(A®M rn ) such that |*n°A n (u) — A(u)| arbitrarily small 
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(e.g smaller than ^i) for all u £U. When we replace A by A <g) M rri , we can assume A = o X n , 
with Ai : J c {K 1 {C®C{ T))) -)■ U(A)/CU(A) and ** : U(A)/CU{A) U(B)/CU{B) being 
induced by the inclusion map. Furthermore, we can assume Ai being compatible with a±. 

Without loss of generality, we may assume that ||h|| < 1 for all h € LL. Let Pi,qi € M^{C) be 
projections such that {[pi] — [f/i], \pd] — [qd ]} forms a set of standard generators of Kq{C) (as 
an abelian group) for some integer k > 1. By choosing a specific J c , without loss of generality, 
one may assume that 

U = {((lfc - pi) +pi <g> z )((lfc - qt) + qi ® z*) : l < i < d}, 

where z € C(T) is the identity function on the unit circle. Put u\ = (lfc —pi) +pi® z){(lk — q%) + 
qi ® z*). Hence {[u'J,..., [u' d ]} is a set of standard generators of K\{C ® C(T)) = Kq(C) = 7L d . 
Then A is a homomorphism from 7 d to U(B)/CU(B). 

Let 7r e ; C —^ F\ = ©| =1 M ni be defined in l3.ll Bv l3.5l the map (7r e )*o induces an embedding 
of Kq(C) to Z l , and the map (n e ® id)*i induces an embedding of K\(C ® C'(T)) = 7L d to 
K\ (©j = i M ni ® C(T)) = 7}. Choose J C (K\ (©; =1 M ni ® C(T))) to be the subgroup generated 
by {ej <g) Zi © (1 — et);i = 1,..., 1}, where e* is a rank one projection of M ni and Zi is the standard 
unitary generator of i-th copy of C'(T). Note that the image of J c {K\{C ® C(T))) under 7r e is 
contained in J C {K\ (©; = j M n . ® C'(T))). Denote by Wj = ej ® Zj © (1 — ej ), 1 < j < l. 

We write B = Bq <g> U 2 , and Bq = A ® Ui, with U = U\ ® U 2 , both U\ and U 2 being UHF 
algebra of infinite type. Denoted by i\ : A —>• Bq, 12 : Bq —>• B and 1 = 12 o i± : A —>• B the 
inclusion maps. Recall a = a\ x [z] € KK(C,B). 

By applying Lemma 122.71 one obtains a unital J r, - £ / . mu itiplicative contractive completely 
positive linear map ^ : C ® C(T) —>• Bq such that 

\ip\ = ceix[*i] and (e22.14) 

\t o ip(h) — 7(r)(/i)| < minjcri, cr 2 }/3 for all h G % and for all r € T(Ho), (e 22.15) 

where e/2 > e' > 0 and T\ D F. (Note that T(Bq) = T(A ) = T(B ), and the map 7 : 
T(B) —>• Tf (C ® C(T)) can be regarded as a map with domain T(Bq). We may assume that s' is 
sufficiently small and F\ is sufficiently large so that not only (Ic 22.14p and (lc 22.151) make sense 
but also that ijA is well defined on U and induces a homomorphism from J c (Ki(C ® C(T))) to 
U(B 0 )/CU(B 0 ). 

Let M be the integer in 115.31 

For any e" > 0 and any finite subset F" C Bq, since Bo has the Popa condition and has (SP) 
property, there exist a non-zero projection e € Bq and a unital ^"-^''-multiplicative contractive 
completely positive linear map Lq : Bo —» F C eBoe, where F is a finite dimensional and 
1 f = e and a unital J 7 "-e"-multiplicative contractive completely positive linear map Li:Bq^- 
(1 — e)Bo(l — e) such that 

||6 — z o Lo(b) © Li(6)|| < e" for all b € F ", 

||Lo(h)|| > ||6||/2 for all b € F" and 
r(e) < min{cri/2, (T2/2} for all r € T(Bq), 

where 1 : F —> eBoe is the embedding and Li(6) = (1 — p)b{ 1 — p) for all b £ Bo- 

Since the positive cone of Kq{C ® C(T)) is finitely generated, with sufficiently small e" 
and sufficiently large F" , one may assume that [Lq o V ; ]lft'o(C®C(T)) is positive. Moreover, one 
may assume that (Lo 0 an d (Li o ■0)1 are well defined and induce homomorphisms from 
J c (Ki(C ® C(T))) to U(Bo)/CU(Bo). One may also assume that [L\ o tj;\ is well defined. 
Moreover, we may assume that Li o if) is J^-e-multiplicative for i = 0,1. 


(e 22.16) 
(e 22.17) 
(e 22.18) 
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There is a projection E c G C/ 2 such that E c is a direct sum of M copies of some non-zero 
projections E c ,q g C/ 2. Put E = 1 u 2 ~ B c . 

Define tpo : C <8> C(T) — >• F <g> EU2E eB^e ® EU2E by </ 3 o(c) = Lq o -0(c) ® i/(e 2?) for all 
c € C <8> C(T) and define ^ : C — > F ® E C U 2 E C by (^(c) = ^0 0 0 ( c ) © 20 for all c € C. Note 
that is also .F-c-multiplicative and (/7 q is also well defined as (To o ^)i is. Moreover [</?) ] is 
well defined. Define 

L 2 = *2 °Li o 0 + <£> 0 : C © C(T) ->• ((1 - e)£?o(l - e) <g> l{/ 2 ) © (e2? 0 e ® EU 2 E) (c B). 

Denote by 

A 0 = A - L\ = A - ^ — (*2°£i o </>)* : J c {K\{C <g> C(T))) U(B)/CU(B). 

Note that Lo factors through the finite dimensional algebra F and therefore [Lo] = 0 on 
Ki(B 0 ), consequently [^o]ki(C®C(T)) = 0 and [Lx o ip\ = [z x ] o [«i] on K X (C®C( T)). Hence 
[12 o L\ o ip] = a on K\ . Furthermore a is compatible with A. We know that the image of Ao is 
in U 0 (B)/CU(B). 

Note that, bv 111.51 the group Uq(B)/CU(B) is divisible. It is an injective abelian group. 
Therefore there is a homomorphism A : J c (©i=1 M ni © C(T)) —> Uq(B)/CU(B) such that 

Ao (7T e ) J = A 0 ~ l \. (e22.19) 

Let /3 = [Lo o i/j]\ Ko (c)'- Kq(C) —>Kq(F) = Z n . Let Rq > 1 be the integer given bv 115.31 
There is a unital C'*-subalgebra Mmk C E c U2E c such that K > Rq and such that E C U2E C 
can be written as Mmk © C/3. It follows from 115.31 that there is a positive homomorphism 
( 3 \ : Ko(Fi) —> Kq(F) such that o ( 7 r e )*o = MK/ 3 . Let h : F\ —>• F <g> Mmk be the unital 
homomorphism such that h *0 = Pi- Put ip'[ = h o ir e : C —>• F ® Mmk, and then one has that 
(Vi)*o = MK/ 3 . Let J : Mmk —>• E C U2E C be the embedding. One verifies that 

Of © JU 0 (Fi)*o = (if © J)* 0 0 MKf 3 = z * 0 o (e22.20) 

where if : F —>• eB^e and * : F <S> E C U 2 E C —>• eB^e <g> E C U 2 E C be the unital embedding. 

Choose a unitary y, G Of © J 0 h)(ej)B(ip ©Jo h)(ej ) such that 

Vj = Hwj), j = 1,2 ,...,/, 

where we recall that Wj = ej <g> Zj © (1 — ej) G Fi ® C(T) = ®jM nj ® C(T) is the standard 
generator of K\(M nj ® C(T). Let 1 j be the unit of M nj C F \, then lj = e^- © ej © • • • © ej. 


Define yj = diag(yj, yj,yj)G (if © J 0 h)(lj)B(ip © J o /t)(L,), J = 1,2,...,/. Then y^ 
commutes with if © J(Fi). 

Define (^1 : Fi®(7(T) ->• (Of © J) ° Fi)(1 c)H(0f © J) ° </>") (lc) by <£i(cj©/) = (Of © J) ° <p")(cj)f(yj) 
for all Cj G M nj and / G C(T). Define cpi = (p\ o (n e ® idc(T))• Then, by identifying Kq(C®C(T)) 
with Kq(C), one has 

(<Pi)*o = Lo 0 (^i)*o and (^i)^ = A. (e22.21) 

Define ip = <po © (pi © z 2 oLi o ip. We verify that, by (jc 22.15P and (jc 22.1811 . 

|r o <p(h) - 7 (r)(/i)| < <t 2 /3 + ct 2 /3 = 2cr 2 /3, h e Ti¬ 
lt is ready to verify that 

^*0 = ak 0 (C®C(T)) and = A. (e 22.22) 
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Thus, since A is compatible with a, 


T*i = a|Ki(C'®C'(T))- (e 22.23) 

Since K^(C © C(T)) = Kq(C) is free and finitely generated, one concludes that 

[(/?] = a. 


□ 

Corollary 22.12. Let C € Co and C\ = C © C(T). Suppose that A is a unital separable simple 
C*-algebra in Bq, B = A U for some UHF-algebra of infinite type, a € KK e (C\, B) ++ , 
A : J c {K\(C )) —>• U(B)/CU(B) is a homomorphism, and 7 : T(B) —» Tf(Ci)) is a continuous 
affine map. Suppose that ( a , A, 7 ) is a compatible triple. Then there is a unital homomorphism 
tp : C\ —>• B such that 

[<p\ = a, pr = A and pt = 7 - 
In particular, p is a monomorphism. 

Proof. The proof is exactly the same argument employed in 122.51 by using 122.111 □ 

Corollary 22.13. Let C € Co and let C\ = C or C\ = C © C(T). Suppose that A is a 
unital separable simple C*-algebra in Bo, B = A <g> U for some UHF-algebra of infinite type, 
a € KK e (Ci,B) ++ and 7 : T(B) —>• Xf(Ci) is a continuous affine map. Suppose that (a, 7 ) is 
compatible. Then there is a unital homomorphism p : Ci —> B such that 

[p] = a, p^ — A and px = 7. 

In particular, p is a monomorphism. 

Proof. To apply 122.121 one needs A. Note that J c (Ki(Ci) is isomorphic to K\(Ci) which is 
finitely generated. Let : K\ (B) —> U(B)/CU(B) be the splitting map defined in 12.151 
Dehne A = o a\ ki{Ci)- Then (a, A, 7 ) is compatible. This corollary then follows from the 
previous one. □ 

Theorem 22.14. Let X be a finite CW complex and let C = PM n (C(X))P, where n > 1 is 
an integer and P £ M n (C(X )) is a projection. Let A\ € B, and let A = A\ <S> U for UHF- 
algebra U of infinite type. Suppose a € KL e (C, A) ++ , A : U 00 (C)/CU 00 (C) —>■ U(A)/CU(A) 
be a continuous homomorphism and 7 : T(^4) —>• Tf(C) be a continuous affine map which are 
compatible. Then there exists a unital homomorphism h : C —>• A such that 

[h] = a, h} = A and hr = 7 - (e 22.24) 

Proof. The proof is similar to that of 6.6 of {69] . To simplify the notation, without loss of 
generality, we may assume that X is connected. Furthermore, a standard argument shows 
that the general case case can be reduced to the case that C = C(X). We assume that 
U(Mn(C))/Uq(Mn(C)) = K\(C). Therefore, in this case, 

U(M N (C))/CU(M N (C)) = U 00 (C)/CU 00 (C). 

Write K\ (C) = G\ © Tor(K\(C)), where G\ is the free part of K\{C). Fix a point £ € X let 
Co = Co(X \ {£}). Note that Co is an ideal of C and C/Co= C. Write 

K 0 (C) = Z • [l c ] © K 0 (C 0 ). (e 22.25) 
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Let B G Bo be a unital separable simple C*-algebra constructed in 114.111 such that 


(K 0 (B),Ko(B) + ,[l B ],T(B),r B ) = (K 0 (A),K 0 (A),[l A \,T(A),r A ) (e 22.26) 

and K^B) = Gi®Tor(Ki(A)). 

Put 


A(g) = inf { 7 ( 1 -) ( 5 ) : t € T(A)}. 


(e 22.27) 


For each g G C + \ {0}, since 7 (r) € Tf(C), 7 is continuous and T(7l) is compact, A(g) > 0. 

Let e > 0, F C C be a finite subset, let 1 > 07,02 > 0, "H C C^.a. be a finite subset, 
L/ C TJ{Mn(C))/CU{Mn(C)) be a finite subset. We assume that U = U$ U U\ , where £7o C 
Uq(M n {C))/CU(M n (C)) and C J c (iLi(C)) C U(M N (C))/CU(M N (C)). 

For each u G ZYo, write u = }};=! exp(v / —laj(tt)), where Oj(ii) € Mjv(C') s . a .. Write 

ai(u) = (a{ k,j \u)) NxN , i = 1,2, ...,n(u). (e22.28) 


Write 


c i,k,j{ u ) — 


S k ,j), 


u ) + (a, 




2 * 




and di k,j = 


(e 22.29) 


Put 


M = max{||c||, ||c iifc>j (n)]|, ||d iifc j(u)|| :c€H,m£ Z7 0 }. 
Choose a non-zero projection e € B such that 

min{ 01,02} 


(e 22.30) 


r(e) < 


16A 2 (M + 1) max{n(tt) : u G L/q} 


for all r € T(B). 


Let B 2 = (1 — e)L>(l — e). 

In what follows we will use the identification (le 22.26p . Define kq G Hom(Ko(C).Ko(B2 )) as 
follows. Define Ko(m[lc]) = m [l — e] for m G Z and koIa'c(Co) = a \K 0 (C 0 )- Note that K\(B) = 
G\ ®Tor{K\(A )) and that a induces a map \oi\\Tar{Ki(C)) '■ Tor{K\(C )) —> Tor{K\(A)). Using 
the given decomposition K\{C) = G\ © Tor{K\(C), we can define : K\ (C) —> ili(-B) by 
«l|Gi = id and Ki| Tot^K^C)) = Mlror(A'i(C))- 

By the Universal Coefficient Theorem, there is k G KL(C, B2) which gives the above two 
homomorphisms kq,k\. Note that k G KL e (C, B2) ++ , since Kq{Cq) = kerpc{Ko(C)). Choose 


'Hi = U U {ci >k j(u),d i>k j(u) : u G U 0 }. 

Every tracial state r’ of B2 has the form r'(6) = r(6)/r( 1 — e) for all b G B2 for some 
r G T(B). Let 7' : T(^) —T(C') be dehned as follows. For t' G T(B2) as above, define 

Y( r ')(f) = 7(©)(/) for / G C. 

It follows from 122.31 that there exists a sequence of unital contractive completely positive 
linear maps h n : C — > B 2 such that 


lim \\h n (ab) — h n (a)h n (b)\\ = 0 for all a, b G C, 

n—>00 

[h n \ = k (—K*(C) is finitely generated ) and 
lim max{|r o h n (c ) — 7 / (r)(c)| : r G T(L? 2 )} = 0 for all c G C. 
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Here we may assume that [h n \ is well defined for all n and 

I t o hn(c) - 7 (r)(c)| < miI 1 g ^2 ^ > n = l,2,.... (e 22.31) 

for all c E Tii and for all r E T(i? 2 ). Choose 6 E KL(B,A) such that it gives the identification 
of (|e 22.26|) . and, 9\g x = ol\g 1 and 9\ T or(K 1 (A)) = v ^Tor(Ki(A))- Let e' E A be a projection such 
that [e'\ E Kq(A) corresponds [e] € -Ko(-B) under the identification le 22.261 Let (3 = a — 6 ok. 
Then 

me]) = W], Pk 0 (Co) = 0 and P Kl{c) = 0. (e22.32) 

Then /3 € KL e (C,e'Ae'). It follows 122.31 that there exists a sequence of unital contractive com¬ 
pletely positive linear maps </?o,n : C -A- e'Ae' such that 

lim \\ip 0n (ab) - ip 0n (a)(p 0 ,n(b)\\ =0 and [<£ 0 ,n] = P- (e22.33) 

n—> oo 

Note that, for each u E U(Mn(C)) with u E Z7o, 

n(u) 

Dc(u) = ^2aj(u), (e22.34) 

2=1 

where c(r) = t(c) for all c E C^.a. and r E T(C). Since k and A are compatible, we compute, for 
u E XAq , 

dist((L n )*(iz), A(u)) << 72 / 8 . (e22.35) 

Fix a pair of large integers n,m, define Xn,m ■ Jc(G \) —>• Aff(T(H))/p^(iLo(H)) by 

A Ij c (Gi) - (M*U(Gi) - (V’o.mUcfGi)- (e 22.36) 

Viewing J C (G{) as subgroup of J c (Ki(B))= J c (Ki(B2)), define Xn,m on Tor(K\(B 2 )) to be zero, 
we obtain a homomorphism Xn,m '■ J c (-K"i(i? 2 )) —»• AS(T(A))/pa(Ko(A)). It follows from 122.91 
that there is a unital homomorphism if) : B 2 -A- (1 — e')A{l — e ; ) such that 

[i[>\=9, iI>t = idT(A) and (e 22.37) 

VnJcfKH^)) =Xn J m|j c (Ki(S 2 ))+«4 0 ^k 1 (S 2 )j (e22.38) 

where we identify K\(B 2 ) with K\(B) By (le 22.371) . 

^ t \AS(T(B 2 ))/pB 2 (Ko(B 2 )) = ld - (e 22.39) 

Dehne L(c) = V7),m(c) ®i)o h n (c) for all c E C. It follows, by choosing sufficiently large m and 
n, one has that L is e - J 7 - mu It i p li c at i ve, 

[L\=a, (e 22.40) 

max{|ro-0(/) — 7 (t)(/)| : r E T(H)} < o\ for all / E T~L and (e22.41) 

dist(L*(u), A (ft)) < c 72 . (e 22.42) 

This implies that that there is a sequence of contractive completely positive linear maps ip n : 
C -A A such that 

lim || ifi n (ab) — i/> n (a)i/> n (b)\\ =0 for all a, 6 EC, (e22.43) 

?7 .—yoo 

[V’n] = «, (e 22.44) 

lim max{|r o ip n (c) — 7 (r)(c)| : r E T(Ai)} = 0 for all c E C s . a . and (e22.45) 

n—yoo 

lim dist(^(u), X(u)) = 0 for all u E U(Mn{C))/CU(Mn(C)). (e22.46) 
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Finally, by applying 112.51 as in the proof of 122.51 using A /2 above, we obtain a unital homo¬ 
morphism h : C —>■ A such that 

[h] = a, hr = 7 and hf = A (e 22.47) 


as desired. 


□ 


Theorem 22.15. Let C E Co and let G = Kq(C). Write G = Z fc with Z fc generated by 

= [pi] - [<7 i],x 2 = [p 2 ] - fe],-,®*: = [Pfe] - Ml, 

where pi , q % € M n (C) (for some integer n > 1) are projections, i = 1,..., k. 

Let A be a simple C*-algebra in Bo, and let B = A® U for a UHF algebra U of infinite 
type. Suppose that <p : C B is a monomorphism. Then, for any finite subsets F C C and 
V C K(C ), any e > 0 and a > 0, any homomorphism 

r : 7L k -> U 0 (B)/CU{B), 


there is a unitary w € B such that 
(!) \\[T(f),w}\\ < £, f or any f GJ, 

( 2 ) Bott(<p, w)\-p = 0, and 

(3) dist((((l„ - <p(pi)) + <p(pi)w)((l n - <p(gi)) + (p{qi)w*)),T(xi))) < a, for any 1 < i < k, 

n 

where w = diag(u;, ff., w). 

Proof. Write B = lim n ^. 00 (yl( 8 ) M rn , i n ,n+i)- Using the fact that C is semi-projective (see [2Tj). 
one can construct a sequence of homomorphisms ip n : C —>• T(g) M Vn such that i n o p n (c) —> ip(c) 
for all c G C. Without loss of generality, we can assume = iotp\ for a homomorphism p\C A 
(replacing A by A ® M Tn ), where i : A—>A®U = B is the standard inclusion. 

Without loss of generality, one may assume that ||/|| < 1 for any / G F. 

For any nonzero positive element /jEC with norm at most 1, define 

A(h) = inf{r(<p(/i)); r € T(B)}. 

Since B is simple, one has that A (h) G (0,1). 

Let Tii U A + \ {0}, Q C A, 5 > 0, V C K(A), TL 2 Q ^4 s .a. and 71 > 0 be the finite subsets 
and constants of Corollary 112.51 with respect to C (in the place of C), F, e /2 and A /2 (since 
Ki(C) = {0}, one does not need U and 72). 

Note that B = A ® U. Pick a unitary z € U with sp(u) = T and consider the map ip' : 
C ® C(T) -> B ® U by 

a < 8 > / >-)• tp(a) ® f{z). 

(Recall that p(a) = <pi(a) < 8 > 1 u-) Denote by 

7 = (p%:T(B)^T { (C®C(T)). 

Also define 

a := [f/] € KK(C ®C(T),B). 

Note that K\{C ® C'(T)) = Kq(C) = Z fc . Identifying J C {K\ (C ® C(T))) with Z fc , and define 
a map A : J c (Ki(U{C ® C(T)))) -> U 0 {B)/CU(B ) by A(o) = r(o) for any a G Z fc . 
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Denote by 


U = {(1 n - Pi + Piz')(l n - qi + qiz'*)] i = C J c (U(C <g> C(T))), 

where z' is the standard generator of C(T), and denote by 

S = min{A(/i)/4; h € "Hi}. 

Applying Lemma 122.111 one obtains a T-tf 4-multiplicative map : C < 8 > C(T) —)• B such that 

[4>] = a, dist(<E>*(x), A(x)) < a, x€U 

and 

|t o 4>(/t (gi 1) — j(r)(h ® 1)| < min{ 7 i, 5}, h€HiUH 2 - (e 22.48) 

Let if denote the restriction of <J> to C <S> 1. Then one has 

W\\v = [<p\\v- 

By (le 22.481) . one has that for any h € Hi, 

T(ijj(h)) > 7 (t)(L) — 5 = T(ip'(h <g> 1)) — 5 = T(cp(h)) — 5 > A(h)/2, 
and it is also clear that 

T(cp(h)) > A(h)/2 for all h € Hi. 

Moreover, for any h E H 2 , one has 

|t o i/j(h) — r o <p(h)\ = \r o 4>(h <S> 1) — r o ip'(h <g> 1)| 

= |r o $(/i ® 1 ) — 7 (r)(h ® 1 )| 

< 7i- 

Therefore, by Corollary 112.51 there is a unitary W G B such that 

II W*W)W - ¥>(/)|| < e/2 for all / E L. 

The the element 

w = W*$(l®zf)W 

is the desired unitary. □ 

Theorem 22.16. Let C be a unital C*-algebra which is a finite direct sum of C*-algebras 
in Co and C*-algebras with the form PM n (C(X))P, where X is a finite CW complex, and let 
G = I\o(C). Write G = Z fc 0 Tor(G) with Z fc generated by 

{xi = M - [qi],x 2 = H - [q2],-,Xk = \Pk ] - [%]}, 

where Pi,q% € M n (C) (for some integer n > 1) are projections, i = 1,..., k. 

Let A be a simple C*-algebra in Bo, and let B = A® JJ for a UHF algebra U of infinite 
type. Suppose that ip : C B is a monomorphism. Then, for any finite subsets T C C and 
V C K(C), any e > 0 and a > 0, any homomorphism 

r : z fc ->■ Uo(M n (B))/CU(M n (B)), 

there is a unitary w € B such that 
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(!) II[¥>(/),«>]II < £, f° r any f eF, 

( 2 ) Bott(yj, w)\-p = 0, and 


(3) dist((((l n - ip(pi)) + tp(pi)w)({l n - (p(qi)) + ip(qi)w*)),T(xi))) < a, for any 1 < i < k, 

n 

where w = diag(uv^, w). 

Proof. By 122.151 it suffices to prove the case that C = PM n (C(X))P, where X is a finite CW 
complex, n > 1 is an integer and P € M n (C(X )) is a projection. Proof follows the same lines 
of the proof as that of 122.151 but one will apply 122 . 141 instead of 122.111 □ 

23 A pair of almost commuting unitaries 

Lemma 23.1. Let C € C. There exists a constant Me > 0 satisfying the following: For any 
e > 0, any x € Kq{C) and any n > Mc/s, if 

\pc{x){j)\ < e for all t € T(C < 8 > M n ), (e23.1) 

then, there are mutually inequivalent and mutually orthogonal minimal projections p±,P 2 , 
and qi, q 2 , ■■■, qk 2 in C ® M n and positive integers l\, I 2 , , mi, m 2 , ■■■, mk 2 such that 


fcl k 2 

x = [^2 tel - and 

i=l j =1 

fci k 2 

t C 22 hpi) < 4e and rl^^mjqj) < 4e 
i =1 j =1 


(e 23.2) 
(e 23.3) 


for all t G T(C (g> M n ). 

Proof. Let C = C(Fi, F2, <pi, ^2) and F\ = ®| =1 M r ^y Bv 13.151 there is an integer N(C) > 0 
such that every projection in C < 8 ) /C is equivalent to a finite direct sum of projections from a 
set of finitely many mutually inequivalent minimal projections (some of them may repeat in the 
direct sum) in M n /q\ (C). By enlarge the number N(C), we may assume this set of mutually 
inequivalent projections are sitting in M N ( C (C), orthogonally. We also assume that, as in 13.11 
C is minimal. Let 

M = N(C) + 2(r(l) • r( 2 ) • • • r(l)) 

Suppose that n > M/e. With the canonical embedding of Kq(C) into Kq{F\) = l ), write 


x = 


(x i\ 

X2 


\XlJ 


€ l! 


(e 23.4) 


By ()c 23.11) . for any irreducible representation n of C and any tracial state t on M n (-K(C)), 


|t o 7r(x)| < £. 


It follows that 


x s \/r(s)n < £, s = l, 2 ,...,/. 


(e 23.5) 


(e 23.6) 
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Let 


T = max{|x s |/r(s) : 1 < s < l}. (e23.7) 

Define 



r(2) 

and z = T 

(r(1 )\ 

r(2) 

y = x + T 


V r (0y 


V r (0y 


It is clear that z € Kq(C)+ (see 13.51) . It follows that y € Kq(C). One also computes that 
y G Kq(C) + . It follows that there are projections p, q G Ml(C ) for some integer L > 1 such 
that \p] = y and [g] = z. Moreover, x = \p\ — [q\. One also computes that 


r(q) <T/n < e for all r G T(C <8> M n ). 


(e 23.9) 


One also has 


t(p) < 2 e for all r € T(C <S> M n ). (e 23.10) 

There are two sets of mutually orthogonal minimal projections {p\,P2, ■■■iPk 1 } and {qi,q2, ■■■,Qk 2 } 
in C <8> M n (since n > N(C)) such that 

fci k 2 

\p\ = ^k\Pi\ and [q\ = ’Y^m j [q j \. (e23.11) 

i=l 3 = 1 

Therefore 

fci fc 2 

® ~ (e 23.12) 

i=l j=l 

□ 


Lemma 23 . 2 . Let C € C. There is an integer Me > 0 satisfying the following: For any e > 0 
and for any x € Kq(C) with 

\r(pc(x))\ < e/247r 

for all t G T(C < g > M n ), where n > 2Mcn/e, there exists a pair of unitaries u and M n 

such that 


||uv — ra|| < e and r(botti(u, v)) = t(x). (e23.13) 

Proof. To simplify the proof, without loss of generality, we may assume that C is minimal. By 
applying 123.11 there are mutually orthogonal and mutually inequivalent minimal projections 
Pi,P2,-,Pk 1 ,Qi,Q2,— > qk 2 € C ® M n such that 

k\ k 2 

^2 i i\jh\ - = x ’ 

*= 1 3 =1 

where l\,l 2 , ■■■,lk 1 , mi, m 2 ,..., mfc 2 are positive integers. Moreover, 

fcl k 2 

krjpi) < e/67r and S ^ j rnjT(qj) < e/Qit (e23.14) 

i=l j= 1 
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for all r £ T(C <S> M n ). Choose N < n such that N = [27r/e] + 1. By (Ic 23.141) . 

fcl k2 

El Nljr{pi) + El NmjT(qj) < 1/2 for all r £ T(C ® M n ). (e 23.15) 

*=i j=i 

It follows that there are mutually orthogonal projections di jk , d'- fe £ (7 <g) M n , k = 1,2, ...,1V, 
z = 1,2,..., A*, and j = 1, 2,..., k 2 such that 

[di,k]=h[Pi] and [d! jk \ = rrij [qj \, 1 = 1,2,..., fc 1; j = 1,2,..., k 2 (e 23.16) 

and k = 1,2, ...,1V. Let D t = Ylk=\di,k and £>' = Ylk=i d 'j,k^ * = M^-Ai and j = 1,2, ...,fc 2 . 
There is a partial isometry Sj^, s'- k £ C <g> M n such that 

s i,k d i,k s i,k = di t k+ 1 , , i s j,k) d j,k s j,k = d j,k+l ^ = 1)2, ...,1V — 1, (e 23.17) 

s *i,N d i,NSi,N = di ^i and (s'j N )*d'j N s'j N = d'j 1 , (e 23.18) 

1 = 1,2,..., fci and j = 1,2, ...,k 2 . Thus we obtain unitary Ui £ Di(C <g) M n )Di and «'■ = 
D) (C <g) M n )D'- such that 

u*d itk Ui = d it k+ i, u*d ijN Ui = d it i, {u'j)* d' jk Uj = d! jk+l and (u'j)* d' jN u'j = d' jtl , (e23.19) 
z = 1,2,..., fci, j = 1, 2,..., fc’ 2 . Define 

N N 

Vi = J2 eV ^ {2k7r/N) di,k and v’j = E e^ 2k ^ /N) d!^ k . 
fc=1 k =1 


We compute that 


— ViUi\\ < e and \\ujVj — VjUj || < e, 


1 


=r(logUiUiU*u*) = fcr(pj) and 


27ry^T 

r(logu'u'(u')*(«'■)*) = m j T(q j ), 


27T-v/—T 

for r £ T(C (g) M„), z = 1,2,..., k\ and j = 1,2,..., k 2 . Now define 


fcl fc 2 fc 2 fc 2 

u = E Ui+ E u j + ( 1 c«>Afn - E Di ~ E and 

2=1 J = 1 2=1 J = 1 

«= E +£ w + (w„ - E a - E d'). 


* i i=i 


*=i 1=1 


We then compute that 
fci 


fc2 


r(bottiO,u)) = E — \—^ r(log(viUiV*u*)) - E ^^=r( lo gu'u' (w')*(«'■)*) 
i=1 v 1=1 " v 


fcl fc 2 

E liT ^ - E m i r (<?i) = r ( a; ) 

*=i 1=1 


for all r € T(C (g> M n ). 


(e 23.20) 
(e 23.21) 

(e 23.22) 

(e 23.23) 
(e 23.24) 


(e 23.25) 

(e 23.26) 

□ 
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Lemma 23.3. Let e > 0. There exists a > 0 satisfying the following: Let A = Ai<S>U, where U 
is a UHF-algebra of infinite type and A\ £ Bo, let u £ U(A) be a unitary with sp(u) = T, and 
let x £ Kq(A) with \t{pa{x))\ < o for all r £ T(A) and y £ K\(A). Then there exists a unitary 
v £ U (H) such that 


\\uv — vu\\<£, botti(u, v) = x and [v\ = y. (e23.27) 

Proof. Let <po '■ C'(TT) —>• A be the unital monomorphism defined by tpo(f) = f(u ) for all 
/ £ C(T). Let Ao : A^ \ {0} —> (0,1) be defined by Ao(/) = inf{r(/) : r £ T(A)}. Let £ > 0 
be given. Choose 0 < E\ < e such that 

bott\(zi, Z 2 ) = botti(z , 1) z' 2 ) 

if \\z\ — z[\\ < £\ and \\z 2 — z' 2 \\ < £1 for any two pairs of unitaries z±,Z 2 , and z! 1 ,z 2 which also 
have the property that \\z\Z 2 — Z 2 Z\\\ < £\ and jjz^z^ — z! 2 z'f\ < £\. 

Let Tii C C(T)^_ \ {0} be a finite subset, 71 > 0, 72 > 0 and PL 2 C C(T) s . a . be a finite subset 
as required by 112.71 Ifor ei/4 and Ao/2). 

Let 

(5i = min{ 7 i/ 16 , 7 2 / 16 ,min{A(/) : / € Ui}/A}. 

Let 5 = min{(5i/16, (<5i/16)(ei/327r)}. 

Let eGli^hCdbea non-zero projection such that r(e) < 5i for all r € T(A). Let 
B = e^4e (then B = A <g> U' for some UHF-algebra U'). It follows from 118. TOl that there is a 
unital simple C*-algebra C = lim, woo (C' n , 'ipn), where C n £ Co and C = C’ ®U such that 

(K 0 (C),Ko(C) + ,[lc],T(C),rc) = (p A (Ko(A)),(p A (Ko(A))) + ,[e},T(A),r A ). 

Moreover, we may assume that all if n are unital. 

Now suppose that x £ Ko(A) with \t(pa(x))\ < 6 for all t £ T(A) and suppose that 
y £ Ki(A). Let z = p A (x)£ Kq(C). We identify z with the element in A’o(C') in the above 
identification. We claim that, there is no > 1 such that there is x' £ Ko(C no < 8 > U) such that 
z = {'f’n 0 ,o 0 )*o(x')£ Ko{C ) and \t{pc no ®u)(x')\ < 6 for all t £ T(C no < 8 > U). 

Otherwise, there is an increasing sequence rik, Xk £ Ko(C nk ( 8 > U) such that 

(f’n k ,oo)*o(x k ) = z £ K 0 (C) and \t k {pc nk ®u)( x k)\ > 6 (e23.28) 

for some t k £ T{C nk < 8 > U), k = 1,2,.... Let L k : C —>■ C nk <S> U such that 

lim HV’n.oo 0 L n {c) - c\\ = 0 

n—> 00 

for all c € if k ,oo{Cn k < 8 ) U), k = 1,2,.... It follows that the limit points of t k o L k is a tracial state 
of C. Let to be one of such limit. Then, by (|e 23.28p . 

to(pc(z)) > 


This proves the claim. 

Write U = lim n ^. 00 (M r r m ^, i m ), where i m : M r ( m \ —>• M r ( m+1) is a unital embedding. By 
repeating the above argument, we obtain mo > 1 and y' £ Ko(C no <S> M r ( mo )) = Ao(C' no ) such 
that (im 0 ,oo)*o(y') = x' and \t(pc nQ (y'))\ < d for all t £ T(C no <g> M r(mo) ). Let M Cnq be as the 
constant in 123.21 Choose r(m±) > max{48Mc /(5, r(mo)} and let y" = (« mo ,mi)*o(2/0- Then, we 
compute that 

\t(PC no (y"))\ < d for all t £ T(C no <g> M r(mi) ). 
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It follows from 123.21 that there exists a pair of unitaries u\. v\ £ C no <S> such that 

ll^i — v i\\ < £i/ 4 and botti(u , 1 , v'i) = y" . (e23.29) 

Put u\ = im 1 , 00 (^ 1 ) and u 2 = imi, 00 (^ 1 ) ■ Then (le 23.291) implies that 

||ui — vi || < ei/4 and botti(ui, ui) = x' . (e 23.30) 

Let h 0 : C no (S) t/ —>• eTle be a unital homomorphism given by 118.101 such that 

Pa 0 (^o)*o — (V ; no,oo)*o- (e 23.31) 

It follows that 

PA{(ho)*o(x') - x) = 0. (e 23.32) 

Let U 2 = ho(ui) and V 2 = ho(vi). We have that 

p J 4 (botti(u 2 , V 2 ) — x) = 0. (e23.33) 

Choose another non-zero projection e\ £ A such that eie = eei = 0 and r(ei) < <5i/16 for all 
r £ T(A). It follows from I22.T1 that there is a sequence of unital contractive completely positive 
linear maps L n : C(T 2 ) —» e\Ae\ such that 

lim \\L n (fg) - L n (f)L n (g)\\ =0 and \L n ](b) = x - botti(u 2 , v 2 ), (e23.34) 

71—» OO 

where b is the Bott element in Kq(C{T 2 )). (In fact, we can also apply 122.141 here.) Thus we 
obtain a pair of unitaries U 3 ,vs £ ei-Aei such that 

||u 3 U 3 — U 3 U 3 H <£i/ 4 and botti(u 3 ,u 3 ) = x — botti (it 2 ,u 2 ). (e23.35) 

Let e 2 , e 3 € (1 — e — ei)7l(l — e — ei) be a pair of non-zero mutually orthogonal projections such 
that r(e 2 ) < <5i/32 and r(e 3 ) < <5i/32 for all r £ T(7l). It follows from 117.31 applied to X = T, 
that there is a unitary U 4 £ (1 — e — ei — e 2 — e 3 )A(l — e — ei — e 2 — e 3 ) such that 

\t o (/(U 4 )) — r o f(u)\\ < <5i/4 for all / £ 77 2 U "Hi and for all r £ T(A). (e 23.36) 

Let w = U 2 + U 3 + U 4 + (1 — e — ei — e 2 — e 3 ). It follows from Theorem 3.10 of [38J that there 
exists U 5 £ t/(e 2 ^4e 2 ) such that 

uE = uw* € U(A)/CU(A). (e 23.37) 

Since 7l is simple and has stable rank one, there exists a unitary U 4 £ e^Ae 3 such thatftq] = 
y — [v 2 + u 3 + (e 2 +e 3 )] £ K\ (A). Now define 

uq = U 2 + U 3 + U 4 + U 5 + e 3 and ug = u 2 + u 3 + (1 — e — ei — e 2 —e 3 ) + e 2 +U 4 . 

Then 


Moreover, 

\\u 6 v 6 - vqUq || < £i/ 2, botti(u 6 ,u 6 ) = x and [u 6 ] = y. 

(e 23.38) 


r(f(u 6 )) > A(/)/2 for all / £ U\ 

(e 23.39) 


1 r(f(u) - r(/(u 6 ))| < 71 and u 6 = u. 

(e 23.40) 

It follows from 112.71 that there exists a unitarv W £ A such that 



\\W*u 6 W-u\\ < £i/2. 

(e 23.41) 

Now let v = 

W*vqW. We compute that 



\\uv — vu\\ < £, botti (it, v) = botti (itg, ug) = x and [u] = y. 

(e 23.42) 

□ 
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24 More existence theorems for Bott elements 


Using 123.31122.11121.111118.111 and 112.91 we can show the following: 

Lemma 24.1. Let A = A\ 0 U\, where A\ is as in 114.81 and B = B\ © U 2 , where B 1 € £>o and 
U\, U 2 are two UHF-algebras of infinite type. For any e > 0, any finite subset T C A, any finite 
subset V C KfA), there exist d > 0 and a finite subset Q C K\{A) satisfying the following: Let 
cp : A —>• B be a unital homomorphism and a € KL(A © C'(T), B ) such that 

\t o p B (a((3(x)))\ <6 for all x € Q and for all tGT(B), (e24.1) 

there exists a unitary u € B such that 

||[vj(x), n]|| < e for all x € T and (e24.2) 

Bott((/?, u)\-p = ot(l 3)|-p. (e24.3) 

Proof. Let £\ > 0 and let J-\ C A be a finite subset satisfying the following: If 

L, L' : A©C(T) -> B 

are two unital F[ -e 1 -multiplicative contractive completely positive linear maps such that 

||L(/) - L'(/)|| < £l for all / € X[, (e24.4) 

where 

= (a ® g : a € and g € {z, z* , lc(T)}}, 

then 

m\/3{V) = W]\/3(V)- (e24.5) 

Let B\ n = M m ( l ri )(C'(T))©M m ( 2 )n )(C'(T))©- ■ ■®M m p kl pp )r p ) {C( T)), . 62 ,n = PM ri ^(C(X n ))P, 
where X n is a finite disjoint union of S 2 , Tq y. and T\j. (for various k > 1). Let B 3 >n be a fi¬ 
nite direct sum of C*-algebras in Cq (with trivial K\ and ker ps 3 = {0}), n = 1,2,.... Put 
C n = B\ )U © f? 2 ,n © - 63 , n) n = 1,2,.... We may write that A = lim n _ > . 00 (C' n , i n ) as in 114.81 So we 
also assume that i n are injective, 

ker p A C (*n,oo)*o(kerpc„) and (e24.6) 

lirn sup{r(l jBl © 1 b 2 ,J : r € T(B)} = 0 (e24.7) 

Let £2 = min{£i/4, e/4} and let Ti = U T. 

Let Vip C V 2 ,i C KfB 2 .n 1 ) an d ^ 3,1 C KfB^ n fi) be finite subsets such that 

~P c [^m,oo] (B l,l) U fn\ , 00 ] ifP 2,1 ) U [ini, 00 ])(^3, 1 ) 

for some ni > 1. Let Q' be a finite set of generators of K\(C n ) and let Q = [ i ni ,oo\{Q')■ 

Without loss of generality, we may assume that F\ U T C i ni ,oo(Cm)- Let T\p C Bi <ni , 
F‘ 2 ,\ C B 2 , n2 and 7 - 3,1 C 7 > 3 , ni be finite subsets such that 

PiUPC im, 00 (^ 1,1 U ^ 2,1 U ^ 3 , 1 ). (e 24.8) 

Let ei = ini,oo(lsi,„ 1 ), e 2 = ini,oo(ls 2 , ni ) and e 3 = 1 - ei - e 2 . Let Ai : {B 2 ,n 1 )% 1 \ {0} ->• (0,1) 
be defined by 

Ai (h) = ( 1 / 2 ) inf{r(<£>(/i)) : r € T(A)} for all h G (-B 2 , m )+ \ {0}. 
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Let A 2 : R/^ \ {0} —> (0,1) be defined by 

A 2 (h) = (1/2) inf{r(<y9(/i)) : r G T(A)} for all h G (R 3 , ni )+ \ {0}. 

Note that B 2 . m has the form C in 112.51 So we will apply [1231 Let R 27 C (i? 2 jni )+ \ {0} (in 
place of T-i\) be a finite subset, 72.1 > 0 (in place of 71 ), 5 27 > 0 (in place of <f), Q 2 ,i C R2.n1 
(in place of Q) be a finite subset, 7 ^ 2,2 C K_{B 2 , n \) (i n place of V), V. 2,2 C (R 2 ,m)s.a. (in place 
of 7 ^ 2 ) be a finite subset as required bv 112.51 for £ 2 / 16 , 7-2,1 and Ai (see also the Remark 112.61 
since -Ki(R 2 ,m) is torsion or zero). 

Now let a > 0 be required bv 123.31 for £ 2/4 (in place of e). Let 6 = a ■ inf{r(ei) : r G T(A)}. 
It follows from 123.31 that if |r op B (a(/3(x)))\ < 6 for all x G [*m,oo])(Ri,i) then there is a unitary 
v\ G ei-Bei such that 


Bott(</? o * nij0O , v{)\-p 11 =ao/3o[! nii0O ]| ( p M) . (e 24.9) 

Note that K\ (R 2 .n 1 ) i s a finite group. Therefore 

a (0i[ l ni,oo])(Ki(B 2> n 1 )) C ker p B (e24.10) 

Define G KK(B 2}ni <8> <7(T),R) by «ik(s 2 , ni ) = [v 0 in u oo|s 2 ,„J and m\ p(K(B 2 , ni )) = 
a \p(K(B 2 , ni )- Since ^711,00 is injective, by (|e 24.101) . ki G KK e (B 2 , ni <8> C(T), e 2 Be 2 ) ++ . 

Let 

(To = min{ 7 2i i/ 2 ,min{Ai(/i) : h € ^ 2 , 1 } ■ inf{r(e 2 ) : r G T(^4)}. 

Define 70 : T(e 2 Re 2 ) ->• T f (B 2 , ni ®C(T)) by 7 o(r)(/( 8 ) 1 C (t)) = t o <p o i ni}00 (f) for all / G R 2 .ru 
and 70(1 ® g) = f T g(t)dt for all g G C'(T). It follows from 122 . IT1 applied to the space X ni x T, 
that there is a unital monomorphism : R 2 .n 1 ®C(T) —>• e2^4e2 such that [<h] = and = 70- 
Put L 2 = ^\b 2 ^ (by identifying R 2 .n 1 with R 2 .n 1 ® lc(T)) anc l ^4 = ^(l <8> z), where z G C'(T) 
is the identity function on the unit circle. Then L 2 is a unital monomorphism from R 2 .n 1 to 


e 2 ^ 4 e 2 - We also have the following: 

[L 2 ] = [<p °*m,oo], l|[^ 2 (/), ^ 2 ]|| = 0 (e24.11) 

Bott(L 2) v' 2 )\p 22 = a(/3([*ni,oo]))|'P 2 ,2 and (e24.12) 

\ T 0 L 2 (f) — t o ip o i ni ,oo(f)\ = 0 for all / G R 27 U R 2 ,2 (e 24.13) 

and for all r G T(e 2 ^ 4 e 2 ). It follows from (|e 24.13P that 

r(L 2 {f)) > Ai(/) • T(e 2 ). for all / G H 2 ,i and r G T(A). (e24.14) 

Bv ll2.5l see also 112.61) . there exists a unitary w G e 2 ^ 4 e 2 such that 

II Ad it; o L 2 (f) - <po im,oo(/)|| < £2/16 for all / G 7 - 2,1 • (e 24.15) 

Define v 2 = w*v 2 w. Then 

||[<P°*ni,oo(/), V2]\\ < £ 2/8 and Bott(v?oz ni]0O , u 2 )|p 21 = a(/3([*n 2 ,oo])b 2 ,i (e24.16) 


Note that R 3 .n 1 has the form C in 112.51 Let R 3.1 C (R 3 ,m)+ \ {0} (in place of %{) be a 
finite subset, 73.1 > 0 (in place of 71 ), £ 3.1 > 0 (in place of 5), f/ 3.1 C B 3 ^i) (in place of Q) be 
a finite subset, V 3>2 C K(B 3ni ) (in place of V) be a finite subset and R 3.2 C (R 3 ,m)s.a. (note 
that -Ki (R3.ru) = {0}) be as required bv 112.51 for £ 2 / 16 , 7-3.1 and A 2 (see also Remark Il2.6p . 

Let 

o-i = (73,1/2) min{r(e 3 ) : r G T(^4)} • min{Ai(/) : / G R 3 . 1 l- 
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Note that ker PB 3<ni = {0} and K 1 (B 3>ni ) = {0}. Therefore keTp B3 ni(g) c{T) = kei-PB 3>rtl = {0}. 
Dehne n 2 G KK(B 3 ^ ni <g> C(T)) as follows 

k 2\k(B 3}U1 ) = Yp° *ni,oo]|s 3 , ni and K 2 \p(K(B 3trll ) = «(/3(*ni,oo)k(S3 ini )- 

Thus k 2 G KK e (B 3tni <S> C(T) : e 3 Ae 3 ) ++ . It follows from 122.61 that there is a unital Q 3 p- 
min{e2/16, (53,i/2}-multiplicative contractive completely positive linear map L 3 : £> 3jni —>• e 3 7le3 


and a unitary v 3 G e 3 j4e 3 such that 

[L 3 ] = [<p\, ||[L 3 (/), v 3 ]|| < £2/16 for all / € £3,1, (e24.17) 

Bott(L 3 , v' 3 )\-p 31 = K2\p(v 3 , 2 ) and (e24.18) 

|r o L 3 (/) -roipo i ni ,oo(f)\ < <ri for all / € B. 3,1 U "H 3 ,2 (e 24.19) 
and for all r^T(e 3 AE 3 ). (e 24.20) 

It follows that (1c 24.191) that 

r(L 3 (/)) > Ai(/)r(e 3 ) for all / G % 3) 1 and for all tET(A). (e24.21) 

It follows from 1 12.51 and its remark that there exists a unitary w\ G e 3 2le3 such that 

||Adwi o L 2 (f) - <po i ni)00 (f)\\ < £ 2 /16 for all / G 7 3]1 . (e 24.22) 

Define v 3 = w\v' 3 w\. Then 

II b° V,oo(/), V 3 ]\\ <£2/8 and Bott(<p o i nij00 , v z )\ V31 = Bott(L 3 , v 3 )\-p 3A . (e 24.23) 
Let v = v\ + v 2 + u 3 . Then 

II [¥>(/), ^]|| < £ for all / G F. (e 24.24) 

Moreover, we compute that 

Bott(</?, v)\-p = a\p(-py (e24.25) 

□ 


We actually prove the following: 

Lemma 24.2. Let A = A\ (g) Ui, where A\ is as in 114.81 and B = B\ <g> U 2 , where B\ G Bq 
is unital simple C*-algebra and where C/i, C/ 2 are two UHF-algebras of infinite type. Write 

A = lim n -Hx>(C n ,t n ) as described in 114.81 For any £ > 0, any finite subset F C A, any finite 

subset V C K_(A), there exists an integer n > 1 such thatV C [i n ,oo\{K.(C n )) and there is a finite 
subset Q C Ki(C n ) which generates Ki(C n ) and there exists 5 > 0 satisfying the following: Let 
ip : A —»• B be a unital homomorphism and let a G KK(C n <8> C(T), B) such that 

|r o pB([in,o o] 0 a(/3(x)))| < 5 for all x G Q and for all r G T(B), 

there exists a unitary u € B such that 

||[<^(a;), u]|| < £ for all x G F and Bott(<^o [i n:00 ],u) = a(/3)\-p. 

Remark 24.3. Note that, in the above statement, if an integer n works, any integer m> n also 
works. In the terminology of Definition 3.6 of m, the above also implies that B has property 
(Bl) and (B2) associated with C. 
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Corollary 24.4. Let B G £>o which satisfies the UCT, A\ G Bo, let C = B®XJ\ and A = A\®U 2 , 
where U± and U 2 are unital infinite dimensional JJHF-algehras. Suppose that k G KK e (C, A) ++ , 
7 : T{A) —> T{C) is a continuous affine map and a : U{C)/CU(C) —> U{A)/CU{A) is a 
continuous homomorphism for which 7, a and k are compatible. Then there exists a unital 
monomorphism h : C —>■ A such that 

(1) [h] = k in KK e (C, A) ++ , 

(2) h? = 7 and hf = a. 

Proof. The proof follows the same line as that of Theorem 8.6 of |69|. Denote by 7t G KL(C , A) 
be the image of k. It follows from Lemma 122.91 that there is a unital monomorphism ip : C —>• A 
such that 

M = «, = a, and (<p) T = 7. 

Note that it follows from the UCT that (as an element in KK(C,A)) 

k — \ip\ G Pext(iL*(C'),iL* + i(^4)). 

By Lemma 124.21 the C*-algebra A has Property (Bl) and Property (B2) associated with C in 
the sense of m- Since A contains a copy of U 2 , it is infinite dimensional, simple and antiliminal. 
It follows from a result in jj] that A contains an element b with sp(b) = [0,1]. Moreover, A is 
approximately divisible. By Theorem 3.17 of m, there is a unital monomorphism if>o : A —>• A 
which is approximate inner such that 

[V’o 0 P\ - [v\ = « - M in KK(C , A). 


Then the map 


satisfy the corollary. 


h ■= i/jq o tp 


□ 


Lemma 24.5. Let A = A\ (g) U\, where A\ is as in If.8 and B = B\ ® U 21 where B\ G 
Bo is unital simple C*-algebra and where U\,U 2 are two UHF-algebras of infinite type. Let 
A = lim n ^. 0O (C n , i n ) be as described in \lf.8\ For any e > 0, any o > 0, any finite subset 
Jci, any finite subset V C K_(A), and any projections pi,P 2 , Qi, Q 2 , ■■■, Qk € A such that 

{xi, X 2 , ■■■, Xk} generates a free subgroup G of Kq(A), where 37 = \pf\ — [qffi i = 1,2 there 
exists an integer n > 1 such that V C [1 i n ,oo]{K.(C n )) and there is a finite subset Q C K\(C n ) 
which generates K\ ( C n ) and there exists 5 > 0 satisfying the following: Let ip : A —>• B be a unital 
homomorphism, letT : G —>■ Uo(B)/CU(B) be a homomorphism and let a G KI\ (C n <S>C(T), B) 
such that 


|r o pB{[i n ,o o] 0 a(/3(x)))| < 6 for all x G Q and for all r G T(B), 
there exists a unitary u G B such that 

||[v?(x), u ]|| < e for all x G F, Bott(<^o [z ni00 ],u) = a((3)\-p, 


and 

dist((((1 - ip(pi)) + ip(pi)u){( 1 - ip{qf)) + ip{qi)u*)),T{xi)) < a, i = 1,2, ...,k. 
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Proof. This follows from 124.21 and I22T61 In fact, for any 0 < £1 < e/2 and finite subset F\ D J 7 , 
by applying 124.21 there exists 5, n > 1, Q C Ki(C n ) and 5 described above, and a unitary 
u\ £ Uq(B) such that 

||[y>(a:), «i]|| < £i for all x £ T\ 

and 

BottO o * ni00 , «i) = a(f3)\ v . 

By choosing smaller £\ and larger T\, if necessary, we may assume that 

(((1 - p{pi)) + <p(pi)u i)((l - <p(qi)) +<p(qi)ul)) £ U 0 (B)/CU(B) 

is well defined for all 1 < i < k. Define a map Ti : G —>• Uq(B)/CU(B) by 

r i(^) = (((! - <P(Pi)) + <p(Pi)ui)0- ~ <p(qi)) + <p(qi)u*)), i = 1,2,..., k. (e 24.26) 

By choosing a large n, without loss of generality, we may assume that there are projections 
p'i,P2,-,p' k , q[,q 2 ,' q'k e C n such that i n ,oo(p'i) = Pi and i n ,ooWi) = Qu i = L 2 , ..., k. Moreover, 
we may assume that Pi C i n ,oo(C n ). 

Let T 2 : G —>• Uq(B)/CU(B) be defined by r 2 (®j) = ri(xj)*T(xj), i = 1,2It follows 


122.161 that is a unitary v £ Uq{B) such that 

||[yj(x), v}\\ < e/2 for all x £ J 7 , (e24.27) 

Bott(<^ o i n;00 , v) = 0 and (e 24.28) 

dist((((l. - <p(pi)) +ip(pi)v)((l - <p(qi)) + ip(qi)v*)),r 2 (xi)) < a, (e 24.29) 

i = 1,2,..., k. Define u = u\V, 

Xi = (((1 - <p(pi)) + <p(j>i)ui)((l - ip{qi)) + p{qi)u\)) and (e24.30) 

Yi = (((1 - <p(pi)) + tp(pi)v)((l ~(p(qi)) + <p(qi)v*)), (e24.31) 

i = 1, 2,..., k. We then compute that 

||[</?(a;), it] || < ei + e/2 < e for all x G J 7 , (e 24.32) 

Bott(<^ O in }00 ,u) = Bott(y> O t n]0O , Hi) = aQ3)\v ( e 24.33) 

and 

dist((((l - cp(pi)) + <p(pi)u)((l - (p(qi)) + (p(qi)u*)),T(xi)) (e24.34) 

< dist(Xjli,ri(xi)li) + dist(Ti(a;i)yi,r(xi)) (e24.35) 

= dist(Xj,r 1 (x i )) + dist(Fj, T 2 (xi)) < a, (e24.36) 

for i = 1,2,..., k. □ 


25 Another Basic Homotopy Lemma 

Lemma 25.1. Let A be a unital C*-algebra and let U be an infinite dimensional UHF-algebra. 
Then there is a unitary w G U such that for any unitary u G A, one has 

T(f(u®w))=T(f(lA®w))= f fdm, f G C(T), t £ T(A®U) (e25.1) 

Jj 

where m is the normalized Lebesgue measure on T. Furthermore, for any a £ A and r G T(A<S>U), 
r(a <8> uP) = 0 iff 0. 
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Proof. Denote by tjj the unique trace of U. Then any trace r £ T(A (8) U) is a product trace, 

he., 

r(a (8) 6) = r(a <8> 1) <8> 177(6), a £ A,b £ U. 


Pick a unitary w € U such that the spectral measure of tc is the Lebesgue measure (a Haar 
unitary). Such a unitary always exists (it can be constructed directly; or, one can consider a 
strictly ergodic Cantor system (fl,cr) such that Ko(C(D) xi CT Z) = Kq(U), and note that the 
canonical unitary in C(f2) x a Z is a Haar unitary. Then by embedding C(D) X! CT Z into 17, one 
obtains a Haar unitary in [/). Then one has 

, n\ f 1, if n = 0, 

T U\ W ) y o, otherwise. 

Hence, for any t £ T(A <& U), one has 


t((u <8> w) n ) = t(u u <8) w n ) = r(ii n <8> 1 )ru(w n ) 


1, if n = 0, 

0, otherwise; 


and therefore 

t(P(u ( 8 ) w)) = r(P(l < 8 ) rc)) = / P(z)dm 

J T 

for any polynomial P. Since polynomials are dense in C(T), one has 


t(/(u®«)))=t(/(1«w))= / fdm , / € C(T), 

7t 


as desired. 


□ 


Lemma 25.2. Let A be a unital separable amenable C*-algebra and let L : A® C(T) —» B be a 
unital completely positive linear map, where B is another unital amenable C*-algebra. Suppose 
that C is a unital C*-algebra and u 6 C is a unitary. Then, there is a unique unital completely 
positive linear map <E> : H <8> C'(T) —:> B ® C such that 

^U®i C(T) = * ° TUig>i c(T) and 4>(a <8> z j ) = L(a <8> z j ) <8> u j 

for any a € A and any integer j, where i : B —> B <8> C is the standard inclusion. 

Furthermore, if 5 > 0 and 5ci® C(T) is a finite subset, there is a 5 1 > 0 and finite set 
5i C 1® C'(T) (which does not depend on L) such that if L is Qi-5i-multiplicative, then <J> is 
Q -5-multiplicative. 

Proof. Denote by Co the unital C*-subalgebra of C generated by u, then the tensor product 
map 

L <8) id Co : A <8 C(T) <8> C 0 ->• B <8> C 0 

is unital and completely positive (see, for example, Theorem 3.5.3 of 0). Define the homomor¬ 
phism : C(T) —> C(T) <8> Co by 

if(z) = z®u. 

By Theorem 3.5.3 of [8] again, the tensor product map 

kU ■ A (8> C(T) —> A <8> C'(T) <8 Co 
is unital and completely positive. Then the map 

<J> := (L <8> idc 0 ) o (idyi <S>if) 
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satisfies the first part of the lemma. 

Let us consider the second part of the lemma. Let d > 0 and G C A& C(T) be a finite subset. 
Suppose that L is ^-^/-multiplicative. To simplify notation, without loss of generality, we may 
assume that elements in Q has the form Yl_ n <i< n a i® z% ■ Let N = max{n : Yl~n<i<n a i® zl € G}, 
let <5i = 6/2N 2 and let Gi D {a/ <S> z l : — n < i < n : Yh- n <i <n a * ® z l G G}. 

Then 

$(( y y bi®z 1 )) 

—n<i<n —n<i<n 

= Y ®(ajbj ® z l+j ) 
hi 

= 'y L(ajbj tg) z t+J ) (g> u l+ i 
hi 

k, 5 ( *22 L{a,i <8> z l ) <g) u l )( 'y L(bi®z l )®u l ) 

—n<i<n —n<i<n 

= 4>( ~y a* <g> z*)<l>( 'y bi®z l ), 

—n<i<n —n<i<n 

if Yj- n <i<n ai ® z% ’ Yl- n <i<n ^ <8 z l G £/. It follows that $ is (/-^-multiplicative. 

Let P(T) = {^" = _ n CjZ®, Cj € C} be the algebra of all Laurent polynomials. The uniqueness 
follows from that A ® C'(T) is the closure of the algebraic tensor product A ® a i g P( T). □ 

The following follows immediately from 125)21 and 125.11 

Corollary 25.3. Let C be a unital C*-algebra and let U be an infinite dimensional UHF- 
algebra. For any d > 0 and any finite subset G C C <g> C'(T), there exist 5i > 0 and a finite 
subset Gi C C <g> C'(T) satisfying the following: For any 1 > aq, ct 2 >0, any finite subset 
Til C C(T) + \ {0} and any finite subset FL 2 C (C <8> C'(T)) s . a ., any unital Gi-di-multiplicative 
contractive completely positive linear map L : C <8> C'(T) —>• A, where A is another unital C*- 
algebra, there exists unitary w € U satisfying the following: 

Ir(Li(/)) - t(L 2 (/))| < ai for all f € t G T(£), and (e25.7) 

t(^(1a <8> w)) > a 2 (J gdm) for all g € "Hi, t£T(B), (e25.8) 

where B = A®U and m is the normalized Lebesgue measure on T, and Li, L 2 : C'<8>C'(T) — A<S»U 
are G-d-multiplicative contractive completely positive linear maps as given bv 125.21 such that 
-Lj(c<8>lc(T)) = L(c(8>lc(T))®ll/ = 1)2,), Li(c<8z' 3 ’) = L{c®z^)®wfi and L 2 (c<g)2: J ) = L(c)®w 1 

/or all c € C and all integer j. 

Lemma 25.4. Lei ^4 = A\ (g> Ui, where A\ € £>o which satisfies the UCT and U\ is a UHF- 
algebra of infinite type. For any 1 > e > 0 and any finite subset F C A, there exist d > 0, 
o > 0, a finite subset G C A, a finite subset {pi,p 2 , ■■■,Pk, Qu <72, Qk} of projections of A such 
that {[pi] — [gi], [p 2 ] — [g 2 ],..., \pk\ — [%]} generates a free subgroup G u of Kq{A), and a finite 
subset V C KfA), satisfying the following: 

Let B = L?i<8>?7 2 , where B\ € Bo which satisfies the UCT and U 2 are UHF-algebras of infinite 
type. Suppose that <p : A —>• B is a unital homomorphism. 


(e 25.2) 
(e 25.3) 
(e 25.4) 
(e 25.5) 
(e 25.6) 
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For unitary u € U(B) such that 

||[</?(x), tt]|| <5 for all x G G, (e25.9) 

u )|-p = 0, (e 25.10) 

dist((((l - (p{pi)) + ip{pi)u)(l - ip{qf)) + tp(qi)u*)), I) < a and (e 25.11) 
dist(h, 1) < a, (e 25.12) 

there exists a continuous path of unitaries {u(t) : t G [0,1]} C U(B) such that 

u( 0) = u, u( 1) = l s , (e25.13) 

dist (u(t),CU(A)) <e for all tG [0,1], (e25.14) 

|| [y?(a), w(f)]|| < £ for all a G F and for all t G [0,1] (e 25.15) 

and length({«(t)}) < 2tt + e. (e 25.16) 


Proof. Without loss of generality, one only has to prove the statement with assumption that 
u G CU{B). 

In what follows we will use the fact that every C*-algebra in Bq has stable rank one. Define 
A(/) = (1/2) J fdm for all / G C(T)\ \ {0}, 

where m is the normalized Lebesgue measure on the unit circle T. Let A 2 = A<B)C(T). Let F\ = 
{x ® / : x € F, f = 1 ,z,z*}. To simplify notation, without loss of generality, we may assume 
that J 7 is a subset of the unit ball of A. Let 1 > (5i > 0 (in place of d), ft C A 2 be a finite subset 
(in place of G), 1/4 > o\ > 0, 1/4 > 02 > 0, V C K(A?) be a finite subset, "Hi C (7(T)^_ \ {0} 
be a finite subset, FL 2 C (A 2 ) s .a. be a finite subset and U C U (M2(^2))/ CU(M 2 (A)) be a finite 
subset as required bv 112.91 for e/4 (in place of e), F\ (in place of J 7 ), A and A 2 (in place of A). 
We may assume, without loss of generality, that 

Qi = {o <g> / : a G Q 2 and / = 1, z, z*}, 

where Q 2 C A is a finite subset, and V = V 1 U /3(T , 2), where V\ , V2 C K(A) are finite subsets. 

We assume that (25i,V,G\) is a A'L-triple for A 2 , (25i,Vi,G2) is a A'L-triple for A, and 
1 Ai ® Hi C PL 2 ■ 

We may also choose a\ and 02 such that 

maxjcri, (j 2 } < (1/4) inf(A(/) : / G Hi}. (e25.17) 

Let <^2 (in place of <5i) and a finite subset G3 (in place of Gi) be as required bv 125.31 for A (in 
place of C ), <5i/4 (in place of 6) and Gi (in place of G)- By choosing even smaller 62, without 
loss of generality, we may assume that G3 = {a ® / : g G G' 2 and / = 1 ,z,z*} with a large finite 
subset G 2 A f?2- We may assume that 62 < Si. 

We may further assume that, 

U =UiU{T®^}UU 2 , (e 25.18) 

where U\ = {a <g) 1 : a G U[ C U{A)} and is a finite subset, 77 2 C U{A 2 )/CU{A 2 ) is a 
finite subset whose elements represent a finite subset of (3(Kq(A )). So we may assume that 
H 2 € J c (/3(Kq(A))). As in 112.101 we may assume that the subgroup of J c ((3(Kq(A ))) generated 
by U 2 is free. Let U ! 2 be a finite subset of unitaries such that {x : x G U' 2 } = U 2 . We may also 
assume that unitaries in li'2 has the form 

((1 ~ Pi) +Pi ® z){\ - qi) + qi <g> z*), i = 1,2, (e 25.19) 
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We further assume that Pi® z G Gi, i = 1,2, k. Choose 63 > 0 and a finite subset G4 C A 
(and denote G4 := {g®f : g E G4, f = 1, z, z*}.) such that, for any two unital ^-^-multiplicative 
contractive completely positive linear maps 'Ll, '& 2 ■ A ® C(T) —>• C (any unital (7*-algebra C), 
any ^-(^-multiplicative contractive completely positive linear maps To : A —» C and unitary 
VG C (1 < i < k), if 

||^o(3) - ®i(g ® 1)|| < S 3 for all g G G\ (e 25.20) 

||Ti(z) - V\\ < S 3 and ||^i(5) - ^2(3)11 < 5 3 for all g E Q\, (e 25.21) 

then 

((1 - *0(ft) + *o(Pi)V)(l - T 0 (<fc) + *o(qi)V*) (e25.22) 

(Ti(((l -pi) +pi ® z)((l - qi) + qi ® z*)), (e25.23) 

||(^i(x)) - (T 2 (x)>|| < cr 2 /2 10 for all xGU 2 , (e25.24) 

Ti(((l ~Pi) + Pi® z)(l - qt) + qi® z *)) (e25.25) 

Ti(((l -Pi)+Pi ® ^))d'i((l - qi) + qi® z*)), (e25.26) 

2 I0 

furthermore for d!p = pi, d^ = qi,, there are projections dfp E C and unitaries z^ E (fpC/fp 
such that 

*r(((l - d?) + d® ® z)) » ^ (1 - df } ) + z? and 


P j) 




*i (d 


(i)^ =(i) 

6 A 


(e 25.27) 

^2. ^1(3* z), and 2^ ss ^ Ti(3j (8) z*), (e25.28) 




where 1 < i < k, j = 1, 2. Choose cr > 0 so it is smaller than min{(Ji/16, e/16, 02/I6,52/16, ^3/16}. 

Choose $5 > 0 and a finite subset f/5 C A satisfying the following: there is a unital Gi-a/8- 
multiplicative contractive completely positive linear map L : A® C'(T) —>• B' such that 

|| L(a <8> 1) — ^(a)|| < a/8 for all a G G4 and ||L(1 ® z) — u'\\ < a/8 (e 25.29) 

for any unital homomorphism ip 1 : A —> B' and any unital v! G B' so that 

II <p'{g)u' - u'ip'(g) || < S 5 for all 3 G Gs- 


Let S = min{5 5 /4, a} and Q = G5 U G4 U G 2 - 

Now suppose that (p : A —>• B is a unital homomorphism and u G CU(B) which satisfy 
the assumption (le 25.9p to (Ic 25.111) for the above mentioned 6, a, G, V, Pi, and q, r There is 
an isomorphism s : U2 ® U2 —>■ U 2 . Moreover, s o 1 is approximately unitarily equivalent to the 
identity map on JJ 2 , where 1 : U 2 —>• U 2 ® U 2 defined by i(a) = a® 1 (for all a G U 2 ). To simplify 
notation, without loss of generality, we may assume that <p(A) C B ® 1 C B ®U2- Suppose that 
u G U(B) ® 1 u 2 is a unitary which satisfies the assumption. As mentioned at the beginning, 
we may assume that u G CU(B) ® ljj 2 . Without loss of generality, we may further assume that 
u = n/=i c jdjC*d*, where Cj,dj G U(B) ® 1 u 2 , 1 < j < m. Let T\ = {cj,dj : 1 < j < mi}. 


1 j=i > 

Let L : A ® C(T) 
linear map such that 


B be a unital G4S2 /8-multiplicative contractive completely positive 

(e 25.30) 


||L(o ® 1) — <^(o)|| < a/8 for all a G G4 and ||L(1 ® z) — tt|| < a/8. 
Since Bott(</?, u)\-p = 0, we can also assume that that 

im-Pi = Mvi and l L }\p(V 2 ) = °- 


(e 25.31) 
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Since B is in Bo, there is a projection p G B and a unital C*-subalgebra C G Co with 1 c = P 
satisfying the following: 

\\L(g) - [(1 - p)L(g)(l - p) + Li(g)}\\ < a 2 /32(mi+ 1) for all g G G± (e 25.32) 
and ||(1 — p)x — x{l — p)|| < cr 2 /32(mi + 1) for all x G T\, (e25.33) 

where L\ : M 0 C(T) —>• C is a unital < 74 -min{ 1 ^ 2 / 8 , £/ 8 }-multiplicative contractive completely 
positive linear map, 


r(l — p) < min{<Ti/16,(T 2 /I 6 } for all r G T(B) (e25.34) 

and, using (Ic 25.111) . (|c 25.12p . (Ic 25.30P and (Ic 25.221) to (le 25.2ip . we have that 

dist(L^(x), 1) < (j 2 /4 for all xG{10z}U 7/2 and (e25.35) 

dist(L|(x), <p(x') 0 lc(T)) < 02/4 for all x£U\, (e25.36) 

where x' 0 lc(T) = L 2 (a) = (1 — p)L(a)( 1 — p) + L\(a) for all a G A 0 C(T). Note that we 

also have 

| \<p(g) - L 2 {g® 1)|| < a/2 for all g G £4 and [L 2 U]|pi = MItv (e25.37) 

By (le 25.33P and the choice of F\ there is a unitary vo G CU(C) and a unitary 
voo G CU ((1 — p)B( 1 — p)) such that 

||Li(l 0 z) — uo|| < min{<52/2,e/8} and (e25.38) 

||(1 — p)L(l 0 z)( 1 —p) — wool| < min{<5 2 /2,e/8}. (e25.39) 

By applying 125.31 we obtain a unitary w € U(U 2 ) = Uq(U 2 ) = CU(U 2 ) such that 

I^OM#))) - i(^(9))| < cn, g^T~i 2 , and (e25.40) 

t(p(l 0 io)) > ^ [ gdm for all g G Hi (e 25.41) 

2 Jt 

for all t G T(B 0 1 / 2 ), where L 3 : yl 0 C(T) —>• B 0 1/2 is a unital Q\-H\/ 4-completely positive 
linear map defined by 

L 3 (a < 8 > 1) = L 2 (a 0 1) 0 l [/ 2 and L 3 (a 0 z J ) = L 2 (a 0 2 /) 0 (tc) J (e 25.42) 

for all a G A and all integers j as given bv !25.2l u;(l—p) = (1— p)w = (1—p), as we consider both 
w, 1 —p as elements in B(&U 2 as 1b®w and (1— p)0l{/ 2 , respectively, and 4> : J 4<giC'(T) —>• B®U 2 
is defined by <3?(a 0 1) = <p(a) C B 0 1 for all a G ^4 and 4>(1 0 /) = /(tc) for all / G C(T). 
Moreover, 4>(10/) = /(A)((l— p)0lj/ 2 ) + /(prc) for all / G C(T) and for some A G T. Note that 
CU(U 2 ) = U(U 2 ). One obtains a continuous path of unitaries {v(t) : t G [1/4,1/2]} C CU(U 2 ) 
such that 

u(l/4) = 1 u 2 i v(l/2)=w and length({u(t) : t G [1/4,1/2]}) < ir + e/256. (e25.43) 

Note that <p(a)4>( 1 0 z) = $(1 0 z)(p(a) for all a G A. So, in particular, is a unital homomor¬ 
phism and 


[$]| P(K(A)) ~ 0. 


(e 25.44) 
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Define a unital contractive completely positive linear map Lt : A 2 —> C([2, 3], B <S) U 2 ) by 

L t (f <g> 1) = L 2 (f < 8 ) 1) and L t (a ® z j ) = L 2 (a® z j ) ® (v((t - 2)/4 + 1/4)) J 

for all a G A and integers j and t G [2, 3]. Moreover, L t {l®z) = (vo ©uoo) < 8 > v((t — 2)/4 + 1/4)), 
and, since v(s) G CU(U 2 ), L t (l®z) G Ci7 {B®U 2 ) for all t G [2, 3]. Note, as in the proof of !25.2l 
that Lt are Q\-5\/4r- multiplicative. Note at t = 2, Lt = L 2 and at t = 3, Lt = L 3 . It follows that 

[ l 3]\pi = [Lt\\vi = Mbi) [ l 3]\(3{V2) = 0 an( i (e25.45) 

L|(x) = L|(x) for all x£U\. (e25.46) 

If v = (e < 8 > z) + (1 — e) for some projection e€i, then 

L 3 (u) = L 2 (e < 8 > 2 ) < 8 > re + L 2 (( 1 — e)). (e 25.47) 

Since u> € CU(U 2 ), one computes from (Ic 25.261) that that, with x = ((1 — pt) +pt < 8 > z)(( 1 — %) + 

Qi <8> z*), 

{L 3 (x)) ~ CT2 / 2 io (^ X) ® w + (1 -_Pi))(^- 2) <8 w + (1 - ft)) (e 25.48) 

= (zf 1 + (1 -pi))(pi <8> w + (1 - ft) <8> l[/ 2 )(X- 2) + (1 - ft))(ft ® w + (1 - ft)Xe 25.49) 

= (4 1} + (! ~Pi))(4 2) + U - ft)) = ( l 2 (x)), (e25.50) 

where ft, ft, z < 'f' > are as above (see the lines below (je 25.26[1 ). replacing 4ft by L 2 . It follows 
that 

dist(L|(x), 1) < <t 2 /2 for all x € {1 ( 8 > z} U Z7 2 - (e 25.51) 

Note that, since u> € CU(U 2 ) and <£>(< 7 ) € B ® l[/ 2 , 

$(<7 ® z + (1 — g) < 8 > 1) = ft(g) < 8 > + <£>(1 — g) € CU(B ® f7 2 ) (e 25.52) 

for any projection g G A It follows that 

4>*(x) G CD(B ® t/ 2 ) for all i£{l®z}U 77 2 . (e 25.53) 

Therefore (see also (le 25.441) 1 

[L 3 ]|-p = [4>]|-p and dist(4^(x), l\{x)) < a 2 for all x€U. (e25.54) 

It follows from (Ic 25.411) that 

r(4>(/)) > A(/), feHi,T€T{B®U 2 ), (e 25.55) 

and it follows from (Ic 25.4011 that 

|r($(/))-r(L 3 (/))|<ffi, / eH 2 , reT(B®U 2 ). (e25.56) 

By applying 112.91 we obtain a unitary wi G B ®U 2 such that 

im$(/)wi - L 3 (/)|| < e/4 for all / G J 7 !. (e25.57) 

Since w G f7 2 , there is a continuous path of unitaries {w(t) : t G [3/4, 1]} C CU(U 2 ) such that 
u;(3/4) = 4>(1 (8> z) = w, u/l) = ljj 2 and length({u;(i) : t G [3/4, 1]}) < n + e/256, (e25.58) 
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Note that 


3>(a)w(t) = w(t)$(a) for all a € A and t€ [3/4,1], (e25.59) 

It follows from (Ic 25.571) that there exists a continuous path of unitaries {u(t) : t € [1/2, 3/4]} C 
B tg) U 2 such that 

it(l/2) = (uoo + (uo)) <8) w, it(3/4) = urj[<&(l <8> z)w\ and (e 25.60) 

H'u(t) — tt(l/2)|[ < e/4 for all t€ [1/2, 3/4], (e25.61) 

It follows from (le 25.291) and (le 25.39P that there exists a continuous path of unitaries {u(t) : t € 
[0,1/4]} C B such that 

u(0) = u, u(l/4) = uoo + vo and (e 25.62) 

\\u(t) — u\\ < e/4 for all t€ [0,1/4], (e25.63) 

Now define 

u(t) = w\w(t)w 1 for all t € [3/4,1]. (e25.64) 

Then {u(t) : t € [0,1]} C B © U 2 is a continuous path of unitaries such that u( 0) = u and 
u(l) = 1. Moreover, by (Ic 25.57|h (]e 25.581) . (|e 25.63jl . (|c 25.431) . (Ic 25.58ft and (Ic 25.61ft . 

\\<p(f)u(t) — u(t)(p(f)\\ <e for all / € F and length({u(t)}) < 27r + e. (e25.65) 

□ 

Remark 25.5. Let A be a unital simple separable amenable C*-algebra with stable rank 
one. Let Go C Kq{A) be a finitely generated subgroup containing [1^]. Let G r = pa{Gq). Then 
Pa([1a]) / 0 and G r is a finitely generated free group. Then we may write Go = Gonkerp^©G' r , 
where pa{G' t ) = G r and G' r = G r . Note that Goflkerp^ is a finitely generated subgroup. We may 
write Go n ker/3,4 = Goo © G 01 , where Goo is a torsion group and G 01 is free. Note that G 01 © G' r 
is free. Therefore Go = Tor (Go) © F. where F is a Hnitely generated free subgroup. Note that 
there is an integer m > 1 such that mfl^] € F. Let z € G(T) be the standard unitary generator. 
Consider y4<g)G(T). Then /3(Go) C (3(Kq(A)) is a subgroup of Ki(A ® G(T)). Moreover (3([Ia\) 
may be identified with [1 <g> z]. 

If we choose U 2 in the above proof which generates /3(F), then, for any ay > 0, we may 
assume that 


dist(u m , 1) < 0 ' 1 /m (e 25.66) 

provided that (le 25.111) holds for a sufficiently small a. Since we assume that «£ Uq(B) asV may 
be large enough in (Ic 25.101) . by (|c 25.661) . dist(u,l) < ay. This implies that (with sufficiently 
small < 7 ) the condition (le 25.121) is redundant and therefore can be omitted. 

26 Stably results 

Lemma 26.1. Let C be a unital separable C* -algebra which is residually finite dimensional 
and satisfies the UCT. For any e > 0, any finite subset F C G, any finite subset V C 
K(C L any unital homomorphism h : C —» A, where A is any unital C* -algebra, and any 
n € Hom\ (K(SC), K(A)), there exists an integer N > 1, a unital homomorphism ho : G — »• 
Mtv(C) C Mn(A) and a unitary u € U(Mn+i(A)) such that 

|| H(c), u]|| < e for all c^F and Bott(R, u) |-p = k. (e26.1) 

where H(c) = daig(/i(c), ho(c)) for all c € G. 
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Proof. Define S = {z, lc(T)}) where 2 is identity function on the unit circle. Define x € 
HoniA (K(C <0 C/T)), L7(7l)) as follows: 

x\k(C) = [h] and xlp^c)) = «• (e26.2) 

Fix a finite subset V\ C f3{K_{C)). Choose £1 > 0 and a finite subset F\ C C satisfying the 
following: 


[L']\ Vl = [L"]\ Vl (e 26.3) 

for any pair of {F\ <8 S) — £\-multiplicative contractive completely positive linear maps L',L" : 
C <8 C'(T) —> B (for any unital C*-algebra B ), provided that 

L' » ei L" on J 7 ! <8 S. (e 26.4) 

Let a positive number e > 0, a Hnite subset F and a finite subset V C K_(C ) be given. We 
may assume, without loss of generality, that 

Bott(iL / , v!) \ v = Bott (H', u")\ r (e 26.5) 

provided ||u ; — u"\\ < £ for any unital homomorphism H' from C. Put £2 = min{e/2, £\/2] and 
T 2 = F U F\. 

Let 5 > 0, Q C C be a finite subset and Vo C K_{C ) (in place of V) be as required bv 14. 161 for 
£2/2 (in place of e) and F2 (in place of F). Without loss of generality, we may assume that F2 
and Q are in the unit ball of C and 5 < min{ 1/2, £ 2 / 16 }. Fix another Hnite subset V 2 C K(C) 
and defined V3 = Vq U /^(T^) (as a subset of KfC <8 C*(T))). We may assume that V\ C /3{V2 )• 
It follows from 1 1 8 . 2l that there are integer N\ > 1, a unital homomorphism hi : C 8 C(T) — >• 
Mj\t x (C) C Mn 1 (A) and a (G <8 S')-5/2-multiplicative contractive completely positive linear map 


L : C (8 C(T) —>■ Mjy 1+ i(A) such that 

\ l ]\v 3 = {x + [hi])\v 3 - (e 26.6) 

We may assume that there is a unitary no E Mjy 1+ i(A) such that 

||L(1 (8 z) — n 0 || < £2/2. (e26.7) 

Define H\ : 6’ —> M^ 1+ i(A) by 

H\(c) = h{c) © h\(c (8 1) for all c € C. (e26.8) 

Define L\ : C —>• Mjy 1+ i(A) by Li(c) = L(c(8 1) for all c € (7. Note that 

[ L i]bo = [HiWvo- (e 26.9) 

It follows from iPTHl that there exists an integer N 2 > 1, a unital homomorphism /12 : C —>• 
M N2 ( Nl+1) (C)c M n ^ Ni+1) (A) and a unitary W € M^ N2+1){1+Nl) (A) such that 

W*(Li(c) © h 2 {c))W « e/4 Hi{c) 0 h 2 (c) for all c € F 2 . (e26.10) 

Put N = N 2 (N 1 + 1) + N\ . Now define ho : C —¥ Mjv(C) and H : C —>• Mn+i(A) by 

ho(c) = h\(c <8 1) © /12(c) and H (c) = h(c) © /iq(c) (e 26.11) 
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for all c € C. Define u = W*{v o © 1 m N2 ( Ni+1) )W. Then, by (le 26.101) . and L\ being (Q © S)-S/2- 
multiplicative, we have 

II [77(c), «]|| < ||(-ff(c) — Ad IT o (Li(c) © h 2 (c)))«]|| (e 26.12) 

+ ||AdW o (Li(c) © / 12 (c)), it]|| + ||u(i7(c) — AdWo (Li(c) © /i 2 (c)))|| (e26.13) 
< e/4 + 5/2 + e/4 < e for all c£ J 2 . (e26.14) 

Dehne L 2 : C —>• Mjv+i(A) by L 2 (c) = Zq(c) © / 12 (c) for all c€ C. Then, we compute that 

Bott(i7, u)|p = Bott(Ad IT o L 2 , tt)|p = Bott(L 2 , v 0 © 1m N2(Ni+1) )\p (e 26.15) 

= Bott(Li, v 0 )\r + Bott(/i 2 , lM jV2(JVl+1) )|p (e 26.16) 

= + 0 = ( x + [^])I/3(P) = (e 26.17) 

□ 


Theorem 26.2. Let C be a unital amenable separable C*-algebra which is residually finite 
dimensional and satisfies the UCT. For any e > 0 and any finite subset T C C, there is 5 > 0, 
a finite subset Q C C, a finite subset V C KfC) satisfying the following: 

Suppose that A is a unital C*-algebra, suppose h : C —>• A is a unital homomorphism and 
suppose that u € U (A) is a unitary such that 

||[/i(a),u]|| < 6 for all a G Q and Bott(/i, u)\-p = 0. (e26.18) 

Then there exists an integer N > 1 and a continuous path of unitaries {U(t) : t € [0,1]} in 
M/v + i(A) such that 

U( 0) = u', 77(1) = 1m n+1 (A) an d ||[/i , (a), //(/)]|| < e for all a G 7, (e 26.19) 

where 

v! = diag(u, i7o(l © ^)) 

and h'(f) = h(f) © Ho(f < 8 > 1 ) for f G ( 7 , where Hq : C © C(T) — >• Mjy(C) (c Mn(A)) is a 
unital homomorphism (with finite dimensional range) and z € C(T) is the identity function on 
the unit circle. 

Moreover, 

Length({U(t)}) < 7T + e. (e 26.20) 

Proof. Let e > 0 and T C C be given. Without loss of generality, we may assume that T is in 
the unit ball of C. 

Let 5i > 0, Qi C C © C'(T), V\ C K(C © C(T)) be required bv 14.161 for e/4 and T © S. 
Without loss of generality, we may assume that Q\ = © S, where Q[ is in the unit ball of C and 

S = {lc(T) 1 "} © C(T). Moreover, without loss of generality, we may assume that V\ = V 2 U 7,3, 
where V 2 C K_(C) and V 3 C /3(K_(C)). Let V = V 2 U C KfC). Furthermore, we 

may assume that any S\-Q \-multiplicative contractive completely positive linear map L' from 
C © C(T) to a unital C*-algebra well defines [L'Hpj. 

Let 82 > 0 and Q 2 C C be a finite subset required by 2.8 of [66] for 5\/2 and Q[ above. 

Let 5 = min{<52/2, 5i/2, e/2} and Q = 7 U Q 2 . 

Suppose that h and u satisfy the assumption with above 5, Q and V. Thus, by 2.8 of [66] . 
there is dj /2-Q\ -multiplicative contractive completely positive linear map L : C © C(T) —>• A 
such that 


\\L(f © 1) — h(f)\\ < 5\/2 for all / G G[ 
\\L(1 © z) — u|| < 5i/2. 
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(e 26.21) 
(e 26.22) 






Define y £ Hom\(K(C © C'(T)),^(A)) as follows: 

y|if(C) = [h\\K(C) an d y\p(K(C)) = °- 

It follows from Bott(h,u)\-p = 0 that = 0. 

Then 


[ L ]\vi = y\vi- 


(e 26.23) 


Define H : C © C(T) -> ^ by 


H(c®g) = h(c ) - 5 ( 1 ) • 1a 

for all c € C and 5 € C'(T), where T is identified with the unit circle (and 1 € T). 
It follows that 


[H}\ Vl =y\ Vl = [L\\ Pl . (e 26.24) 

It follows from 14.161 that there is an integer N > 1, a unital homomorphism Hq : C®C(T) —>• 
Mj\r( C) (c Mn(A)) with finite dimensional range and a unitary W € U{M\ + ^{A)) such that 

W*{H(c) © H 0 (c))W » e/4 L(c) 0 if 0 (c) for all c € .T© S. (e 26.25) 

Since #0 has finite dimensional range and since Hq(1 © z) is in the center of range(i7o) 
C Mjy(C), it is easy to construct a continuous path {V'(t) : t £ [0,1]} in a finite dimensional 
C*-subalgebra of Mjv(C) such that 

D'(0) = H 0 (l®z), V'{1) = 1 m n (A) and (e 26.26) 

F 0 (c© 1 )V'{t) = V'(t)Ho(c © 1) (e 26.27) 

for all c € C and t £ [0,1]. Moreover, 

LengthdV^i)}) < n. (e 26.28) 

Now define 17(1/4 + 3£/4) = ID*diag(l, V'{t))W for t £ [0,1] and 

v! = u © Hq(1a © 2 ) and h'(c) = h(c ) © 77o(c © 1 ) 

for c € C for t £ [0,1]. Then 

||w' - t/(l/4)|| < e/4 and || [U(t), ti(a)}\\ < e/4 (e26.29) 

for all a £ T and t £ [1/4,1], The theorem follows by connecting 17(1/4) with u! with a short 
path as follows: There is a self-adjoint element a € M\ + n(A) with ||a|| < ^ such that 

exp {ia) = u'U[l/A)* (e26.30) 

Then the path of unitaries 17(f) = exp(*(l — 4f)a)17(l/4) for t £ [0,1/4) satisfy the above. □ 

Lemma 26.3. Let C be a unital separable C*-algebra whose irreducible representations have 
bounded dimensions and B be a unital C*-algebra with T(B) / 0. Suppose <p\, ip 2 : C —>• B are 
two unital monomorphisms such that 

M = [<p 2 ] in KK(C,B), 
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Let 8 : K(C) —>• K (M !pi , pn ) be the splitting map defined in (je 2.281) . 

For any 1/2 > e > 0, any finite subset d 7 C C and any finite subset V C KfC), there are 
integers N\ > 1, an e/2- d 7 -multiplicative contractive completely positive linear map L : C —» 
Mi + jVi(M V i iV2 ), a unital homomorphism ho : C —»• Mn 1 ( C), and a continuous path of unitaries 
{V(t) : t G [0,1 — d]} of for some 1/2 > d > 0, such that [L]\-p is well defined, 


1/(0) - l Ml+JVl (s), 

[L]^ = (0 + [d o ])M (e 26.31) 

TT t o L ad 1/ (t) o M © do) on d 7 /or all t G (0, 1 — d] , (e 26.32) 

■K t oL ad 1/(1 — d) o (yq © do) on d 7 /or aZZ £ G (1 — d, 1] and (e26.33) 

7Ti o L <^2 © do on d 7 , (e 26.34) 

where nt : —>• B is the point-evaluation at t G (0,1). 


Proof. Let e > 0 and let d 7 C C be a finite subset. Let 5i > 0, C C be a finite subset and 
P C K(C) be a finite subset required bv 126.21 for e/4 and d 7 above. In particular, we assume 
that eh < bp fsee 12.131) . We may further assume that di is sufficiently small such that 

3 

Bott(4>, UiU 2 Uo)\p = Bott(4>, Uf)\p, (e 26.35) 

i= 1 

provided that || [4>, Uf\ || < 5\, i = 1,2,3. 

Let ei = min{(5i/2, e/4} and T\ = TV\Q\. We may assume that F\ is in the unit ball of C. We 
may also assume that [I/]|-p is well defined for any sq-d 7 !-multiplicative contractive completely 
positive linear map from C to any unital C*-algebra. 

Let 62 > 0 and Q C C be a finite subset and Vi C K(C) be finite subset required by 14.161 
for ei/2 and T\. We may assume that 62 < b\/2 , Q D F\ and Vi D V. We also assume that Q 
is in the unit ball of C. 

It follows from 118.21 that there exists an integer K\ > 1, a unital homomorphism h' 0 : 
C —>• Mk 1 ( C) and a d 2 /2-£?-multiplicative contractive completely positive linear map Li : C —>• 
Mjf 1+ i(M Wtfs ) such that 


[Li]\v 1 = (e + [K])\'Pi- (e 26.36) 

Note that [7To] 06 = [</q] and [7Ti] 08 = [<^ 2 ] and, for each t G (0,1), 

Mo 8 = [<pf\. (e 26.37) 

Bv l4.161 we obtain an integer Kq, a unitary V G U(Mi + k 1 +k 0 ({C))) and a unital homomorphism 
d : C —>• Mk 0 (C) such that 

adl/o (7r e o Lx © d) w ei / 2 (id ©dp © d) on d 7 !, (e 26.38) 

where n e : —>• C is the canonical projection. 

(Here and below, we will identify a homomorphism mapped to Mfc(C) as a homomorphism 
mapped to M^{A) for any unital C* algebra A. without introducing a new notation.) 

Write Voo = <£>i(I/) and Vq 0 = <^ 2 ( V). The assumption that [M = [</? 2 ] implies that 
[Voo] = [Vqq] in Ki(B). By adding another d in (je 26.38p . replacing Kq by 2Kq and replac¬ 
ing V by V © 1 m k , if necessary, we may assume that Loo and Vq 0 are in the same component 
of U(M 1 +Kl+Ko (B)). 
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One obtains a continuous path of unitaries {Z(t) : t € [0,1]} in Mi + k 1+ k 0 {B) such that 

Z( 0) = Voo and Z( 1) = Vqq. (e 26.39) 

It follows that Z e . By replacing L\ by ad Z o (L\ © h) and using a new h! 0 , 

we may assume that 

ttq o Li ~ £i /2 <Pi © h' 0 on T\ and tti o L\ ~ £i /2 ^2 © h' 0 on F\, i = 1,2. (e26.40) 

Define A : C —>• Mi+Kq+^dC) by A(c) = diag(c, h' 0 (c)), where we also identify Mkq+Kx (C) 
with the scalar matrices in Mk 0+ k 1 (C). In particular, since ipi is unital, ^Pi®'^M Kl+Ko is identity 
on Mxo+Kxi C), i = 1,2. Consequently (ipi <g> id m K q+Ki ) ° h' 0 = h' 0 . Therefore, in this way, one 
may write 

ipi(c) 0 h' 0 (c) = (ipi <g> id MKo+Kl+1 ) o A(c) for all c € C. 

There is a partition 0 = to < t\ < ■ ■ ■ < t n = 1 such that 

7 ° Li ~ 5 2 /8 TTi ° L\ on t/ for all ti < t < tj+i, i = 1,2, ...,n — 1. (e26.41) 

By applying 14.161 again, we obtain an integer A" 2 > 1, a unital homomorphism hoo : C —>• 

Mk 2 ( C), and a unitary € Mi_|_x 0 _|_.r' 1 _|_i<' 2 (.B) such that 

ad o (^! © h'o © h 0 o) ~ ei / 2 o Li 0 /i 00 ) on Ai. (e 26.42) 

Note that, by (|e 26.4ip . (le 26.421) and (|e 26.40p . 

||[</h 0 h' 0 © hoo(a), V ti Vt i+1 }\\ < 5 2 /4 + £1 for all a <E F\. 


Denote by r/_i = 0 and 
k 

% = ^Bott(vJi 0 h' 0 0 hoo, V ti V t * +1 )\-p, k = 0,1 ,...,n - 1. 

i=0 

Now we will construct, for each i, unital homomorphism l 7 ) : C —>• Mj % (C) C Mj % (B) and a 
unitary B 7 € M 1+ ^ 0+ ^ 1+j ^ 2+e ^ i j.(-B) such that 

||[-Hi, Wi]|| < 5 2 /4 and Bott(^, Wi) = m-i, (e26.43) 

where H t = </q 0 h' 0 0 hoo © ® l k=1 F il i = 1,2,..., n — 1. 

Let Bo = 1 mi +A ' 0 +x 1 +x 2 • ^ follows from I26T1 that there is an integer J\ > 1, a unital 
homomorphism F\ : C Mj } (C) and a unitary Bo € /7(Mi_|_ft' 0+ x 1 _|_;<' 2 _|_j 1 (5)) such that 

|| [4/i(o), 1 Bi]|| < <5 2 /4 for all a € Fi and Bott(Ai, Bh) = rjo, (e26.44) 

where H\ = 0 /i' 0 © hoo © F\ . 

Assume that, we have construct required T) and B 7 ,, for z = 0,1,..., k < n— 1. It follows from 
126.11 that there is an integer > 1, a unital homomorphism T)u + i : C —>■ Mj k ( C) and a 
unitary W k+ i € U(M 1+Ko+Ki+K2+ j^k+i j. (B)) such that 

II [Hfc+i(a), B4 + i]|| < <5 2 /4 for all a £ F\ and Bott(H k+1 ,W k+1 ) = % (e 26.45) 
where H k+1 = </q 0 h' 0 0 h 0 0 © ©fi^T). 
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Now define Fqo = /too © ©” =0 'F; and define K 3 = 1 + Kq + K\ + K 2 + YH=i F- Define 


v tk = diag(W k diag(V tk ,id lM ).1 M ), 

Ef =1 Ji ^i=fc+l 

1 and vt n = 1 m , . Then 

0 m 1+ k 0 +k 1+ k 2 +y.^ ^ 

adv u o (991 ffi /iq 0 F 00 ) ~< 5 2+£l n ti o (Li © F 00 ) on Fi, (e 26.46) 

||[<£1 © /i' 0 © Loo(a), v ti vl i+1 ]\\ < 82/2 + 2ei for all a € Fi and (e26.47) 
Bott (ipi ffi ti 0 ffi F 00 , v ti v * ti+1 ) (e 26.48) 

= Bott^, W[) + BottK, Vl(V' i+1 )*) + Bott(^, (W' +1 )*) (e 26.49) 

= r/j-i + Bott(</?' 1) V ti V t * +1 ) - r)i = 0, (e 26.50) 


where </?i = </?i ffi h' 0 ffi F 00 , VF/ = diag(M^., 1 M 1 ) and Vf. = diag(V* i , 1 M n _j ), * = 

0,1, 2,..., n — 2. 

It follows from 126.21 that there is an integer N± > 1, another unital homomorphism Fq : C —>• 
Mn 1 ( C) and a continuous path of unitaries {wi(t) : t € such that 

Wi(ti-i) = v' i _ 1 {y' i )*,Wi{ti) = 1, i = l,2,...,n - 1 and (e26.51) 

|| [y>i ffi h' 0 ffi Fqo ffi Fg(a), tCi(t)]|| < e/2 for all a € F, (e 26.52) 


i = 1,2, ...,n — 1, where v[ = diag(uj, Im^ (-B)), i = l,2,...,n — 1. Define V{t) = Wiitfjv^ for 
t € ij], i = 1, 2,..., n — 1. Then V(f) € C([0, t n _ 1 ], (B)). Moreover, 

ad 1/(t) o ffi /i'o ffi F 0 o ffi Fq) Ps e / 2 7it o L 1 ffi F 00 ffi Fq on F. (e 26.53) 

Define ho = h' 0 ffi Foo ffi F/, L = Li ffi Foo + Fq and d = 1 — f 1 . Then, by (Ic 26.53|1 . (je 26.32|) 
and (|e 26.3311 hold. From (|e 26.401) . (Ic 26.341) also holds. 

□ 


27 Asymptotically unitary equivalence 

Lemma 27.1. Let C\ and A\ be two unital separable simple C*-algebras in B\. let U\ and U 2 
be two UHF-algebras of infinite type and let C = C\ <S> U\ and A = A\ ffi F 2 . Suppose that 
(pi , ip 2 : C —>• A are two unital monomorphisms. Suppose also that 

M = W 2 ] in KL(C,A), 

{<Pi)t = (<P 2 )t and = (p{ 

Then (f\ and tp 2 are approximately unitarily equivalent. 

Proof. This follows immediately from 112.91 Note that both A and C are in B\. □ 

Lemma 27.2. Let B be a unital C*-algebra and let u 1 , U 2 , ...,u n C U(B) be unitaries. Suppose 
that vi,V 2 ,...,v m C U(B) are also unitaries such that [vfi C G, where G is the subgroup of 
K\(B) generated by [tii], [ 1 / 2 ], •••, [u n ]. There exists 5 > 0 satisfying the following: For any unital 
C*-algebra A and any unital homomorphisms ■ B —>• A, if there is a unitary w € U(B) 

such that 


(e 27.1) 
(e 27.2) 


w*(fi(ui)w - ip 2 (ui)\\ < 5, 


(e 27.3) 
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then there exists a group homomorphism a : G —>• Aff(T(A)) such that 

^T(log(<p 2 (vj)w*<pi(vj)w) = a([uj])(r), (e27.4) 

any r € T(A), i = 1,2,n and j = 1, 2, m. 

Proof. The proof is essentially contained in the proof of 6.1, 6.2 and 6.3 of Kill . □ 

Lemma 27.3. Let C\ be a unital simple C*-algebra m ll4.8L let A\ be a unital separable simple 
C*-algebra in Bo, and let U\ and U 2 be two UHF-algebras of infinite type. Let C = C\ <g> U\ and 
A = A\ g) Ui- Suppose that pi,p 2 ■ C A are two unital monomorphisms. Suppose also that 

[pi] = [P 2 ] in KL(C, A), (e27.5) 

Pi = p|, (pi )t = (P2)t and (e27.6) 

Rip,i> (Ki (Men >¥>2)) C /°A ( Kq (A) ) . (e 27.7) 

Then, for any increasing sequence of finite subsets { F n } of C whose union is dense in C, any 
increasing sequence of finite subsets V n of K\(C) with L>ff =1 V n = K\(C) and any decreasing 
sequence of positive numbers {<5 n } with ^ n < 00 , there exists a sequence of unitaries {u n } 

in U(A) such that 


Adu n o/pi ^ Sn p 2 on T n and (e27.8) 

PA(botti(p 2 ,UnU n+ i){x)) =0 for all x € V n (e27.9) 

and for all sufficiently large n. 

Proof. Note that A = A <g) C/ 2 . Moreover, there is a unital homomorphism s : A <S> U 2 —>• A such 
that s o 1 is approximately unitarily equivalent to the identity map on A, where 1 : A —>• A © 1/2 
defined by a —> a <S> 1 jj 2 for all a G A. Therefore we may assume that p\ (C), P 2 {C) C4® ljj 2 - 
It follows from I27.T1 that there exists a sequence of unitaries {u n } C A such that 

lim Ad v n o pi (c) = P 2 (c) for all cE C. 

n—>-00 

We may assume that J~ n are in the unit ball and U^8 =1 J r n is dense in the unit ball of C. 

Put e' n = min{l/2 n+1 , 5 n /2}. Let C n C C be a unital C* -subalgebra (in place of C n ) which 
has finitely generated Ki{C n ) (i = 0,1), and let Q n be a finite set of generators of K\{C n ), let 
5' n > 0 (in place of 6) be as in 124.21 for C (in place of A), e' n (in place of e), T n (in place of F) 
and [i n ](Qn- 1 ) (in place of V), where i n : C n —>• C is the embedding. Note that, we assume that 

[*n+l](Qn+l) V n +1 u [*n](Qn). (e 27.10) 

Write K\ (C n ) = G n j © Tor(ATi(C n )), where G n j is a finitely generated free abelian group. 

Let zi >n , Z2,ni —1 z f(n),n be the free generators of G n j and z'i n , z' 2n , z t(n) n be generators of 
Tor(A'i(C n )). We may assume that 

Qn {"l,n) ~ 2 ,nj ~/(n),nj %\,ni ^ 2 ,ni •••? 

Let 1/2 > e" > 0 so that botti(/i / , u')\k 1 (c ti ) is we ll defined group homomorphism, botti(/i', u')\Q n 
is well defined and (botti(/i','a / )lx 1 (C n ))ls n = botti(/i 7 ,it')for any unital homomorphism 
h' : C —>• A and any unitary v! € A for which 

\\[h'(c),u'}\\ <e" n for all c € Q n (e27.11) 
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for some finite subset Q n C C which contains J- n . 

Let wi tn ,W2,n, • ••, Wf{n),ni w 'i,ni w 2 ,m ■■■■> w t(n) n *= ^ unitaries (note that C has stable rank 
one) such that [w itn \ = (z n )*i(^,n) and [w' jrt \ = (i n )*i(zj >n ), i = 1, 2, f(n), j = 1,2 
and n = 1,2,.... To simplify notation, without loss of generality, we may assume that Wi^ n € G n , 
n = 1,2,.... 

Let 5 1 =1/2 and, for n > 2, let 5" > 0 (in place of 5) be as in 127.21 associated with 
^i,n,W 2 ,n, ■■■,Wf(n),n,w , ljn ,w , 2n , (in place of U 1 ,u 2 ,..,u n ) and 

{^l,n— 1, 1^2,71— 1, w f(n—l),n—li ^l,n— 1) ^2,n— 1: ^D(n—l),n—li 

(in place of vi, v 2 ,..., v m ). 

Put e n = min{e"/2, e' n /2, S' n , 5^/2}. We may assume that 

Adu n o </?! & En <^ 2 on Q n , n= 1,2,.... (e 27.12) 

Thus botti (</?2 ° in,Vn v n+ 1 ) is well defined. Since Aff(T(A)) is torsion free, 

r(botti (</>2 ° *n,<Vn+i)|-ibr(Ki(0„))) = °- (e27.13) 

We have 

||^2(wj>)Ad7; n (<pi(iOj jn )*) - 1|| < (1/4) sin(27re n ) < e n , n = 1,2,.... (e 27.14) 

Define 

hj, n = ^log((p 2 (wj tTl )Adv n (<pi(wj in )*)), j = 1,2, ...,/(n),n = 1,2,... (e 27.15) 

Then, for any r € T(A ), \r(hj jTl )\ < e n < S ' n , j = 1,2,...,/(n), n = 1,2,.... Since Aff(T(A)) is 
torsion free, it follows from 127.21 that 

T (^~ 1 og(<7’2(^ > )Adu n (v9i(u;'/ n )))) = 0, (e27.16) 

j = 1,2, ...,i(n) and n = 1,2,.... By the assumption that R VltV2 (Ki(M lfiltV2 ))CpA{Ko(A)), by 
the Exel’s formula (see m) and by Lemma 3.5 of [65], we conclude that 

hj,n{j) 1 (hj,n) € R<pi,tp 2 (Al (A/^J i¥ , 2 ))C/5 j 4(Aq(A)). 

Now define a' n : Ki(C n ) ->• pa(K 0 (A)) by 

a n( z j,n){T) = hj,n(r) = T(h jt n), j = 1, 2,..., /(ra) and a' n (z' j>n ) = 0, j = 1, 2,..., t(n)(,e 27.17) 

n = 1,2,.... Since a! n {K\(C n )) is free, it follows that there is a homomorphism : iLi(C n ) —>■ 
iLo(A) such that 

( l o J 4 o aW(zj jn ))(r)=r(/ij- n ), j = 1,2,...,/(n), r € T(A) and (e27.18) 

= 0, j = 1,2,..., t(n). (e 27.19) 

Define a® : Kq{C u ) — »• iLi(A) by = 0. By the UCT, there is K n € KL(SC n , A) such that 
K n\K,(C n ) = i = 0,1, where 5C n is the suspension of C n (here, we also identify Ki(C n ) with 
K i+ i(SC n )). 
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By the UCT again, there is a n € KL(C n <8> C(T),.A) such that a n o fH\K(c „) = K n- In 

particular, a n o/3\ Kl (c„) = a n ■ It follows from l24.2l that there exists a unitary U n € Uo(A) such 
that 


||[(/? 2 (c), U n }\\ < e" for all c G T n and (e27.20) 

Pa{ botti(yj 2 , U n )(zj tn )) = -pa oa n (z jjn ), (e 27.21) 

j = 1, 2,..., f(n). We also have 

Pa{ botti(<^ 2 , U n ){z' jtn )) = 0, j = 1,2, ..., t(n). (e 27.22) 

By the Exel trace formula (see |43j), (Ic 27.18ft and (Ic 27.21ft . we have 

T (hj, n ) = —PA(botti(y? 2 , U n ){zj jn )(r ) = -r(^-log([/ n <^ 2 (u; iiri )[/*^ 2 (u;* n )))(e 27.23) 

for all t G T(A), j = 1, 2,...,/(n). Define u n = v n U n , n = 1,2,.... By 6.1 of [M] . (|c 27.23|) and 
(Ic 27.2ip . we compute that 


T (^- log(^Kn)Adu n (^KJ)))) (e 27.24) 

= T (^ i l og(U n ^ 2 (w jtn )U*v^p 1 (wl n )v n ))) (e 27.25) 

= log(D n ^ 2 (u;y n )D> 2 (rn* n )^ 2 (u; J> )<99i(u;* in )n n ))) (e27.26) 

= T (^- logCDn^C^n)!/*^^*^)))) + r(^- log(ip 2 (w jin )Vn(pi(wj tn )v n ))) (e27.27) 

= PA(botti(</? 2 , U n )(zj iU )){T) + r[hj tV ) = 0 (e27.28) 


for all r € T(A), j = 1, 2,..., /(n) and n = 1, 2,.... By (|c 27.161) and (|e 27.22ft . 


T ('^~i l 0 g ( lP 2 ( W j, n) Adu nM( w j,n)*)))) = °> 

j = 1, 2,..., tin ) and n = 1, 2,.... Let 

b j,n = ^-log(u n ^ 2 (^,n)<¥’i(^,„)) > 

b 'j,n = ^-log(<^ 2 (u;j>)<u n+ i(/j 2 (u;* re X +1 u n ) and 

6" n+ i = — iog(ti n+ iv? 2 (t« J >)t4f 1 ¥ , i(«;i I n))- 


j = 1, 2,..., /(n) and n = 1, 2,.... We have, by (le 27.29ft . 




r ( ^—fog (^n <^2 (^> ) ) ) ) 

T (^ 1 °g( < 7 , 2(w* n )u>i(u;* ri )u n )) = 0 


(e 27.29) 

(e 27.30) 
(e 27.31) 
(e 27.32) 

(e 27.33) 
(e 27.34) 


for all t £ T(A), j = 1,2,...,/(n) and n = 1,2,.... Note that r(6j ]n+ i) = 0 for all r € T(A), 
j = 1,2,..., f(n + 1). It follows from 127.21 and (jc 27.101) that 


T ( & yn+i) = 0 for a11 T S T(A), j = 1, 2,..., /(n), n = 1,2,.... 
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Note also that 


27tz b'- m * 27 xibn r? — 2nib'' ^ • i o £ ( \ 

u n e ^ n u n = e 3 ' n • e ^ n + j = 1 , 2 , j[n). 


Thus, by 6.1 of [61], we compute that 

T ( b 'j,n) = T ( b jw) ~ r{b" j n+ 1 ) = 0 for all r € T(A). 
By the Exel formula (see [43]) and fie 27.35j) . 


(e 27.35) 


p A (botti{<p 2 ,UnU n+ i))(wl n )(T) = T( — log« Un+ i,2K n K + i W K n )))(e 27.36) 


= T (^“ lo s(^ 2 (®J>) u n M »+i ( f 3 2(»j'„)<+i“«)) = 0 (e 27.37) 

for all t € T(^4) and j = 1, 2,..., /(n). Thus 

PA(botti(ip 2 ,u* n u n+1 )(wj :n )(T) = 0 for all r € T{A), (e27.38) 

j = 1,2,..., f{n) and n = 1,2,.... We also have 

p^(botti(^ 2 ,<tWi)(^,n)( r ) = 0 for all r € T(A), (e27.39) 

j = 1,2,..., /(n) and n = 1,2,.... By 127.21 we have that 

/9 J 4(botti(<y9 2 ,«*u n+ i)(z) = 0 for all z£V n , (e27.40) 

n = 1,2,.... □ 


Theorem 27.4. Let C'i 6e a unital simple C*-algebra as in 114.81 let A\ be a unital separable 
simple C*-algebra in Bo, let C = C\ <S> U\ and let A = A\ <8> U%, where JJ\ and U 2 are UHF- 
algebras of infinite type. Suppose that ip±, </? 2 : C —>• A are two unital monomorphisms. Then 
they are asymptotically unitarily equivalent if and only if 


[<Pi] = [H in KK(C,A), (e 27.41) 

= if*, (ipi)r = {T 2 )t and = 0. (e27.42) 

Proof. We will prove the “if ” part only. The “only if’ part follows from 4.3 of [69]. Note 
C = C'i ® U\ can be also regarded as a C*-algebra in 114.81 Let C = lim n _ 5 . 00 (C' n , i n ) be as in 
114.81 where i n : C n —> C n+ \ is injective homomorphism. Let T n C C be an increasing sequence 
of subsets of C such that U ff =1 F n is dense in C. Put 

= {(/,c) € C([0,1],A)®C : /(0) = <^i(c) and /(1) = (p 2 (c)}. 

Since C satisfies the UCT, the assumption that [yq] = [y? 2 ] in KK(C,A) implies that the 
following exact sequence splits: 


0 K(SA) -> K(M Vutpa ) K{C) -> 0 


(e 27.43) 


for some 6 £ Hom(K(C),K(A)), where 7r e : M V1 ^ 2 —> C is the projection to C defined in !2.17l 
Furthermore, since r o yq = r o y? 2 for all r £ T{A ) and R V1 , V 2 = 0, we may also assume that 

R VUV ,M X )) = 0 f° r all x ^ Ki(C). (e27.44) 

By HZ], we have that 


lim (K_(C n ), [i n ]) = KiP)- 


(e 27.45) 
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Since Ki(C n ) is finitely generated, there exists K{n ) > 1 such that 

Hom A (F Kin) K(C n ), F K{n) K(A )) = Hom A (K(C n ), K(A)) (e 27.46) 

(see also HZ] for the notation F m there). 

Let 5' n > 0 (in place of S), a' n > 0 (in place of a), Q’ n C C (in place of Q), 
{Pi 1 n»^2 1 n»"->P/(n),n)>9 , l,n>^ 1 n»"->^ (n)in } ( in P la Ce of {pi,p 2 ,-,Pk, Ql, «2, ?*}), C £(<?) 

(in place of V) corresponding to l/2 n+2 (in place of e) and T n (in place of F) as required by 
125.41 (see also 125.51) . Note that, by the choice as in 125.41 we assume that G' u n , the subgroup 
generated by {\p[ n ] — [q[ n ] : 1 < i < I(n )} is free. 

Without loss of generality, we may assume that Q’ n C i n ,oo(Gn) and V' n C [i n ,oo]{'Pn) for 
some finite subset Q n C C n , and for some finite subset V n C K_(C n ), we may assume that p[ n = 
in,oo(Pi,n) and = Voo(<?i,n) for some projections pi jU , € C n , i = 1,2, Without loss 

of generality we may assume that the subgroup G n , u generated by {[pi,n] — [ ( h,n] : 1 <i< /(n)} 
is free and Pi, n ,qi,n € G n , n = 1,2, ...,J(n). 

We may assume that V n contains a set of generators of F K ^K_{C n ). F n C Q' n and 5' n < 
l/2 n+3 . We may also assume that Bott {h! ,u')\p n is well defined whenever ||[/i'(a), u']|| < 5' n for 
all a £ Q' n and for any unital homomorphism h! from C n and a unitary v! in the target algebra. 
Note that Bott(/i', u')\p n defines Bott(/i' u'). We further assume that 

Bott (h, u)\-p n = Bott(/i / , u)\p n (e27.47) 

provided that h h! on Q' n . We may also assume that 5' n is smaller than 5/ 16 for the 5 defined 
in 2.15 of [69] for C n (in place of A) and V n (in place of V). Let k(n) > n (in place of n), 
rf n > 0 (in place of 5) and Q k ( n ) C K\ {C k ^) be required bv 124.51 for /4 (in place of s), 
*n,oo(^( n )) (in place of F), V k (, n) (in place of V) and {pi, n ,qi, n ,- i = 1, 2,..., k(n)} (in place of 
{pi,qi : i = 1,2,..., k}), and cr^^/16 (in place of a). We may assume that Q k ( n ) form a generator 
set of Ki(Ck( n ))- Since V generates F K ( Jl \K_{Ck( n + i)), we ma y assume that Q n C V k ( n ) ■ 

For C n , since Ki(C n ) (i = 0,1) is finitely generated, by (jc 27.461) . we may further assume that 
[bc(n),oo] is injective on [i n ,k(n)\(K.(C n )), n = 1,2,.... By passing to a subsequence, to simplify 
notation, we may also assume that k(n ) =n + 1. Let 5 n = min{ r] n , a' n , <5^/2}. Bv 127.31 there are 
unitaries v n G U(A) such that 

Adu n O pi «, 5 n+1 /4 on ln,oo{Qn+l)i (e 27.48) 

Pa{ botti(</p 2 ,<Vn+i))(®) = 0 for all x € (i n ,oo)*i{Ki{C n+1 )) and (e27.49) 
]|[^2(c), v* n v n+ i\\\ < 6 n+ 1/2 for all a € i n ,oc(Gn+i) (e27.50) 

(note that Ki{C n+ \) is finitely generated). Note that, by (Ic 27.471) . we may also assume that 

Bott^i, Wn+iOlKocKPn) = Bott ( v nFiVn, v*v n+ i)\ [ln ^ Vn) (e27.51) 

= Bott(^ 2 ,'y> n+ i])| [lTioo ](p n) . (e27.52) 

In particular, 

botti«y?iu n , v*v n+ i)(x) = botti(y> 2 , K v n+ i)(x) (e 27.53) 

for all x € (* n ,oo)*i(-K’i(C'n+i))- 

By applying 10.4 and 10.5 of [65], without loss of generality, we may assume that the pair 
and v n defines an element € Hohia (K(C n - i-i ),K(M, n t , p A) and [7To] o = [idc„+i] ( see 10-4 
and 10.5 of [65] for the definition of y n ). Moreover, by 10.4 and 10.5 of [65], we may assume, 
without loss of generality, that 

|r(log((/? 2 o i n ,oo(Zj)v n ipi o i n ,oo{zj)v n ))\ < 5 n+ 1 , (e 27.54) 
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j = 1, 2,r(n), where {z\,z 2 ,..., £ r (n)} C C/(Mfc(C n +i)) which forms a set of generators of 

k 

K\ {C n+ \) and where v n = diag (v n , v n 7..., Vn ). We may assume that Zj € Q n C V n , j = 

1,2, r(n). 

Let H n = [i n+ i](K_(C n+ i)). Since {J n= 1 [in+i,oo]{K{Cn)) = K(C) and [7T 0 ] oy n = [idc„ +1 ], we 
conclude that 

K(M vim ) = K(SA) + U« l7 „(fl-„). (e 27.55) 

Thus, by passing to a subsequence, we may further assume that 

7n+i(-Hn) C K(SA) +7 n+2 (iL n +i), n=l,2,.... (e27.56) 

By identifying H n with y n+ i (iL n ), we may write j n : K_(SA) © H n —>• K_(SA ) © iL n+ i for the 
inclusion in (le 27.561) . By (le 27.551) . the inductive limit is K(M ipr C „A- From the definition of y n , 
we note that — 7n+i ° [* n +i] maps K_{C n+ 1 ) into K_(SA). By 10.6 of [65] , 

r(Bott(y?i, V n V* n+1 ))\ Hn = (7n+l - 7n+2 O [*n+2])|fl- n 

(see 10.4, 10.5 and 10.6 of [65] for the definition of T) gives a homomorphism £ n : H n —> K(SA). 
Put (n = 7n+i |#„• Then 

jn(x,y) = (x + fn(y),[in+ 2 ](y)) (e 27.57) 

for all (x, y ) €E K.{SA) © L7 n . Thus we obtain the following diagram: 


0 -> 

^(54) 

-+ 

K_{SA) © 

-+ 

H n 

-> 0 


|| 


'l'[« n+ 2,oo] 


"M^l+2,Oo] 


0 -> 

K(SA) 

-+ 

K(SA) © F n+1 

-+ 

H n +i 

-> 0 


|| 


^ £n+l'l'[*n+3,oo] 


'^'[ ? 'n+3,oo] 


0 -> 

K(SA) 

-» 

K(SA) © tf n+2 

-+ 

H n +2 

-+ 0 


By the assumption that R tpi ^ 2 = 0, map 9 also gives the following decomposition: 

keri? ¥ , 1)¥ , 2 = keipA © K\(C). (e 27.58) 

Define 9 n = 9 o [i n+ 2 , 00 ] and K n = ( n ~ 9 n . Note that 

9 n = 9 n+ 1 o [i n+2 \. (e 27.59) 

We also have that 

C n Cn+1 0 [*n+2] = Cn- (e 27.60) 

Since [7ro] o (Cn — 9 n )\n n = 0, K n maps H n into K_(SA). It follows that 

Kn ^n+1 0 [&ra+2] — Cn Cn+1 ° [L 1 + 2 ] T $n+1 0 [^n+ 2 ] (e 27.61) 

= Cn Cn+1 0 [L 1 + 2 ] = Cn- (e 27.62) 

It follows from 126.31 that there are integers N\ > 1, a ^^--z n+ i(C/ n+ i)-multiplicative contractive 
completely positive linear map L n : z n ,oo(Cn+i) —>• Mi + n x (M^^), a unital homomorphism 
ho : z n +i i0O (Cn+i) —> Mjvj(C), and a continuous path of unitaries (I4(i) : t € [0,3/4]} of 
Mi^CA) such that [-Ln]|p; +1 is well defined, 14(0) = l Ml +Nl (A), 

[L n ° = {9 o [z n -|_l i0 o] T [/*, ° *n+l,oo]) \Vn 1 
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and 

0 L n ° $n+l,oo ~<$ n _|_1/4 ad ^n(^) 0 ((ty^l 0 ^n+l,oo) © (^0 ° V^i+ljOo)) 

OH ^7i+l,oo (Gn+ 1) for all t G (0,3/4], 

° ° ^n+l,oo ' =:::: '5 n +i/4 ad V n (2>/ 4) O ((^1 o $7 t,-|-1 5 oo) © (/lo ° ^n+l,oo)) 

On 2n+l,oo (0 ti+i) for all t G (3/4,1), and 

^1 ° L/ n ° $71+1,00 ^(5n+l/4 ^2 ° ^71+1,00 © ^0 ° ^71+1,00 

on $77,+1,00 (Gn+i), where Tr t : M, pim —>• A is the point-evaluation at t G (0,1). 

Note that i? V31)V , 2 (0(x)) = 0 for all x G *n+i,oo(A"i(C?i+i))- As computed in 10.4 of 

r(log((^ 2 (x) © h 0 (x)*V n (3/4:)*(<pi(x) © h 0 (x))K(3/4))) = 0 


(e 27.63) 


for x = in+i,oo(y), where y is in a set of generators of K\ {C n +\ ) and for all r G T(A). 

Define W' n = daig(u n , 1) € M 1+Nl (A). Then Bott((y?i © h 0 ) o * n+ i i00 , (14(3/4)*) defines 

a homomorphism € Horn a (K_(C n+ 1 ). K_(SA)). By (|c 27.541) 

l r (log (( < / 7 2 © /lo) ° © M ° *n+l,oo(^)W / 'n))l < <Wl> (e27.64) 

j = 1,2,..., r(n). Put K = diag(K(3/4), 1). 

Let 

1 


bj,n — 2 , 7 ri (^1 © ^0)^ti+ l,oo(^j)^n(^2 © ^ 0 ) 0 ^ 71 + 1 , 00 ) ), 

(e 27.65) 

*(■„ = 7t— lo g((^i © M 0 in+i,oo(zj)V n {Wn)*((P! © h 0 ) o i n+l oo (zj)*W^V*) and 

J /m 

(e 27.66) 

b j,n = log((<^2 © /lo)*n+l,oo(^)(W^)*(^l © h 0 ) O t n+ l j 0 O (Zj)*W' n ), 

(e 27.67) 

j = 1) 2,..., r(n). 

Bv (le 27.631) and (le 27.641). 



T ( b j,n) = 0 and |r(6" n )| < 5 n+ 1 

(e 27.68) 

for all r G T(A). 

Note that 



V*e 2 nib '^V n = e 2nibj ’ n e 2 nib 'J’ n . 

(e 27.69) 

Then, bv 6.1 ol |64| and bv (le 27.681) 



T ( b 'j,n) = T ( b j,n ) - r(6"J = r(6" J 

(e 27.70) 

for all r G T(A). 

It follows from this and (|e27.5ip that 



\pA{An(zj)){r)\ < 8 n+ 1 , j = 1,2,.... 

(e 27.71) 

for all r G T{A). 

It follows from 124.51 that there is a unitarv ?/© G f/lAl such that 


Bv (le 27.471). 

[^l (°), ^n] 1 < b 'n+ 1/ 4 for all a e »n+i,oo(^+i) and 

Bott(<^i O I n+ 1 >00 , u;^) = -K n 0 [i n+ 1 ]. 

(e 27.72) 
(e 27.73) 


Bott(^9 2 0 *n+l,oo, <^n u n)bn = ° W+l]\v n - 

(e 27.74) 
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Put w n = v^w' n v n . It follows from 10.6 of [65J that 

r(Bott(<^i o z n+hoo ,w' n )) = -K n o [* re+1 ] and (e 27.75) 

r(Bott(^ioz n+ 2 ,oo,<+i)) = -«n+i o [*n+ 2 ]- (e27.76) 

We also have 

r(Bott(<pi O *n+l, 0 O) DiW+l))!#™ = C n Cn +1 ° [* 71 + 2 ] = £n- (e 27.77) 

But, by (Ic 27.611) and (le 27.62|) . 

(-Kn + in + K n+ i o [* n+2 ]) = 0. (e 27.78) 

By 10.6 of |65]) r(Bott(.,.)) = 0 if and only if Bott(.,.) = 0. Thus, by (Je 27.741) . (|e 27.7511 and 
(le 27.771) , 

- Bott(v?i O I n+ i i00 , w' n ) + Bott(<y 9 i o i n+ 1 )00 , v n v* n+l ) + Bott((^i O I n+ 1 )00 , w n+ 1 ) = 0. (e 27.79) 
Define u n = x n v n Wn , n = 1,2,.... Then, by (jc 27.481) and ()e 27.72|1 . 


ad u n o (p x 2 ip 2 for all a E i n +i,oo(Gn+i)- (e 27.80) 

From (le 27.511) . (Ic27.47|) and (le 27.791) . we compute that 

Bott (+> 2 ° *n+l,oo> <*in+l) = Bott(</? 2 O *n+l,oo, Wn^Vl^+l) (e 27.81) 

= Bott (</? 2 O *n+l,oO) W n ) + Bott(<£ 2 ° *n+l,oo, ^Vl) + Bott(+> 2 ° l n +l,oo , w* n+1 jje 27.82) 
= Bott(+>i o * n+1)0O , w' n ) + Bott(</?i o * n+1)0O , (w' n+1 )*) (e 27.83) 

= -[—Bott(<^i oi n+li00 ,w' n ) + Bott(</?i °i n+ i,oo,v n Vn + i) (e 27.84) 

+Bott(<^i o *n+!,oo, ^n+i)] = ( e 27.85) 


Let Xi >n = \pi, n ] — [ qi, n ]> 1 < * < I(n). Note that we assume that G u _ n is a free group generated by 
{xi,n ■ 1 < * < 7(n)}. Without loss of generality, we may assume that these are free generators. 
Define, for each n > 1, a homomorphism A n : G,^ -+ U(A)/CU(A) by 

A n( x i,n) = ((((1 ~ e *,n) + ei,nU n )(( 1 — C^ n ) + e^ n «*)), 

where e ijri = <^ 2 ° *n+i,oo(Pi,n), e' n = ^° *n+i,oo(%,n), * = 1, 2,..., I(n). In what follows, we will 
construct unitaries si, S 2 ,..., s n , ... in A such that 


\\[<P2 ° tn+l,oo(/),Sn]|| < ^+l/ 4 for a11 f ^ Gn+1, 
Bott(<^ 2 ° tn+l,oo, S n )\Vn = 0 an d 
dist«((l - e it n) + ei, n s n )((l - e' i n ) + e' i n s* n )) , k n (-Xi,n)) < c^/ 16 , 


(e 27.86) 
(e 27.87) 
(e 27.88) 


Let si = 1, and assume that S 2 , S 3 ,..., s n are already constructed. Let us construct s n+ i. 
Note that by (Ic 27.811) . the K\ class of the unitary u* n u n+ 1 is trivial. In particular, the K\ class 
of s n u* n u n+ \ is trivial. Since A factors through G' u n , applying Theorem 124.51 to ip 2 o t n + 2 ,oo, one 
obtains a unitary s n +i € B such that 


11 VP2 ° tn+2,oc(f),Sn}\\ < ^n+i/ 4 for all / € G n+ 2 , 
Bott (^2 o in+ 2 , 00 , s n+ i)\ Vn = 0 and 


(e 27.89) 
(e 27.90) 


dist((((l ei >n+ i) T Ci,n+lSn+l) ((1 ^i,n+l) 


+ e i,n+l S n+l 


)), K+i(-Xi,n+i)) < 0n/16, (e 27.91) 
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i = 1,2, I(n + 1). Then s 4 , s 2 ,..., s n +i satisfies (le 27.861) . ()e 27.87P and (le 27.881) . 

Put uf = u n s* n . Then by (1c 27.80|) and fie 27.86|) . one has 

a,dun o (p-i ^s r n <P 2 for all a G i n +i,oo(Gn+i)- (e27.92) 

By (|c 27.811) and (le 27.871) . one has 

Bott(</? 2 o t n+ i )0O , (^)*u^n)\vn = 0- (e 27.93) 

Note that 


((1 - £i,n) + e i} nS n +iUn+i}((l ~ e' in ) + e i)U+l u* +1 s* +1 ) = C1C2C3C4 = C1C4C2C3, (e 27 . 94 ) 

where 


Cl — ((1 &i,n +1 ) + ej !n +lS n +l), C 2 — ((1 6i,n- |-l) T &i,n+l'Un+l) , (e 27.95) 

c 3 = ((1 - e- >n+1 ) + e- ;n+1 < +1 ), c 4 = ((1 - e' )n+1 ) + e' ;n+1 s* +1 ). (e27.96) 

Therefore, by (le 27.91jl . one has 

dist((((l — ei tn +i) + ej i71 +iu n -|_i)((1 — c^ n _|_i) + c^n+i^+i )))>!) ( e 27.97) 
< a' n+l /ld + dist(A(-x i)n+ i)A(xj ira+ i), I) = a' n+1 /\Q, (e 27.98) 

i = 1, 2,/(n). Therefore, bv 125.41 (and Remark 125.5p . there exists a piece-wise smooth and 
continuous path of unitaries {z n (t) : t G [0,1]} of A such that 

z n ( 0) = 1, z n (l) = (uf)*u^[ and (e27.99) 

||[(^ 2 (a), z n (t)]|| < l/2 n+2 for all a^T n and t G [0,1]. (e27.100) 


Define 

u(t + n - 1) = u^z n+ i(t) t G (0,1]. 

Note that u(n) = uff+\ for all integer n and {u(t) : t G [0, oo)} is a continuous path of unitaries 
in A. One estimates that, by (le 27.801) and (le 27.1001) . 

&du(t + n — 1) o ipi &dz n+ i(t) o ~i/ 2 n +2 </? 2 on T n (e27.101) 

for all t G (0,1). It then follows that 

lim u*(t)ipi(a)u(t) = <^ 2 (a) for all a G C. (e27.102) 

t —»oo 

□ 

28 Rotation maps and strong asymptotic equivalence 

Lemma 28.1. Let A be a unital separable simple C*-algebra of stable rank one. Suppose that 
u G CU(A). Then, for any piecewise smooth and continuous path {u(t) : t G [0,1]} C U(A) with 
u( 0) = u and u( 1) = 1a, 

D A ({u(t)}) G pa{Kq{A)). (recall\2A5\ f or D A ) (e28.1) 

Proof. It follows from 111.TUI that the map j : u diag(u, 1,..., 1) from U(A) to U(M n (A )) 
induces an isomorphism from U(A)/CU(A) to U(M n (A))/CU(M n (A)). Then the lemma follows 
from 3.1 and 3.2 of [98]. □ 
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Lemma 28.2. Let A be a unital separable simple C*-algebra of stable rank one. Suppose that B 
is a unital separable C*-algebra and suppose that ip, if : B —>• A are two unital monomorphisms 
such that 


[<p\ = [ip] in KK(B, A) (e 28.2) 

ipT = 'ipj, and pt — _ (e28.3) 

Then 

€ Horn (K^B^pAiKoiA))). (e28.4) 

Proof. Let z € K\(B) be represented by a unitary u € U(M m (B)) for some integer m. Then, 
by (Ic 28.31) . 

(^<8iidM m )(u)('i/ ; ®idM m )(w)* € CU(M m (A)). 

Suppose that {u(t) : t € [0,1]} is a piecewise smooth and continuous path in M m (U(A )) such 
that u( 0) = (</?<8>id M m )( u ) and u( 1) = (ip ® idM m )(u). Put w(t ) = (ip ® idM m )(u)*u(t). Then 
w( 0 ) = (ip<S>idM m )(u)*(ip<S>idM m )(u) € CU(A) and w(l) = 1 a- Thus 

RvA z )( t ) = J 0 J Q T ^ u )*-^ u *^)^ u )) dt ( e 28.5) 

= T( ^)r“* (!))<it < e28 ’ 6 > 

for all r € T(A). By 128.11 

Rtp,ip( z ) € pa(Ko(A)). (e 28.7) 

It follows that 

€ Hom(iifi(B),^(Ifo(i))). (e28.8) 

□ 


Theorem 28.3. Let C\ , 62 € So 6e unital separable simple C*-algebras, A = Ci <8> Si, B = 
C2 <8> U2 , where U\ and U2 are UHF-algebras of infinite type. Suppose that B is a unital C*- 
subalgebra of A, and denote by 1 the embedding. For any A € Hom(K\(B), pa(Kq(A))), there 
exists ip €E Inn(L?. Af / see HOI) such that there are homomorphisms 6,1 : Ki(B ) —>• Ki(M ljip ) with 
(7To)*i o 9 { = id Ki(B)i * = 0, 1 , and f/ie rotation map R hip : K\(M htp ) -A- Aff(T(A)) ginen by 

Ri,<p( x ) = Pa(x - $i(7r 0 )*i(x)) + Ao (7r 0 )*i(x)) (e28.9) 

for all x € K\(M %iV ). In other words, 


[<p\ = [z] in KK(B,A ) 


(e 28.10) 


and the rotation map R ljCp : K\(M lyip ) -A Aff(T(A)) is given by 

Ri,<p(a,b) = pa(ci) + \(b) (e 28.11) 

for some identification of K\(M lyip ) with Kq(A) © K\(B). 


Proof. The proof is exactly the same as that of Theorem 4.2 of m- In 4.2 of [75], it is assumed 
that pa(Kq(A)) is dense in Aff(T(A)). However, it is that X(K\(B)) C pa(Kq(A )) is used which 
we assume here. In 4.2 of mi it is also assume that A has the property (Bl) and (B2) associated 
with B (defined in 3.6 of [75]). But this follows from 124.H (see also 124.21) . 


□ 


270 


















Definition 28.4. Let A be a unital C*-algebra and let C be a unital separable C*-algebra. De¬ 
note by Mon® sn (C', A) the set of all asymptotically unitary equivalence classes of unital monomor- 
phisms from C into A. Denote by K : Mon e asu [C,A) —> KI< e (C,A) ++ the map defined by 

T H- [ip] for all p € Mon e asu (C,A). 

Let k € KK e (C,A) ++ . Denote by (k) the classes of <p € Mon e asu (C,A) such that K{tp) = k. 

Denote by KKUT e {A, B) ++ the set of triples (/c, 0,7) for which k €E KK e (A, B ) ++ , a : 
U(A)/CU(A ) —> U(B)/CU(B) is a homomorphism and 7 : T(B) —> T{A) is an affine continuous 
map and both a and 7 are compatible with k. Denote by & the map from Mon ^ SU (C,A) into 
KKUT(C, A) ++ defined by 

<P ^ iM^,<Pr) for all ip € Mon e asu (C, A). 

Denote by (k, a, 7) the subset of p € Mon e asu {C,A) such that &(ip) = (k, a, 7). 

Theorem 28.5. Let C and A be two unital separable amenable C*-algebras. Suppose that 
ipi, P 2 , P 3 : C —> A are three unital monomorphisms for which 

Ypi] = YP 2 ] = [<£ 3 ] hi KK(C,A )) and (ipi) T = (t 2 )t = (</>3 )t- (e 28.12) 

Then 


T R(p2,lfi3 — Ripi * 


(e 28.13) 

□ 

Lemma 28.6. Let A and B be two unital separable amenable C*-algebras. Suppose that p>i,<p 2 ■ 
A —>• B are two unital monomorphisms such that 


Proof. The proof is exactly the same as that of Theorem 9.6 of |69 


[<£i] = [^ 2 ] in KK(A,B) and fpfjT = fp 2 )t- 

Suppose that (p >2 )t '■ T(B) —>• T{A) is an affine homeomorphism. Suppose also that there is 
a € Aut(B) such that 

[a] = [ids] in KK{B,B) and olt = idy. 


Then 


R<pi,aoip 2 — Ridg,ci 0 (V^ 2 )*l T Rtpi,<p 2 (e 28.14) 

in ~Hom(Ki(A), p B (Ko(B)))/H q. 

Proof. By 128.51 we compute that 

Bipi,aoip2 — Ripi,iP2 d - RiT2,oioip2 — Ripi,<fi2 "h Ridg,a ° 

□ 


Theorem 28.7. Let B € AT be a unital simple C* -algebra in Bo, let C = B ®U\, where U\ is 
a UHF-algebra of infinite type, let A\ is a unital separable amenable simple C* -algebra in Bo 
and let A = A\ <8) C/ 2 , where U 2 is another UHF-algebra of infinite type. Then the map & : 
Mon e asu (C,A) —> KKUT{C, A) ++ is surjective. Moreover, for each (n,a, 7) € KKUT(C, A) ++ , 
there exists a bijection 


r) : (n,a, 7) ->• Hom(it'i(C'), p A {K 0 (A)))/TZ 0 . 
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Proof. It follows from 124.41 that & is surjective. 

Fix a triple (/c, ck, 7) G KKT(C,A) ++ and choose a unital monomorphism p : C —>• A such 
that [p\ = k, p^ = a and = 7. If : C —>• A is another unital monomorphism such that 
= •&(</?), then bv 128.21 

Rtp,tp 1 G Hom(iFi(C'),pA(-K’o(^)))/^o- (e 28.15) 

Let A G Hom(iFi(C), pa(Kq(A))) be a homomorphism. It follows from 128.31 that there is a 
unital monomorphism if G Inn(y>((7), A) with [if o p] = [p\ in KK(C,A ) such that there exists 
a homomorphism 6 : K\ (C) —> with (7To)*i 06 = id kUC) f° r which otf o 6 = A. 

Let f3 = if o p. Then o 6 = X. Note also since if G Inn((^(C), A), ^ and /3 t = V’T- In 

particular, i%(/3) = .&(</?). 

Thus, for each unital monomorphism p, we obtain a well-defined and surjective map 

f)v : ([¥>],<4,¥>t) ->• Hom(#i(A),p A (# 0 (A)))/7£ 0 - 

To see it is one to one, consider two monomorphisms pi, p 2 '■ C —>• A in ([ 99 ], p$,px) such that 


R, 




= n 


2 • 


Then, bv !28.2l 


R<pi,<P 2 — ~ 1 ~ R<p,ip 2 — R<p,<pi "L — 11 ■ (e 28.16) 

It follows from I27.H that p\ and P 2 are asymptotically unitarily equivalent. The map r\^ is the 
desired bijection r\ as ([</?], p$, pt) = (n,a, 7 ). □ 

Definition 28.8. Denote by KKUT~ 1 (A, A) ++ the subgroup of those elements (n, 0 , 7 ) G 
KKUT e (A,A) ++ for which k| k^A) is an isomorphism (z = 0,1), a is an isomorphism and 
7 is an affine homeomorphism. Recall from the proof of 128.71 rj-, A A : ([id A ], id^, (id A )T) —> 
Hom(K\(A), pa(Kq(A)))/TZq is a bijection. 

Denote by (id A ) the class of those automorphisms if which are asymptotically unitarily 
equivalent to id A —this subset of Aut(A) gives up a single element in Mon® su (A, A) which should 
not be confused with the subset ([id A ], id^, (k1a)t) C Mon® su (A, A). Note that, if if G (id A ), 
then if is asymptotically inner , i.e., there exists a continuous path of unitaries {u(t) : t G 
[0, 00 )} C A such that 

if (a) = lim u(t)*au(t ) for all a G A. 

t—foo 

Note that (id A ) is a normal subgroup of Aut(A). 

Corollary 28.9. Let Ai G J\f n Bo be a unital simple C*-algebra and let A = A\®U for some 
UHF-algebra U of infinite type. Then one has the following short exact sequence: 

_ v -i 

0 -> HomiK^A), p A {K 0 {A)))/K 0 4 1 Aut(A)/(id A ) 4 KKUT~ X (A, A) ++ -> 0 . (e 28.17) 
In particular, if p, if G Aut(A) such that 

&(<p) = &(if) = ^(id A ), 


Then 


Vid A [p o if) = T] idA (p) + r] idA (if). 
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Proof. It follows from [24~4l that, for any (k, 0,7), there is a unital monomorphism h : A —X 
A such that ,R(/i) = (k, a, 7 ). The fact that k G KK7 1 (A, A) ++ implies that there is k\ G 
KK~ i (A,A)++ such that 

K X 7 = Ki X K = [idyl]- 

By 124.41 choose hi : A A such that 

&(h) = {k i,a _1 ,7 _1 ). 

It follows from I27.T1 that hi oh and ho hi are approximately unitarily equivalent. Applying 
a standard approximate intertwining argument of G. A. Elliott, one obtains two isomorphisms 
p and p ^ 1 such that there is a sequence of unitaries {u n } in A such that 

p{a) = lim Adu 2 n+i°h(a) and p~ 1 (a) = lim Adu 2 n 0 hi(a) 

n—>• 00 n—>00 

for all a G A. Thus [p\ = [h] in KL(A,A) and pfi = hd and tp? = hr- Then, as in the proof of 
124.41 there is fio £ Inn(A, A) such that [ifo o <p\ = [id^] in KK(A,A) as well as (^0 0 7 ?)* = hf 
and (^>0 0 = hx- So we have tfo o tp G Aut(A, A) such that ol f) = (k, a, 7 ). This implies 

that A is surjective. 

Now let A G Hom(A'i(C'), Aff(T(A)))/7?-o- The proofsavs that there is -i/’oo € Inn(A, A) 
(in place of if) such that &(ifoo 0 id^) = A.(idA) and 

^id J 4,i/>00 = 

Note that ^00 is again an automorphism. The last part of the lemma then follows from 128.61 □ 

Definition 28.10. (Definition 10.2 of [65j and see also [70]) Let A be a unital C*-algebra and 
B be another C*-algebra. Recall ([70]) that 

Hi(Kq(A ), K\{B)) ={iG K\(B) : <^([1^]) = x for some p G Hom(Ro(A), K\{B))}. 

Proposition 28.11. (Proposition 12.3 of [65]) Let A be a unital separable C*-algebra and let 
B be a unital C*-algebra. Suppose that p : A —x B is a unital homomorphism and u G U(B ) is 
a unitary. Suppose that there is a continuous path of unitaries { u(t ) : t G [0, 00 )} C B such that 

u( 0 ) = 1 b and lim ad u(t) o p(a) = ad u o p(a) (e 28.18) 

£—>•00 

for all a G A. Then 

[u\ G H\(Kq(A), K\(B)). 

Lemma 28.12. Let C = C' for some C' = \m^{C n ,if n ) and a JJHF algebra U of infinite 

type, where each C n is a direct sum of C*-algebras in Co and H. Assume that ip n is unital 
and injective. Let A G Bi. Let pi , p 2 '■ C —X A be two monomorphisms such that there is an 
increasing sequence of finite subsets F n C C with dense union, an increasing sequence of finite 
subsets V n C A'i(C') with union to be K\(C), a sequence of positive numbers ( 6 n ) with d n < 1 
and a sequence of unitaries {u n } C A, such that 

Ad u n o p\ p 2 on F n and pA(jootti(p 2 ,u* n u n+ i)) = 0 for all x G V n . 

Suppose that Hi(Kq(C), Ki(A)) = A'i(A). Then there exists a sequence of unitaries v n G Uq{A) 
such that 


Adw n o pi k, 5ji p 2 on F n and 
^(botti^j^Un+l)) =0, X G V n . 


(e 28.19) 
(e 28.20) 


273 














Proof. Let x n = [u n ] G K\{A). Since H\(Kq(C), K\(A)) = K\{A), there is a homomorphism 

K n ,o : K 0 (C) -)• K^A) 

such that /c n ,o([lc]) = ~x n - Since C satisfies the Universal Coefficient Theorem, there is K n G 
KL(C (g> C(T),y4) such that 

( K n)\p(K 0 (C)) = K n,0 and (Kn)|/3(X 1 (C)) = 0- 

Without loss of generality, we may assume that [1 c\ G V n , n = 1,2,. For each S n , choose a 

positive number rj n < S n , such that 

Ad u n o tp x K, 1)n tp 2 on T n . 

By 124.11 there is a unitary w n £ U(A) such that 

\\[(p 2 (a),w n \\\ < (S n - rj n )/2 for all a G 7 n and Bott(<p 2 , w n )\v n = K n\p(v n )- 

Put v n = u n w n , n = 1,2,.... Then 

Adu n o Lp x ip 2 on P n , p A (botti(<p 2 ,v*v n+ i))\ Vn = 0 


and, since [lc] G V n , 


as desired. 


[^n] — [^n] — 0; 


□ 


Theorem 28.13. Let B e B\ be a unital separable simple C*-algebra which satisfies the UCT, 
let A\ e B\ be a unital separable simple C*-algebra and let C = B(&U\ and A = A\ <g) t/ 2 , where 
U\ and U 2 are two unital infinite dimensional UHF-algebras. Suppose that H\(Kq(C), K\(A)) = 
K\(A) and suppose that tpi, <p 2 '■ C —>■ A are two unital monomorphisms which are asymptotically 
unitarily equivalent. Then there exists a continuous path of unitaries { u(t ) : t G [0, 00 )} C A 
such that 

it(0) = 1 and lim ad u(t) o ipi(a) = ^ 2 ( 0 ,) for all a G C. 

t—> OO 

Proof. By 4.3 of [69], one has 

[vi) = Vp 2 ] in KK(C,A), 

(ipi) T = (P 2 )t and R vitip2 = 0. 

Then by Lemma f28.12l one may assume that v n G Uq(A), n = 1,2,... in the proof [2731 It follows 
that £n([lc]) = 0, n = 1,2,..., and therefore « n ([lc]) = 0. This implies that 7 n ° /3([1 c]) = 
0. Hence w n G Uq(A), and u n G Uq(A). Therefore, the continuous path of unitaries {u(t)} 
constructed in 127.41 is in Uq(A), and then one may require that u(0) = l a- □ 


29 The classification theorem 

Lemma 29.1. Let A± € Bq be a unital separable simple C*-algebra, let A = Ai <S> U for some 
infinite dimensional UHF-algebra and let p be a supernatural number of infinite type. Then 
the homomorphism 1 : a 1 —> a <S> 1 induces an isomorphism from Uq(A)/CU(A) to Uo(A <g> 
Mp)/CU(A <g) Mp). 
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Proof. There are sequences of positive integers {m(n)} and {k(n)} such that A®M 9 = lim n _ > . oo (A0 
Mm{n),in), where 

l n . > M m (n+ 1) (^) 

k(n) 

is defined by i{a) = diag(a, a, ..., a) for all a € M m ^(A), n = 1,2,.... Note, M m f n ^(A) = 
M m(n)( A 1 ) ® and M m(n) (Ai) € B 0 . Let 

j n : U(M m{n) (A))/CU(M m{n) (A ))) ->• C/(M m(n+1) (A))/C'^(M m(n+1) (A)) 


be defined by 

j n {u) = diag(u, 1,1, ..., 1 ) for all u € U((M m{n) (A)). 

k(n)—l 

It follows from T heorem 1 11.10 1 that j n is an isomorphism. Bv lll.7l Uo(M m ^(A))/CU (A)) 

is divisible. For each n and *, there is a unitary Ui € M m ( n+1 )(A) such that 

U*Ei t iUi = E it i, i = 2,3,..., k(n), 

where E t/l = i) m ( n )+i and { e *j} is a matrix unit for M m(n+1) . Then 

*»(«) = u'u* 2 u'u 2 ■ ■ ■ U* k{n) u'U Kn) , 


where v! = diag(u, 1,1,..., 1), for all u € M m ( n )(A). Thus 

**(«) = k(n)j n (u). 

It follows that *n|t/ 0 (M m( „ ) (A))/CJ7(M m( „ ) (A)) is injective, since 17o(M TO ( n+ i ) ( J 4))/C'L r (M m ( n+ i)(^)) 
is torsion free fsee 111.5]) . For each 2 € Uo(M m r n+ i\(A)/CU(M m r n+ i\), there is a unitary v € 
n _l_i)(^4) such that 

3n(v) = Z, 

since j n is an isomorphism. By the divisibility of Uo(M m ^(A)/CU(M m ^), there is u € 
M m (n) ( A ) such that 

yk(n) — yfii n ) — y 

As above, 

4 (“) = k ( n )jn(v) = Z. 

So in | ? 7 0 (M m(n) (A))/cu (M m(n) (A)) is a surjective. It follows that *n,oo|c/ 0 (M m(n) (^))/C[/(M m(n) (^)) is 
also an isomorphism. One then concludes that $\u Q (A)/CU(A) is an isomorphism. □ 


Lemma 29.2. Let A\ and B\ be two unital separable simple C*-algebras in Bo, let A = A\ 0 U\ 
and let B = B\®U 2 , where U\ and U 2 are two infinite dimensional UHF-algebras. Let ip : A -A B 
be an isomorphism and let ft : B0 M p —>• B<S)M 9 be an automorphism such that /3*i = id k 1 (B®m p ) 
for some supernatural number p of infinite type. Then 

tf(U(A)/CU(A)) = (ip 0 )Hu(A)/CU(A)) = U(B)/CU(B), 


where <po = i ° T, = fi o i o tp and where i : B -A- B 0 M p is defined by i(b) = 601 
for all b € B. Moreover there is an isomorphism p : U(B)/CU(B) -A U(B)/CU(B) with 
p(U 0 (B)/CU(B)) C U 0 {B)/CU{B) such that 

$ o fj, o ip$ = ijr and q\ o p = qi , 


where q\ : U(B)/CU(B) -A K\(B) is the quotient map. 
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Proof. The proof is exactly the same as that of Lemma 11.3 of [69]. □ 

Lemma 29.3. Let A\ and B\ be two unital simple amenable C*-algebras in M n Bo, let A = 
A] <g) U\ and let B = B\® U 2 , where U\ and U 2 are UHF-algebras of infinite type. Suppose that 
p>\,p >2 ■ A —>• B are two isomorphisms such that [ip 1 ] = [pf in KK(A,B). Then there exists an 
automorphism f3 : B —>• B such that \f3\ = [ids] in KK(B, B) and (3op 2 is asymptotically unitar- 
ily equivalent to p\. Moreover, if Hi(Kq(A),K\(B)) = K\(B), they are strongly asymptotically 
unitarily equivalent. 

Proof. It follows from 128.71 that there is an automorphism (3\ : B —>• B satisfying the following: 


\Pi] = [ids] in KK{B,B), (e29.1) 

P\ = <p\ 0 (</? 2 1 ) t and (^i) T = ((/?i) T o (^ 2 )“ 1 . (e29.2) 

Bv l28.91 there is automorphism /3 2 € Aut(B) such that 

[/3 2 ] = [id B ] in KK(B,B), (e29.3) 

P2 = id e> (#2 )t = (id B )T and (e29.4) 

^id s ,/3 2 = — ^¥ , 1 i/9i° 9 3 2 ° (V-^)*! • (e 29.5) 

Put /3 = /?2 0 Pi • It follows that 

\P 0 ^ 2 ] = [<£i] in KK(A,B), (/? o ip 2 ) X = ip\ and (j3 o p 2 ) T = (<Pi)t- (e29.6) 

Moreover, bv 128.61 

Btpi,f3otp2 — 0 Pp 2 )*\ T Bipi,/3io(f2 (e 29.7) 

( Ripi ,/3io</32 0 ) 0 (^ 2 )*i f d. (e 29.8) 

It follows from 128.71 that /3 o p 2 and p± are asymptotically unitarily equivalent. 

In the case that H\(Kq(A), K\(B)) = K\(B), it follows from 128.T3l that [3 o p 2 and p\ are 
strongly asymptotically unitarily equivalent. □ 


Lemma 29.4. Let A\ and let B 1 be two unital simple amenable C*-algebras in J\f FBq and let 
A = A®U\ and B = B\ ® U 2 for some UHF-algebras U\ and f/ 2 of infinite type. Let ip : A B 
be an isomorphism. Suppose that (3 € Aut(B <g> M p ) for which 

[P} = [id_B(g)Mp] in KK(B (g) M p ,B ® M p ) and /3 T = (id b ® m p )t 


for some supernatural number p of infinite type. 

Then there exists an automorphism a € Aut(B) with [a] = [id B ] in KK(B,B ) such that 
1 o a o <p and f3 o 10 <p are asymptotically unitarily equivalent, where 1 : B —>• B <8> Mp is defined 
by i(b ) = b <S> 1 for all b € B. 


Proof. It follows from 129.21 that there is an isomorphism p : U(B)/CU(B) U(B)/CU(B) 
such that 


P o fj, o pp = ((3 o I o p)K 


Note that it ■ T(B < 8 > Mp) —>• T[B) is an affine homeomorphism. 

It follows from I28.T1 that there is an automorphism a : B —)• B such that 


[a] = [ids] in KK(B, B), 

a* = OLT = (/? ° I 0 v)t ° (fa 0 = (idB(8)Mp)T and 

-^id Rf3oioip,ioip Pp*\ 1 ( 3 ; ))(*t(t)) for all x€Ki(A) 


276 


(e 29.9) 
(e 29.10) 
(e 29.11) 















and for all r E T(B). 

Denote by if = * o a o p. Then we have, by 128.61 

[if] = [i o p] = [/3 o i o 99 ] in KK{A, B ® M p ) (e 29.12) 

^ = z* o n o ipt = (/? o 1 o 99 )*, (e 29.13) 

ipT = (i»ao </?)r = (jo y?)r = (/3 ojo y>)y. (e 29.14) 

Moreover, for any a: € ivi(A) and reT(B® M p ), 

— Bftoioip,ioip ( 3 ?)(^~) T Bi,ioa 0 ^*1 (^c)(^~) (e 29.15) 

Rfloioip,ioip ( x )( t ) + Rid B: ioa ° T*1 (x)(it\t)) (e 29.16) 

— Rfloioip,ioip (^) ('T - ) Rf3oiotp,iotp (SP*\ ) (*^)) (^") — 0 (e 29.17) 

It follows from 128.71 that 10 ao p and 0 o 1 o p are asymptotically unitarily equivalent. □ 


Theorem 29.5. Let A and B be two unital separable simple C*-algebras in M. Suppose that 
there is an isomorphism 

T : Ell(A) -> Ell(5). 

Suppose also that, for some pair of relatively prime supernatural numbers p and q of infinite type 
such that Mp ® M q = Q, A ® M p € Bo, B ® M p E So, A <g> M q E So and B ® M q € So Then, 

A® Z = B ® Z. 

Proof. The proof is almost identical to that of 11.7 of |69j with a few necessary modifications. 
Note that T induces an isomorphism 

T p : Ell (A ® Af„) -> E11(S ® M p ). 

Since A® Alp E So and B®M V E So, by Theorem 121. 101 there is an isomorphism p 9 : A® Alp —>• 
B®Mp. Moreover, (by the proof of 121.1011 . p v carries r p . For exactly the same reason, T induces 
an isomorphism 

T q : E11(A ® M q ) -> E11(S ® M q ) 

and there is an isomorphism ifp : A® M„ — > B ® M q which induces r q . 

Put p = tpp ® idM q : A ® Q —>• B ® Q and if = ifp® id m p : A® Q B ® Q. Note that 

(p)*i = {if)*i (i = 0,1) and p T = ifr 

(they are induced by T). Note that px and ifx are affine homeomorphisms. Since K^(B ® Q ) 
is divisible, we in fact have [ 99 ] = [if] (in KK(A ® Q,B ® Q )). It follows from 129.31 that there is 
an automorphism (3: B®Q^-B®Q such that 

[ 0 ] = [id B ® Q ] KI<(B ®Q,B®Q) 

and such that tp and @0 if are asymptotically unitarily equivalent. Since K\(B®Q) is divisible, 
H\(Ko(A® Q), K\(B® Q)) = K\(B®Q). It follows that tp and 0oif are strongly asymptotically 
unitarily equivalent. Note also in this case 

0T = (idsig)Q)r- 

Let 1 : B ® M q —>• B ® Q defined by i(b) = b ® 1 for b E B. We consider the pair /3 o 1 o if q 
and 10 1 f q . By applying 129.41 there exists an automorphism a : B ® Alp —>• B ® Mp such that 
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!oaoi/) q and (3 oioip^ are asymptotically unitarily equivalent (in B 0 Q). So they are strongly 
asymptotically unitarily equivalent. Moreover, 

[a] = [ids(g,M q ] in KK(B 0 M q , B 0 M q ). 

We will show that f3 o ip and aoi/> q ® idM p are strongly asymptotically unitarily equivalent. 
Define (3± = (3 o i o ip q ® id m p ■ B 0 Q 0 M p B ® Q ® M p . Let j : Q —>• Q 0 M p be defined 
by j(b) = 60 1. There is an isomorphism s : M p —>• M p 0 M p with (idM q 0 s)*o = j* o- In this 
case [idM q 0 s] = [j]- Since K\{M p ) = 0, bv 127.41 idM q 0 s is strongly asymptotically unitarily 
equivalent to j. It follows that a o ip q 0 id m p and (3 o i o ip q 0 idM p are strongly asymptotically 
unitarily equivalent. Consider the C*-subalgebra C = f3 o ip{l 0 M p ) 0 M p C B0Q0 M p . In C, 
P 0( p\vg>Mp and jo are strongly asymptotically unitarily equivalent, where jo : M p —> C is defined 
by jo(a) = 10a for all a € M p . There exists a continuous path of unitaries {v(t) : t S [0, oo)} C C 
such that 


lim adu(t) o f3 o ip( 1 0 a) = 1 0 a for all a € M p . (e 29.18) 

>oo r 

It follows that f3 o ip and j3\ are strongly asymptotically unitarily equivalent. Therefore (3 o ip 
and a o ^ q 0 Mm p are strongly asymptotically unitarily equivalent. Finally, we conclude that 
a o ipq ig) id p and ip are strongly asymptotically unitarily equivalent. Note that a o ip q is an 
isomorphism which induces T q . 

Let {u(t) : f € [0,1)} be a continuous path of unitaries in B®Q with u(0) = 1 b®q such that 
lim ad u(t) o ip (a) = a o ip q 0 idM p (a) for all a G A 0 Q. 

t^oo p 

One then obtains a unitary suspended isomorphism which lifts T along Z P)q (see [105| ). It follows 
from Theorem 7.1 of j!05j that A 0 Z and B 0 Z are isomorphic. □ 

Definition 29.6. Denote by A/"o the class of those unital simple C*-algebras A in M for which 
A 0 M p € J\f n Bo for any supernatural number p of infinite type. 

Of course A/"o contains all unital simple amenable C*-algebras in Bo which satisfy the UCT. 
It contains all unital simple inductive limits of C*-algebras in Co- 

Corollary 29.7. Let A and B be two C*-algebras in Afo- Then A® Z = B ® Z if and only if 

Ell(4 0 2) =* EU(B0 2). 

Proof. This follows from 129.51 immediately. □ 

Theorem 29.8. Let A and B be two unital separable simple amenable Z-stable C*-algebras 
which satisfy the UCT. Suppose that gTR{A 0 Q) < 1 and gTR(B 0 Q) < 1. Then A = B if 
and only if 

E11(j 4) ^ Ell (B). 

Proof. It follows from 119.31 that A 0 U, B 0 U € Bo for any UHF-algebra U of infinite type. 
Therefore the theorem follows immediately from 1 29. T1 □ 

Corollary 29.9. Let A and B be two unital separable simple C*-algebras which satisfy the UCT. 
Suppose that gTR(A) < 1 and gTR(B) < 1. Then A = Bif and only if 

E11(j 4) ^ Ell (B). 

Corollary 29.10. Let A and B be two unital simple C*-algebras in B\ <lJV. Then A = Bif and 
only if 

Ell(v4) “ Ell (B). 


278 














Proof. It follows from 110.71 that A <g> Z = A and B ® Z = B. Thus the corollary follows from 

1201 □ 


Added in Proof: As this paper was revised in 2015, it has been shown (see m) that all 

unital separable simple C*-algebras A with finite decomposition rank which satisfy the UCT 

have gTR(A ® U) < 1 for all UHF-algebras of infinite type. Therefore, by Theorem 129.81 they 

are classified by the Elliott invariant. 
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